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THE PHYSICS OF SYNCHROTRON RADIATION

This book explains the underlying physics of synchrotron radiation and derives its main
properties. It is divided into four parts. The first covers the general case of the electromag-
netic fields created by an accelerated relativistic charge. The second part concentrates on
the radiation emitted by a charge moving on a circular trajectory, deriving its distribution
in angle, frequency, and polarization modes. The third part looks at undulator radiation.
Starting from the simple case of a plane weak undulator with a spatially periodic field that
emits quasi-monochromatic radiation, the author then discusses strong undulators, emit-
ting more complicated radiation and containing higher harmonics. More general undulators
are also considered, with a non-planar (helical) electron trajectory or non-harmonic field.
The final part deals with applications and investigates the optics of synchrotron radiation
dominated by diffraction due to the small opening angle. It also includes a description of
electron-storage rings as radiation sources and the effect of the emitted radiation on the
electron beam.

This book provides a valuable reference for scientists and engineers in the field of accel-
erators, and for all users of synchrotron radiation.
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Preface

Under the rubric of synchrotron radiation we understand the electromagnetic waves emitted
by a charge moving with relativistic velocity and undergoing a transverse acceleration. It
is characterized by a small opening angle and a high frequency caused by the velocity of
the charge being close to that of light. Owing to the relatively simple motion of the charge,
the radiation has clear polarization properties. Ordinary synchrotron radiation is emitted
by a charge moving on a circular arc determined by a deflecting magnetic field. It has a
broad spectrum, a typical frequency being γ 3 times higher than the Larmor frequency of the
charge. This spectrum can be modified by varying the curvature of the trajectory 1/ρ within
a distance smaller than the formation length of the radiation, as is realized in undulators.

Synchrotron radiation has been investigated theoretically for over a century and experi-
mentally for about half this time. Thanks to its unique properties, this radiation has become
a research tool for many fields of science and electron-storage rings serving as radiation
sources are spread over the whole globe.

This book tries to explain synchrotron radiation from basic principles and to derive its
main properties. It is divided into four parts. First the general case of the electromagnetic
fields created by an accelerated relativistic charge is investigated. This gives the angular
distribution with the small opening angle of the emitted radiation and distinguishes between
the ‘near’ (Coulomb) and the ‘far’ (radiation) field. The second part concentrates on the
radiation emitted by a charge moving on a circular trajectory, which we usually call syn-
chrotron radiation. Its distributions in angle, frequency, and polarization modes are derived.
Undulator radiation is treated in the next part. We start with the simple case of a plane
weak undulator with a spatially periodic field that emits quasi-monochromatic radiation. A
strong undulator emits radiation that is more complicated and contains higher harmonics.
There are more general undulators having a non-planar (helical) electron trajectory or a
non-harmonic field. The last part deals with applications and investigates first the optics of
synchrotron radiation, which is dominated by diffraction due to the small opening angle.
This is followed by a description of electron-storage rings serving as radiation sources and
the effect of the emitted radiation on the electron beam.

There are some technical remarks to be made. Throughout the book MKSA units are
used. With very few exceptions the radiation field refers to a single positive elementary
charge e as a source. For convenience sometimes the radiation emitted by a current I is

xvii



xviii Preface

also given and, in the last chapter, the temporal coherence of the radiation from different
particles is considered. As a basis for the properties of the radiation we give first the total
emitted power or energy. In the case of ordinary synchrotron radiation we denote by Ps the
power radiated by the electron while it is going through the magnet and by Us the energy
radiated during one revolution. For undulators we denote by Pu the power radiated in the
undulator but averaged over one period and by Us the energy emitted during one traversal
through the undulator. These powers and energies can also be expressed in terms of the
photon number or photon flux. Distributions in terms of angle and frequency are then given
with these total values as a factor that makes it easy to express them in terms of power,
energy, photon-number or photon-flux distributions or in other units. Vectors are printed
in bold. They are also written as an array with three components between square brackets,
like E = [Ex , Ey, Ez]. For radiation fields the z-component can often be neglected. The
remaining two-component vector is written as E⊥ = [Ex , Ey]. These field components give
the polarization of the radiated power. To mark the contributions of the horizontal or vertical
polarization to the power, which is of course a scalar, we write it as a sum P = Pσ + Pπ .
The calculation of synchrotron radiation leads to some integrals that can be expressed in
terms of modified Bessel functions or Airy functions. Here the second type is chosen, but
the important results are given in both. Some properties, integrals, and sums of Airy and
Bessel functions are given in the appendices, partly for convenience and partly because
they are not so easy to find. However, this is not meant to provide rigorous mathematical
derivations but rather to provide some insight into how some results are obtained.

There are lots of publications on synchrotron radiation and related topics. Apart from
well-known books and journals they appear often in laboratory reports and proceedings of
workshops. The bibliography to this volume is by no means complete and refers mostly to
the topics covered and the methods used to investigate them.



Acknowledgments

I received much help from many people while writing this book. I owe many thanks to
my colleague and friend Bruno Zotter from CERN. He not only answered many questions
concerning the mathematics I had to use, but also read the whole book and made many
suggestions, corrections, and significant improvements. Jim Murphy from Brookhaven
National Laboratory read and corrected part of the book and clarified questions concerning
mainly coherent radiation. On many occasions I sought advice from my friend and col-
league Hermann Winick from Stanford University. Thanks to his insight and experience,
he could answer many questions on synchrotron radiation and explained difficult topics to
me. I also profited from discussions with many experts in the field: R. Coisson, K. J. Kim,
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Notation

A vector potential
Ai(x), Ai′(x) Airy function and its derivative
B magnetic-field vector
B̃(ω) Fourier transformed B-field of radiation
B0 amplitude of magnetic undulator field
B̃ y(kg) weak-magnet Fourier component at kg

c speed of light
Cq quantum excitation factor
Dx , D′

x particle-beam-optics dispersion
e elementary charge
E electric-field vector
Ẽ(ω) Fourier-transformed E-field of radiation
Ee = m0c2γ particle energy
E� = h̄ω photon energy
Fs(ψ, ω/ωc) normalized angular spectral density of SR
Fu(θ, φ) normalized angular power density of UR
h, h̄ = h/(2π ) Planck’s constant
H emittance function
Is2, Is3, Is4, Is5 synchrotron-radiation integrals
Jn(x) Bessel function of order n
Jε, Jx , Jy longitudinal and transverse damping partitions
K1/3, K2/3 modified Bessel function of order 1/3, 2/3
Kf quadrupole focusing parameter
kg wave number of general weak magnet
ku = 2π/λu undulator period wave number
Ku = eB0/(m0cku) undulator parameter
K ∗

u reduced plane undulator parameter
K ∗

uh reduced helical undulator parameter
Lu = Nuλu undulator length
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Notation xxi

m0 rest mass of a particle
n = r/r unit vector in r-direction
nB = −ρ2 Kf field index
ns, ṅs photons per revolution, photon flux
nu, ṅu photon number per traversal, photon flux
Nu undulator period number
Ps instantaneous radiated power of S R
Pu period-averaged total power of plane UR
r(t ′) distance from source to observer
R(t ′) vector from origin to particle
R, � polar coordinates in image plane
r0 = e2/(4πε0m0c2) classical electron radius
rp vector from origin to observer
S = [E × B]/µ0 Poynting vector
Shm(ωm) normalized spectral power of helical UR
Ss(ω/ωc) normalized spectral power densities of S R
t = t ′ + r/c observation time
tp = t − rp/c reduced observation time
T0 = 2π/ω0 revolution time without straight sections
Trev = 2π/ωrev revolution time with straight sections
t ′ emission time
Us energy radiated per turn of S R
v(t ′) = dR/dt ′ particle velocity
V scalar potential
V̂ peak voltage of RF system
w transverse coordinate, x or y
X, Y rectangular coordinates in image plane
αc momentum compaction
αε, αh, αv longitudinal and transverse damping rates
αf = e2/(2ε0ch) fine structure constant
αw = −β ′

w/2 particle-optics functions
β = v/c normalized velocity
βββ = v/c normalized velocity vector
βw particle-optics functions
β∗ normalized drift velocity in plane undulator
β∗

h normalized drift velocity in helical undulators
γ = 1/

√
1 − β2 Lorentz factor

γw particle-optics functions
γ ∗ Lorentz factor of drift velocity
γ ∗

h drift Lorentz factor in helical undulators
ε0 vacuum permittivity
εx , εy horizontal and vertical particle-beam emittance
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ε� x , ε� y horizontal and vertical photon-beam emittance
ηηηx , ηηηy unit vectors in x- and y-directions
λComp = h/(m0c) Compton wavelength
λu undulator period length
µ0 vacuum permeability
ρ bending radius
σx , σ ′

x RMS electron-beam size and angular spread
ϕB bending angle in a dipole magnet
ϕw(s) betatron phase within one turn
ϕs synchrotron phase angle in RF acceleration
ψ angle between median plane and rp

ω0 = βc/ρ = 2π/T0 angular velocity, Larmor frequency
ω1 fundamental UR frequency off axis
ω10 fundamental UR frequency on axis
ωc = 3ω0γ

3/2 critical frequency
ωm mth harmonic UR frequency off axis
ωm0 mth harmonic UR frequency on axis
ωrev = 2π/Trev revolution frequency with straight sections
�u = βcku particle-motion frequency in undulator
dP/d� power radiated per unit solid angle
d2 P/(d� dω) angular spectral radiated power density
( )σ , ( )π horizontal, vertical linear polarization
( )+, ( )− positive, negative helicity circular polarization
{ }ret parenthesis evaluated at emission time t ′



Part I
Introduction





1

A qualitative treatment of synchrotron radiation

1.1 Introduction

We consider the radiation emitted by a charged particle moving with constant, relativistic
velocity on a circular arc. It is called synchrotron radiation, or sometimes also ordinary
synchrotron radiation, abbreviated as SR, to distinguish it from the related case of undulator
radiation, abbreviated as UR. We start with a qualitative discussion of synchrotron radiation
in order to obtain some insight into its physical properties such as the opening angle, spec-
trum, and polarization. This will also help us to judge the validity of some approximations
used in later calculations.

The physical properties of synchrotron radiation have their basis in the fact that the charge
moves with relativistic velocity towards the observer. The charge and the emitted radiation
travel with comparable velocities in about the same direction. The fields created by the
charge over a relatively long time are received by the observer within a much shorter time
interval. This time compression determines the spectrum of synchrotron radiation.

1.2 The opening angle

We consider a charge moving in the laboratory frame F on a circular trajectory with radius
of curvature ρ, Fig. 1.1. We go into a frame F′ that moves with a constant velocity that is
the same as that of the charge at the instant it traverses the origin. The particle trajectory has
in this frame the form of a cycloid with a cusp at the origin. At this location the particle is
momentarily at rest, but undergoes an acceleration in the −x ′-direction. Like any accelerated
charge, it emits radiation having an approximately uniform distribution in this frame F′.

We go back to the laboratory frame F by applying a Lorentz transformation. The emitted
radiation is now peaked in the forward direction. A photon emitted along the x ′-axis in the
moving frame F′ appears in the laboratory frame at an angle θ given by

sin θ = 1

γ
or θ ≈ 1

γ
, (1.1)

where γ = 1/
√

1 − β2 is the Lorentz factor and β = v/c is the normalized velocity. The
typical opening angle of the emitted synchrotron radiation is therefore expected to be of
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Fig. 1.1. The opening angle of synchrotron radiation.

order 1/γ . For ultra-relativistic particles, γ � 1, the radiation is confined to very small
opening angles around the direction of the particle velocity.

1.3 The spectrum emitted in a long magnet

Next we estimate the typical frequency of the emitted radiation. We consider a charge
moving on a circular trajectory through a long magnet as shown in Fig. 1.2. We try to
estimate the length �t of the radiation pulse received by the observer P. Owing to the small
natural opening angle the observer receives only radiation that was emitted along an arc of
approximate angle ±1/γ . Therefore, the radiation observed first was emitted at point A,
where the trajectory has an angle 1/γ with respect to this direction pointing towards the
observer, whereas the radiation observed last was emitted at point A′, where the trajectory
has a corresponding angle −1/γ . The length of the radiation pulse seen by the observer is
therefore just the difference in travel time between the charge and the radiation for going
from point A to point A′:

�t = te − t� = 2ρ

βγ c
− 2ρ sin(1/γ )

c
.

For the ultra-relativistic velocities considered here we have 1/γ � 1 and the trigonometric
function can be expanded to give

�t ≈ 2ρ

βγ c

(
1 − β + β

6γ 2

)
≈ ρ

γ c

(
1

γ 2
+ 1

3γ 2

)
= 4ρ

3cγ 3
.

Here we use the ultra-relativistic approximation

1 − β = 1 − β2

1 + β
≈ 1

2γ 2
. (1.2)

From the length �t of the radiation pulse we get the typical frequency of the spectrum,

ωtyp ≈ 1

�t
≈ 3cγ 3

4ρ
. (1.3)
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Fig. 1.2. The typical frequency of the synchrotron-radiation spectrum.

Later, on the basis of a quantitative treatment, we will introduce the critical frequency,
which is twice as large, ωc = 2ωtyp. For a large value of the Lorentz factor γ the radiation
pulse can become very short and the resulting typical frequency very high.

The above derivation of the typical frequency is quite simple but illustrates some of the
most important physical principles of synchrotron radiation. The length of the radiation
pulse received is given by the difference in travel time between the particle and the photon
for going from point A to point A′. The observed radiation originates from a trajectory arc
of approximate length �r ≈ 2ρ/γ . The length L of the magnet has to be larger than this for
the above treatment to be valid.

1.4 The spectrum emitted in a short weak magnet

We consider a short weak magnet as shown in Fig. 1.3 with length L < ρ/γ . It deflects the
particle by an angle

�φ = 2 arcsin

(
L

2ρ

)
≈ L

ρ
<

1

γ
,

which is less then the natural opening angle of the radiation. The length �tsm of the radiation
pulse now becomes

�tsm = te − t� = 2ρ

βc
arcsin

(
L

2ρ

)
− L

c
≈ L

βc
(1 − β) ≈ L

2cγ 2
,

assuming again that we have the ultra-relativistic case β ≈ 1. The length of the radiation
pulse is now proportional to the magnet length L . Reducing it will therefore lead to shorter
wavelengths.

The spectrum of the emitted radiation is also modified if the magnetic field changes
within the length L , which is the case for undulators. In order for synchrotron radiation to
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Ẽ(ω)

ω

spectrum

............
.........
.........
.........
.........
.........
..................................................................................................................................................................................

..

........................
.......................

....................
.................

......................
......................................................................................................

Fig. 1.3. The spectrum radiated in a short magnet.

have a spectrum described by (1.3) it has to be emitted from a magnet with a field that is
homogeneous over at least a length of L > 2ρ/γ . By ‘synchrotron radiation’ we usually
mean the radiation from a long magnet. Sometimes it is also called ‘ordinary’ synchrotron
radiation or ‘long-magnet’ radiation and will sometimes be abbreviated here to ‘SR’. This
distinguishes it from undulator or ‘short-magnet’ radiation. This term ‘short magnet’ is now
commonly used but describes a magnet that is short and weak such that the trajectory angle
is everywhere smaller than 1/γ with respect to the main direction.

1.5 The wave front of synchrotron radiation

In estimating the typical frequency of synchrotron radiation we found that the field which
is received by the observer P at the time t within a very short time interval �t has been
emitted by the particle at a different location and at a time t ′ over a longer time interval
�t ′. Let us consider a particle moving in the general direction towards an observer with
a speed close to that of light, emitting pulses of radiation at regular intervals along its
trajectory. These pulses are received by the observer at time intervals that are much shorter.
The compression of the time sequences �t of reception compared with the time sequences
�t ′ of emission is stronger the closer the particle velocity is to that of light and the closer
its direction to that pointing towards the observer. This is well known from the Doppler
effect.

We illustrate this situation in Fig. 1.4 for a charged particle moving with a constant speed
v = βc (β = 0.8) anti-clockwise on a circle of radius ρ and emitting a pulse of radiation at
regular intervals indicated by small full circles (bullets). These pulses of radiation propagate
at the speed of light on circular wave fronts around the sources in their centers. At a certain
time t they have reached the situation shown in Fig. 1.4. The pulse emitted first at the time
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Fig. 1.4. Global propagation of synchrotron radiation for β = 0.9.
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Fig. 1.5. Forward propagation of synchrotron radiation for β = 0.8 and 0.9.

t ′ = 0 originates from the bottom point and has reached the largest circle. The particle takes
some time �t ′ to reach the next point of emission. Since it moves slower than light the
wave emitted at this second point can never catch up with the first one but lags behind only
by a small amount in the forward direction indicated by the arrow. Figure 1.4 shows the
wave fronts emitted during one revolution of the particle executed at an earlier time. At a
certain distance in the forward direction these wave fronts are concentrated in the radial
direction. As a consequence an observer at this location receives within a short time interval
�t the radiation emitted during a large interval �t ′ of the particle motion. In Fig. 1.5 this is
illustrated in more detail for the radiation emitted from a finite arc of the trajectory for two
velocities v = βc of the particle. Clearly the higher velocity (β = 0.9) leads to a stronger
concentration of the wave front than does the lower one (β = 0.8).
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Fig. 1.6. Linear and elliptical polarization of synchrotron radiation.

The emission of short pulses is an artificial picture that we can use in order to obtain a
simple illustration. In reality the charge radiates continuously, which is more difficult to
draw. Very nice displays of the actual emission of radiation are presented in [1, 2].

We saw at the beginning of this chapter that the radiation is emitted mainly in the forward
direction. Therefore, from the wave-front circles drawn in Figs. 1.4 and 1.5 only a limited
arc around the forward direction contributes to the field received by the observer.

1.6 The polarization

Since the acceleration of the charge is radial and lies in the plane of the trajectory, we
expect that the emitted radiation is mostly linearly polarized, with the electric-field vector
also lying in this plane. The radiation observed at a finite angle above or below this plane
has some elliptic polarization of opposite helicities, as illustrated in Fig. 1.6.



2

Fields of a moving charge

2.1 Introduction

In the previous chapter we used some qualitative arguments to estimate the basic nature
of synchrotron radiation. The results of this exercise are very useful for understanding the
underlying physics, estimating the quantities involved, and judging the validity of certain
approximations we will make. Now synchrotron radiation is treated in a quantitative man-
ner. We will distinguish between the time t at which the radiation is observed and t ′ when
it was created by the moving charge at a distance r . Since the relation between the two
is in general rather complicated, some of the derivations are lengthy. As final results we
obtain expressions for the radiation field and the emitted power, which will be applied to
calculate synchrotron and undulator radiation in the next two parts. Treatments of syn-
chrotron radiation can be found in many books, journal publications, articles, proceedings
of conferences and workshops, and laboratory reports. The first book on the topic of syn-
chrotron radiation [3] was published in 1912. Complete coverage of the topic is presented
in [4–8], some of which give also a quantum-mechanical treatment. Many books on elec-
trodynamics treat the radiation from relativistic particles and cover also theoretical aspects
of synchrotron radiation [9–13]. On the other hand, many publications on particle accel-
erators have chapters on synchrotron radiation, giving details of its properties and effects
on the electron beam. Among those are the books [14–17]. There are many proceedings
from conferences, workshops, and schools and laboratory reports concerned mainly with
accelerators but containing also articles on synchrotron radiation [18–20]. Furthermore,
there are several handbooks and proceedings concerned mainly with the science done with
synchrotron radiation [21–24], which describe the properties and technical possibilities of
this source [25]. There are overviews on the history of synchrotron radiation, such as [26],
which gives mainly the early development, and [27], which concentrates on the work done
in the U.S.S.R.

2.2 The particle motion relevant to the
retarded potentials

To relate the observed radiation to the motion of charge and vice versa we invoke so-called
retarded potentials and fields, which have their basis in the finite propagation velocity c

9
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Fig. 2.1. The particle trajectory and radiation geometry.

of the electromagnetic radiation. To calculate the fields measured at time t by a stationary
observer we have to know the position and motion of the charge at this earlier time t ′ of
emission.

We discuss now the motion relevant for these two time scales and consider an elementary
positive charge e moving on a trajectory given by the vector R(t ′) and creating an electric
field E and a magnetic field B. These fields are measured at time t by the observer located
at P as illustrated in Fig. 2.1. We introduce a vector r with absolute value r , pointing from
the location P′ of emission to the observer P. Owing to the finite propagation velocity c, the
field received at time t by the observer P had to have been emitted by the source P′ at the
earlier time t ′ given by the relation

t = t ′ + r (t ′)
c

. (2.1)

Therefore, we have to know the position R(t ′) and velocity v(t ′) = dR/dt ′ of the charged
particle at this earlier time t ′. We have for the vectors R (pointing from the origin to the
radiating charge), rp (pointing from the origin to the observer), and r (pointing from the
charge to the observer) the relation

R(t ′) + r(t ′) = rp = constant. (2.2)

Differentiating this with respect to t ′ gives the change of the vector r,

dr(t ′)
dt ′ = −dR

dt ′ = −v(t ′) = −cβββ(t ′), (2.3)

from which we obtain the corresponding change of its absolute value r = |r| :

r
dr
dt ′ = 1

2

d(r2)

dt ′ = r
dr

dt ′ = −(r · v).
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Introducing the unit vector

n = r/r (2.4)

pointing from the charge in the direction towards the observer gives for the change of the
distance between the source and the observer at time t ′

dr

dt ′ = −(n · v) = −c(n ·βββ), (2.5)

which is just the negative particle-velocity component of the particle in the direction towards
the observer as shown in Fig. 2.1. The differential relation between the two time scales t ′

and t is obtained from (2.1):

dt =
(

1 + 1

c

dr

dt ′

)
dt ′ = (1 − n ·βββ) dt ′. (2.6)

2.3 The retarded electromagnetic potentials

In this section we derive expressions for the electromagnetic potentials A(t) and V (t)
observed at P and created by a charge moving along a trajectory given by the vector R(t ′).
This result will be used in the next section to obtain the electric and magnetic fields E and B
which are related to the scalar and vector potentials V and A through Maxwell’s equations,
which can be found in standard textbooks on electrodynamics listed earlier:

E = −∇V − ∂A
∂t

= grad V − ∂A
∂t

B = [∇ × A] = curl A
(2.7)

with the Lorentz convention ∇ · A = −V̇ /c2. The vector potential A is measured in units
of V s m−1.

The potentials created by time-dependent charge η(t ′) and current density J(t ′) are given
by the expressions

V (t) = 1

4πε0

∫
η(t ′)
r (t ′)

dx ′ dy′ dz′

A(t) = µ0

4π

∫
J(t ′)
r (t ′)

dx ′ dy′ dz′.

The above expressions are very similar to those used to calculate the potentials of static
charge and stationary current distributions. However, here the charges move and the local
charge and current densities change. Since the potentials created propagate at the speed of
light, the signals received by the observer P depend on the positions of the charges at the
earlier time t ′. The integration is carried out over the coordinates x ′, y′, and z′ of the earlier
distribution.
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Fig. 2.2. Integration over charges represented by a collapsing sphere.

Since this is important for understanding the potentials and fields created by moving
charges, we would like to illustrate it using Fig. 2.2 and follow the discussion given in [10].
It shows charges with a time-dependent density η and an observer P, at whose location we
would like to know the potential V at time t . For this it is necessary to integrate over the
charge density η(t ′) at time t ′ = t − r (t ′)/c, which will contribute to the potential at time
t and location P. This process represents a thin sphere that is converging with velocity c
towards the point P while integrating over all charges that contribute to the potential V (t).
Charges moving towards P while this integration is carried out are ‘counted’ for a longer
time and contribute more to the potential V (t). On the other hand, charges moving away
from P will contribute less to the potential.

We use this picture of a collapsing, integrating sphere to calculate the potential V (t) at
time t at P, created by a single elementary charge e having a finite radius b as shown in
Fig. 2.3. First we take the charge to be at rest and find for the time �t ′

0 during which it
contributes to the integration

�t ′
0 = 2b/c.

The potential due to this stationary charge at rest is

V (t) = e

4πε0r
= constant.

Next we assume that the charge moves with velocity v = βββc having the component
vr = n · v in the direction towards P, Fig. 2.3. The time �t ′

v during which this charge
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Fig. 2.3. The contribution of a moving charge to the potential.

contributes is

�t ′
v = 2b

c − vr
= 2b

c(1 − n ·βββ)
.

Since the ratio

�t ′
v

�t ′
0

= 1

1 − n ·βββ
is independent of the size of the charge we can let b go to zero. This gives the scalar potential
(and, in a similar way, also the vector potential) of a moving charge:

V (t) = e

4πε0

1

r (t ′)(1 − n(t ′) ·βββ(t ′))

A(t) = µ0e

4π

v(t ′)
r (t ′)(1 − n(t ′) ·βββ(t ′))

.

To obtain the potentials at the observation time t we have to evaluate r , n, and βββ at the
time t ′ of emission. This is indicated explicitly above by expressing these quantities as
functions of t ′. Since we observe the potentials at time t , we would like to express the final
result in terms of it and have to know the relation between the two times

t ′ = t ′(t),

which can be a complicated expression for a general particle motion and hence could make
the calculation of the potentials difficult. In most cases the inverse function t = t(t ′) =
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t ′ + r (t ′)/c is found more easily. It can then serve as a basis on which to find the desired
relation t ′ = t ′(t) using some approximations.

Expressing each quantity explicitly as a function of t ′ often leads to rather complicated
expressions that are difficult to read. It is preferable to place the expression which has to be
evaluated at the earlier time t ′ within curly brackets with the subscript ‘ret’. We will use this
convention for all important expressions but might omit it for intermediate calculations.

The two potentials are now written as

V (t) = e

4πε0

{
1

r (1 − n ·βββ)

}
ret

A(t) = µ0e

4π

{
βββc

r (1 − n ·βββ)

}
ret

.

(2.8)

They are called the retarded potentials of a moving charge or also the Liénard–Wiechert
potentials [28, 29].

2.4 The fields of a moving charge

In the previous section we derived the scalar and vector potentials of a moving charge.
For most practical applications we need the electric and magnetic fields at the observer.
They can be obtained from the equations (2.7) relating fields and potentials. These relations
involve a differentiation with respect to the time t and the location rp since the observer
measures potentials and fields in terms of these coordinates. However, for the evaluation
of the potentials the position and velocity of the moving charge have to be evaluated at the
earlier time t ′. Any change �t or �rp of the observation time and location will change the
time t ′ of emission as well as the parameters r(t ′), R(t ′), and n(t ′) which depend on it.

We evaluate first the derivative with respect to the time t and consider two photons A
and B observed with a time difference �t at the same location P. These two photons had
to be emitted with different values of the time interval �t ′ and, owing to the motion of the
charge, also at different locations A′ and B′ as illustrated in Fig. 2.4. For the time differences
�t ′ between the emissions and �t between the observations of the two photons we use the
differential relation (2.6):

dt = (1 − n ·βββ) dt ′.

This gives for the derivative of the vector potential A with respect to t

∂A
∂t

= dt ′

dt

∂A
∂t ′ = 1

1 − n ·βββ
∂A
∂t ′

= µ0ec

4π

1

1 − n ·βββ

(
β̇ββ

r (1 − n ·βββ)
− βββ ∂(r − r ·βββ)/∂t ′

r2(1 − n ·βββ)2

)
.
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Fig. 2.4. Calculation of the derivative with respect to t .

The derivative of r − r ·βββ is

∂

∂t ′ (r − r ·βββ) = dr

dt ′ − dr
dt ′ ·βββ − r · β̇ββ = −c(n ·βββ) + cβ2 − r · β̇ββ,

where we used the relations (2.5) and (2.3). The derivative of the vector potential A with
respect to the time t becomes

∂A
∂t

= µ0ec

4π

{(
β̇ββ

r (1 − n ·βββ)2
+ c(n ·βββ) − cβ2 + (r · β̇ββ)

r2(1 − n ·βββ)3
βββ

)}
ret

.

Sorting this expression according to powers of r leads to

∂A
∂t

= µ0ec

4π

{
(n ·βββ − β2)cβββ

r2(1 − n ·βββ)3
+ (1 − n ·βββ)β̇ββ + (n · β̇ββ)βββ

r (1 − n ·βββ)3

}
ret

. (2.9)

Next we have to calculate the gradient of the scalar potential (2.8),

∇V = e

4πε0
∇
(

1

r (1 − n ·βββ)

)
= − e

4πε0

∇(r − r ·βββ)

r2(1 − n ·βββ)2
,

which is the change of the expression for V for a small change in the vector rp, i.e. of the
observation position, such that �V = ∇V · �rp. Again the situation is made complicated
by the fact that changing the position of the observer will impose a change in the time t ′ of
emission and in all parameters that depend on it. This is illustrated in Fig. 2.5, where we
have two observers A and B separated in position by a small vector �rp and consider two
photons arriving at the observers A and B, respectively, at the same time t . On moving from
observer A to observer B the vector r undergoes a change consisting of two contributions.
The first one, �r1 = �rp, is directly caused by the change of rp. The second contribution
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�r2 = (∂r/∂t ′) �t ′ is caused by the difference �t ′ in time of emission imposed by the
condition that the two photons arrive at the same time t at A and B. Using ∂r/∂t ′ = −cβββ
we obtain

�r = �rp − cβββ �t ′ and �r = n · �r = n · �rp − c(n ·βββ) �t ′.

Since the two photons arrive at the same time t at their respective observers, the difference
�r between the distances traveled is, according to (2.1), given by the difference �t ′ between
the emission times multiplied by the velocity of light,

�r = −c �t ′ = n · �rp − c(n ·βββ) �t ′,

which gives the relation

�t ′ = − n · �rp

c(1 − n ·βββ)
.

On comparing this with �t ′ = ∇t ′ �rp, we can write for the gradient of t ′

∇t ′ = − n
c(1 − n ·βββ)

. (2.10)

For the change of the expression r − r ·βββ appearing in the denominator of equation (2.8)
for the potentials V and A we obtain

�(r − r ·βββ) = �r − (�r ·βββ) − (r · �βββ)

= −c �t ′ − (�rp ·βββ) + cβ2 �t ′ − (r · β̇ββ) �t ′.
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Using the expression for �t ′ obtained above leads to

�(r − r ·βββ) =
(

−βββ + (1 − β2)c + (r · β̇ββ)

c(1 − n ·βββ)
n

)
�rp.

On making again a comparison with �(r − r ·βββ) = ∇(r − r ·βββ) · �rp we obtain for the
gradient of the expression r − r ·βββ

∇(r − r ·βββ) =
{

(c(1 − β2) + r (n · β̇ββ))n − c(1 − n ·βββ)βββ

c(1 − n ·βββ)

}
ret

. (2.11)

The gradient of the scalar potential V now becomes

∇V = e

4πε0
∇
(

1

r (1 − n ·βββ)

)
= − e

4πε0

( ∇(r − r ·βββ)

r2(1 − n ·βββ)2

)

= − e

4πε0

(
(1 − β2)n − (1 − n ·βββ)βββ

r2(1 − n ·βββ)3
+ (n · β̇ββ)n

cr (1 − n ·βββ)3

)
.

To obtain the electric field (2.7) we combine the above gradient with the time derivative
(2.9) of the vector potential and use ε0µ0 = 1/c2:

E = e

4πε0

{
(1 − β2)(n − βββ)

r2(1 − n ·βββ)3
+ (n · β̇ββ)(n − βββ) − (1 − n ·βββ)β̇ββ

cr (1 − n ·βββ)3

}
ret

.

The expression for a triple vector product

[A × [B × C]] = (A · C)B − (A · B)C (2.12)

simplifies the second term of the above equation:

E(t) = e

4πε0

{
(1 − β2)(n − βββ)

r2(1 − n ·βββ)3
+ [n × [(n − βββ) × β̇ββ]]

cr (1 − n ·βββ)3

}
ret

. (2.13)

To obtain the magnetic field B = [∇ × A] we have to execute the curl operation on the
vector potential (2.8):

A(t) = µ0ec

4π

{
βββ

r (1 − n ·βββ)

}
ret

.

Applying the relation

[∇ × (uC)] = u[∇ × C] + [∇u × C] (2.14)

gives

[∇ × A] = µ0ec

4π

(
[∇ × βββ]

r (1 − n ·βββ)
− [∇(r − r ·βββ) × βββ]

r2(1 − n ·βββ)2

)
. (2.15)

The first term contains the curl operation of the vector βββ, which involves differentiation
with respect to the coordinates of the observer. The normalized velocity βββ is a function of
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t ′, which itself depends on the observation position as illustrated in Fig. 2.5 and discussed
for the calculation of the gradient ∇V . We can therefore write �βββ = β̇ββ �t ′ and obtain from
(2.14)

[∇ × βββ] = [∇ × (�t ′ β̇ββ)] = �t ′ [∇ × β̇ββ] + [∇t ′ × β̇ββ].

The first term on the right-hand side can be neglected since it is of second order in �t ′. We
obtain from (2.10)

[∇ × βββ] = − [n × β̇ββ]

c(1 − n ·βββ)
.

With the expression for ∇(r − r ·βββ) derived earlier, (2.11), we find from (2.15)

[∇ × A] = −µ0ec

4π

{
(c(1 − β2) + r (n · β̇ββ))[n × βββ]

cr2(1 − n ·βββ)3
+ [n × β̇ββ]

cr (1 − n ·βββ)2

}
ret

and finally, for the magnetic field B = [∇ × A],

B = −µ0ec

4π

{
(1 − β2)[n × βββ]

r2(1 − n ·βββ)3
+ (n · β̇ββ)[n × βββ] + (1 − n ·βββ)[n × β̇ββ]

cr (1 − n ·βββ)3

}
ret

.

It can easily be verified that B is related to the electric field (2.13) by

B = [nret × E]

c
(2.16)

and is therefore perpendicular to E and n. In the above equation the fields B and E are
already functions of the observation time t and only the vector n has to be evaluated at the
emission time t ′. The electric and magnetic fields of a moving point charge e are now

E(t) = e

4πε0

{
(1 − β2)(n − βββ)

r2(1 − n ·βββ)3
+ [n × [(n − βββ) × β̇ββ]]

cr (1 − n ·βββ)3

}
ret

B(t) = [nret × E]

c
.

(2.17)

These expressions for the electric and magnetic fields E(t) and B(t) of a moving charge are
called retarded fields or also the Liénard–Wiechert equation [28, 29].

2.5 A discussion of the field equations

The Liénard–Wiechert expressions give the electric and magnetic fields created by a moving
point charge. The field equation consists of two terms having different dependences on the
distance r .
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The first term decreases with the square of the distance r between the source and the point
P of field observation and is often referred to as the near field. It does not depend on the
acceleration but only on the velocity and position of the charge. Since it could be reduced
to an electrostatic field by a Lorentz transformation, we conclude that it does not lead to an
emission of radiation power. For the static case, β̇ββ = βββ = 0, we recover Coulomb’s law

E = en
4πε0r2

, B = 0.

The second term is proportional to the acceleration β̇ββ and decreases with the first power of
the distance r . It is referred to as the far field or, for reasons explained later, as the radiation
field. This field is perpendicular to the vector n pointing from the position of the charge
at time t ′ towards the observer P. These properties distinguish the far fields clearly from
the electrostatic case. For both terms the magnetic field B is perpendicular to the electric
field E.

We will later calculate the radiated power and use the Poynting vector S which gives the
directional energy flow per unit time t through a unit area measured in V A m−2,

S = [E × B]

µ0
. (2.18)

It is perpendicular to the two field vectors and can be expressed with the electric field alone
by using the relation B = [nret × E]/c:

S = [E × B]

µ0
= 1

µ0c
[E × [nret × E]] = 1

µ0c
(E2nret − (nret · E)E).

The magnitude of the power flow is therefore proportional to E2. The near-field contribution
to it given by the first term in (2.17) will decrease with the distance as 1/r4, the far-
field contribution decreases as 1/r2, and the cross term between the two fields leads to a
contribution ∝ 1/r3. The total power can be obtained by calculating the power through a
sphere of radius r around the source. Only the far field leads to a term that is independent
of the radius of this sphere; the other terms can be neglected at large distances. The power
flow given by the near field at small distances is due to local changes of the energy densities
of the fields. Often only the radiated power is of interest, in which case only the far field has
to be considered. This simplifies the calculation considerably. However, it will be shown
later that the far field alone does not fulfill Maxwell’s equations.

Before we treat synchrotron radiation, we will apply the Liénard–Wiechert fields (2.17)
to some well-known electrodynamic problems. First we will treat the case of a uniformly
moving charge to illustrate the relation between the two time scales t and t ′. Secondly, we
investigate the fields emitted by a charge executing a non-relativistic dipole oscillation to
show the properties of the near and far fields. This will be useful later, to understand the
radiation from a plane undulator.
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2.6 Examples

2.6.1 The field of a charge moving with constant velocity

As a first example we consider a charge moving with constant velocity on a straight line.
There is no acceleration, β̇ββ = 0, and only the first term of the Liénard–Wiechert expression
(2.17) is present:

E(t) = e

4πε0

{
r (1 − β2)(n − βββ)

r3(1 − n ·βββ)3

}
ret

, B = [nret × E]

c
. (2.19)

This example is one of the few cases in which the relation between the two time scales has
a simple closed expression. Its geometry is illustrated in Fig. 2.6 and uses a very general
coordinate origin 0 to relate to the situations used in Figs. 2.1 and 2.4. The charge e at the
time t ′ at point P′ is determined by the radius vector R(t ′) and creates an electromagnetic
field that is detected at the later time t by an observer P at a distance r = c(t − t ′) from the
source P′.

We treat the problem first geometrically. During the time t − t ′ taken by the field to travel
from the source P′ to the observer P the charge itself moves by the distance βc(t − t ′) from
P′ to the point A as described by the radius vector R(t). We introduce the vector rb going
from this position A to the observer P, which is given by the relation

rb = r − rβββ = r (n − βββ).
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Fig. 2.6. The field of a uniformly moving charge.
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With this we can express the electric field vector E in (2.19) as

E(t) = e

4πε0γ 2

rb

{r3(1 − n ·βββ)3
ret}

.

From the above field equation we observe the interesting fact that the electric field has the
same direction as the vector rb; in other words, the direction of the electric field is as if it
originated from the point A where the charge is located at the time t of observation.

To calculate the magnitude of the field we introduce the distance a between a straight
particle trajectory and the observer. We also use the distance d between the point A and the
projection D of P on the trajectory, which is related to rb by

r2
b = r2(n − βββ)2 = r2(1 − 2(n ·βββ) + β2) = a2 + d2.

We can express the denominator of (2.19) with rb through the relation

r2(1 − n ·βββ)2 = r2(1 − 2(n ·βββ) + (n ·βββ)2) = r2
b − r2β2 + r2(n ·βββ)2.

With r2(n ·βββ)2 = β2(r2 − a2) we obtain from the triangle P′ D P

r2(1 − n ·βββ)2 = a2(1 − β2) + d2 = 1

γ 2
(a2 + γ 2d2) (2.20)

and for the electric field, (2.19),

E(t) = eγ

4πε0

rb

(a2 + γ 2d2)3/2
. (2.21)

The magnetic field is obtained from the relation B = [nret × E]/c which contains the
vector product

[n × rb] = [n × (r − rβββ)] = [βββ × r] = rβ sin θ n⊥ = aβn⊥,

where we define by n⊥ the unit vector in the direction βββ × r, i.e. perpendicular to the plane
O, A, P. Using sin θ = a/r and ε0µ0 = 1/c2, we obtain for the magnetic field

B = eγ

4πε0c

aβn⊥
(a2 + γ 2d2)3/2

.

Using the angle α between the vector rb and the trajectory we can express a and d by
writing

a = rb sin α, d = rb cos α

and obtain for the electric field

E(t) = eγ

4πε0r3
b

rb

(sin2 α + γ 2 cos2 α)3/2
= e

4πε0γ 2r3
b

rb

(1 − β2 sin2 α)3/2
.

To express the result explicitly as a function of the time t we abandon the very general
location of the coordinate origin used in Fig. 2.6 and change to better-adapted cylindrical
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Fig. 2.7. The cylindrical geometry of the uniformly moving charge.

coordinates (ρ, φ, z) with the particle moving along the z-axis and the observer P being at
(a, φ, z) as shown in Fig. 2.7. Owing to the rotational symmetry there is no dependence on
the azimuthal angle and we set φ = 0. We assume that a charge passes through the origin
z = 0 at time t = t ′ = 0.

The vector rp, pointing from the origin to the observer P, and the normalized velocity βββ

are

rp = [a, 0, z ]

βββ = [0, 0, β].

The time-dependent vectors R(t ′), pointing from the origin to the source, and r(t ′), pointing
from the source to the observer, as functions of the emission time t ′ are, in cylindrical
coordinates (ρ, z),

R(t ′) = [0, 0, βct ′]
r(t ′) = [a, 0, z − βct ′].

(2.22)

These are the parameters of the charge at time t ′ of emission which enter into the equation
giving the fields at the location P. However, we would like to express them as functions of
t . For this we need the relation between the two time scales. The distance r = |r| between
source and observer is just the distance traveled by the radiation between the time t ′ of
emission and the time t of observation:

r = c(t − t ′). (2.23)
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With this we can express the position A of the charge R(t) at the time t , R(t) = R(t ′) + rβββ,
and the related vector rb(t) = rp − R(t):

R(t) = [0, 0, βct]
rb(t) = [a, 0, z − βct].

The distance d between the point A and the projection D of the observer P on the axis is
the z-component of rb:

d = z − βct, rb = [a, 0, z − βct] = rb[sin α, 0, cos α] (2.24)

as a function of t . On substituting this into (2.21) we obtain the electric field E and the
magnetic field B = [n × E]/c expressed in terms of the observation time t in cylindrical
coordinates

(
Eρ, Eφ, Ez

)
:

E(z, t) = eγ

4πε0

[a, 0, z − βct]

(a2 + γ 2(z − βct)2)3/2

(2.25)
B(z, t) = eβγ

4πε0c

[0, a, 0]

(a2 + γ 2(z − βct)2)3/2
.

From these fields we can calculate the energy flow given by the Poynting vector S =
[E × B]/µ0 and the energy density w:

S(z, t) = [Sρ, Sφ, Sz] = e2βcγ 2

16π2ε0

[−a(z − βct), 0, a2]

(a2 + γ 2(z − βct)2)3

w(z, t) = ε0 E2

2
+ B2

2µ0
= e2γ 2

32π2ε0

a2(1 + β2) + (z − βct)2

(a2 + γ 2(z − βct)2)3
.

Taking the time derivative of the second and the divergence of the first equation gives the
continuity equation

∂w

∂t
+ div S = 0.

This indicates that the power flow is just due to the motion of the field energy from one
location to another and that no energy is radiated away to large distances.

To illustrate the field of the moving charge we discuss first its spatial field distribution and
evaluate the electric field at the fixed time t = 0 when the charge is at the origin, in which
case the emission time must be negative. The vector rp has now the cylindrical coordinates
rp = (a, 0, z). The field vectors are, in cylindrical coordinates,

E(z, 0) = eγ

4πε0

[a, 0, z]

(a2 + γ 2z2)3/2
, B(z, 0) = eβγ

4πε0c

[0, a, 0]

(a2 + γ 2z2)3/2
,
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which can also be expressed in terms of the angle α between the z-axis and the vector rp:

E(z, 0) = e

4πε0γ 2

[sin α, 0, cos α]

r2
b (1 − β2 sin2 α)3/2

B(z, 0) = eβ

4πε0cγ 2

[0, sin α, 0]

r2
b (1 − β2 sin2 α)3/2

.

The absolute field values are

E = e

4πε0γ 2r2
b

1

(1 − β2 sin2 α)3/2
, B = eβ

4πε0cγ 2r2
b

1

(1 − β2 sin2 α)3/2
.

For β → 0 we recover the electrostatic Coulomb field of a point charge:

EC = e

4πε0

rb

r3
b

, B = 0.

This field distribution E/EC as a function of the angle α is shown in Fig. 2.8 for various
values of the Lorentz factor γ . With increasing velocity it becomes more concentrated into
the transverse direction α = π/2. The maximum field is in this direction and the minimum

γ = 1
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Fig. 2.8. The spatial electric-field distribution around the uniformly moving charge at the observation
time t for various values of γ .
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one is in the longitudinal direction α = 0:

Emax = ECγ, Emin = EC

γ 2
,

where EC is the corresponding Coulomb field. The flux of the electric field through a long
cylinder of radius a around the z axis

2πa
∫

Eρ dz = e

ε0

is independent of γ , as expected from the equation div E = η/ε0.
The expression (2.25) gives the field as a function of the observation time t . In some

cases we would like to know the time and location of the field emission. The distance r
between the source at time t ′ of emission and the observer is obtained from the vector r
(2.22) and the traveling time of the radiation (2.23):

r2 = c2(t − t ′)2 = a2 + (z − βct ′)2.

Since we are interested in the relation between the time scales at a fixed location, we put
here the observer at z = 0 and obtain

c2t2 − 2ctct ′ + c2t ′2(1 − β2) − a2 = 0.

Solving for ct or ct ′ gives

ct = ct ′ ±
√

a2 + β2c2t ′2, ct ′ = γ 2ct ∓
√

γ 4c2t2 + γ 2(a2 − c2t2).

To determine the signs we set t ′ = 0 in the first equation, which must result in t > 0, and
t = 0 in the second one, which must give t ′ < 0:

ct = ct ′ +
√

a2 + β2c2t ′2, ct ′ = γ 2ct −
√

γ 4c2t2 + γ 2(a2 − c2t2).

These are relatively simple closed expressions, which are plotted in Fig. 2.9 for β = 0.6.
Very early, when the charge is still at a large distance, ct ′ � −a, and very late, ct ′ � a, we
have the asymptotic relations ct ≈ −|ct ′|(1 − β) and ct ≈ ct ′(1 + β), respectively. This is
just a manifestation of the Doppler effect compressing a time interval during approach and
expanding it during departure.

The distance r (t ′) from the source to the observer is obtained from the triangle P′DP in
Fig. 2.7:

r2 = (βr + d)2 + a2 = β2r2 + 2βrd + d2 + a2.

Using β2γ 2 = γ 2 − 1 and d = z − βct , this gives

r = βγ 2(z − βct) +
√

γ 4(z − βct)2 + γ 2a2. (2.26)

The sign of the square root has been determined to make r > 0.
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Fig. 2.9. The relation between the time t ′ of emission and the time t of observation for β = 0.6.

Using z − βct = rb cos α from (2.24) we obtain for the distance between emission and
observation

r = γ 2rb

(
β cos α +

√
1 − β2 sin2 α

)
.

This becomes more transparent on choosing the observation position and time z = 0 and
t = 0, which results in

r = aγ , ct ′ = −aγ, z′ = −a
√

γ 2 − 1 = −aβγ = −rβ

for the distance r (t ′), time t ′, and position z′(t ′) on the axis of emission. The distance between
the creation and observation of the field is therefore γ times larger than the distance a of the
observer from the axis, which can be a large number for an ultra-relativistic particle. Fields
observed at the same time t but different locations have been created at different times t ′

and distances r .
To study the time dependence of the field created by a uniformly moving charge, we set

z = 0 in (2.25) to obtain

E(0, t) = [Eρ, Eφ, Ez] = eγ

4πε0

[a, 0, −βct]

(a2 + (γβct)2)3/2

B(0, t) = [Bρ, Bφ, Bz] = eγβ

4πε0c

(0, a, 0)

(a2 + (γβct)2)3/2
.
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The distance r between source and observation becomes, according to (2.26),

r = −β2γ 2ct +
√

β2γ 4c2t2 + γ 2a2.

In Fig. 2.10 the vectors r, rβββ, and E for a uniformly moving charge are shown as functions
of time to illustrate the two time scales t and t ′. The charge is at point P′ (full circle) at time
t ′ of emission and at point A (empty circle) at time t when the emitted radiation reaches P.
For t = 0 the fields have maximum values of

E(t = 0) = eγ

4πε0a2
, B(t = 0) = eβγ

4πε0ca2
.

The maximum electric field has only a ρ component and is a factor γ larger than the
corresponding Coulomb field of a charge at rest.

We can also obtain the electric and magnetic fields of a uniformly moving charge by
a Lorentz transformation of the static Coulomb field. This also indicates that a uniformly
moving charge does not radiate any energy.

2.6.2 The field of a non-relativistic oscillating charge

We use the complete Liénard–Wiechert equations (2.17),

E(t) = e

4πε0

{
(1 − β2)(n − βββ)

r2(1 − n ·βββ)3
+ [n × [(n − βββ) × β̇ββ]]

cr (1 − n ·βββ)3

}
ret

B(t) = [nret × E]

c
,

and investigate the radiation emitted by a charge executing a harmonic oscillation with fre-
quency ω along the z-axis about the origin as shown in Fig. 2.11, which is often called dipole
radiation. The position, velocity, and acceleration of the charge in Cartesian coordinates are

R(t ′) = a cos(ωt ′) [0, 0, 1]

βββ(t ′) = −aω

c
sin(ωt ′) [0, 0, 1] (2.27)

β̇ββ(t ′) = −aω2

c
cos(ωt ′) [0, 0, 1].

The radiation is detected by an observer P at a distance rp from the origin given in
Cartesian coordinates,

rp = rp[sin θ cos φ, sin θ sin φ, cos θ ], np = rp/rp,

with its unit vector np. With this we obtain for the vector r pointing from the charge to the
observer

r(t ′) = rp − R(t ′) = rp

[
sin θ cos φ, sin θ sin φ, cos θ − a

rp
cos(ωt ′)

]
.
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Fig. 2.10. The field as a function of time for a charge moving uniformly with β = 0.6 and γ = 1.25
and passing through the origin at t = 0.

We now make two assumptions. First, we assume that the harmonic oscillation should
be non-relativistic, β � 1. According to (2.27) this means also that the amplitude of the
oscillation is small compared with the wavelength of the radiation a = β̂c/ω = β̂λ/(2π ).
Secondly, the radiation should be observed from a distance that is large compared with the
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Fig. 2.11. Coordinates for the fields of an oscillating dipole.

wavelength λ and therefore also compared with the amplitude of oscillation, λ/rp � 1,
a/rp � 1. We make the corresponding approximations and take only terms up to first order
of these small quantities, leading to

r (t ′) ≈ rp

(
1 − np · R(t ′)

rp

)
= rp

(
1 − a cos θ cos(ωt ′)

rp

)

n(t ′) = r(t ′)
r (t ′)

≈ np + np(np · R(t ′)) − R(t ′)
rp

= np + a cos(ωt ′)
rp

[cos θ sin θ cos φ, cos θ sin θ sin φ, cos2 θ − 1]

1 − n ·βββ ≈ 1 − np ·βββ = 1 + aω cos θ sin(ωt ′)
c

.

With this we obtain from (2.17) the electric field as a function of the emission time t ′ in
vector representation:

E(t ′) = e

4πε0

(
np

r2
p

+ 3np(np · R(t ′)) − R(t ′)
r3

p

+ 3np(np ·βββ(t ′)) − βββ(t ′)
r2

p

+ np(np · β̇ββ(t ′)) − β̇ββ(t ′)
crp

)

B(t ′) = e

4πε0c

(
− [np × βββ(t ′)]

r2
p

− [np × β̇ββ(t ′)]
crp

)
. (2.28)

The first line in the upper equation of the electric-field expression refers to the near field.
Its first term is just the static Coulomb term caused by the presence of the charge e, which
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is of little interest. Had we taken two opposite charges, oscillating against each other, this
static term would not have been present. We will omit this term later. The second term in this
first line is proportional to 1/r3

p . It represents the field of an electric dipole moment eR(t ′).
It is present even in the static case with vanishing velocity β = 0 except when R(t ′) = 0.
Therefore, the first two terms in this line describe just the field of a displaced charge in the
approximation of a large distance. They are missing from the expression for the magnetic
field. The third term in the E-field equation and the first term in the B-field equation are
proportional to 1/r2

p . They are caused by the mutual induction of the two fields and are
often called induction terms. The last term in both equations is proportional to 1/rp and
β̇ and is called the far-field or radiation-field term. It is present only for an accelerated
charge.

We would like to give the field as a function of the observation time. From t = t ′ + r (t ′)/c
we find

ωt = ωt ′ + ω

c
r (t ′) ≈ ωt ′ + ω

c
rp − ka cos θ cos(ωt ′).

Since the oscillating terms in the field equations are multiplied by a factor of order β we can,
within our approximation, neglect the last term. We use the wave number k = 2π/λ = ω/c
and obtain for the time-scale relation

ωt = ωt ′ + krp, ωt ′ = ωt − krp.

The field (2.28) expressed in terms of t represents a wave propagating with velocity c,
frequency ω, and wave number k in the rp-direction. We give it first in Cartesian co-
ordinates:

E = [Ex , Ey, Ez] = e

4πε0

[
1

r2
p

[sin θ cos φ, sin θ sin φ, cos θ]

× a

r3
p

[3 cos θ sin θ cos φ, 3 cos θ sin θ sin φ, 3 cos2 θ − 1] cos(ωt − krp)

− aω

r2
p c

[3 cos θ sin θ cos φ, 3 cos θ sin θ sin φ, 3 cos2 θ − 1] sin(ωt − krp)

− aω2

rpc2
[cos θ sin θ cos φ, cos θ sin θ sin φ, cos2 θ − 1] cos(ωt − krp)

]

B = (Bx , By, Bz)

= e

4πε0c

(
aω

r2
p c

[sin θ sin φ, − sin θ cos φ, 0] sin(ωt − krp)

+ aω2

rpc2
[sin θ sin φ, − sin θ cos φ, 0] cos(ωt − krp)

)
.
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Owing to its symmetry the dipole radiation is better given in spherical coordinates
(θ, φ, r ) using the relations

Eθ = Ex cos θ cos φ + Ey cos θ sin φ − Ez sin θ

Eφ = −Ex sin φ + Ey cos φ

Er = Ex sin θ cos φ + Ey sin θ sin φ + Ez cos θ.

We obtain from (2.28) the spherical-field components of an oscillating dipole without the
Coulomb term en/(4πε0r2

p ):

Eθ = eak3 sin θ

4πε0

(
cos(ωt − krp)

(krp)3
− sin(ωt − krp)

(krp)2
− cos(ωt − krp)

krp

)

Er = 2eak3 cos θ

4πε0

(
cos(ωt − krp)

(krp)3
− sin(ωt − krp)

(krp)2

)
(2.29)

Bφ = eak3 sin θ

4πε0c

(− sin(ωt − krp)

(krp)2
− cos(ωt − krp)

krp

)
Eφ = Bθ = Br = 0.

At any location the electric far field has only a component in the θ -direction. Its near
field consists of components in the rp- and θ -directions. The magnetic field has only a
φ-component. The radiation is therefore linearly polarized.

We would like to present this dipole-radiation field pattern by plotting the field lines, i.e.
the curves which at any point have the electric-field direction as a tangent, and follow the
method described in [11]. They are given in Cartesian and spherical coordinates by

dy

dx
= Ey

Ex
,

1

rp

drp

dθ
= Er

Eθ

.

Since the electric field is source free, div E = 0, in the region of interest it can be derived
from a vector potential C by putting

E = [∇ × C] = curl C.

The electric field has only components Er and Eθ . The vector potential C, being perpen-
dicular to E, has therefore only a φ-component with the relations

Eθ = − 1

rp

∂(rpCφ)

∂rp
, Er = 1

rp sin θ

∂(sin θ Cφ)

∂θ
. (2.30)

This gives the equation of the field lines,

1

rp

drp

dθ
= Er

Eθ

= −
∂(sin θ Cφ)

∂θ

sin θ
∂(rpCφ)

∂rp

,
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which can be written as a total differential:

∂(rp sin θ Cφ)

∂rp
drp + ∂(rp sin θ Cφ)

∂θ
dθ = d(rp sin θ Cφ) = 0.

The field lines are therefore determined by the function

r sin θ Cφ = constant.

The expression for the vector potential C(θ, rp) can be determined from the field com-
ponents (2.29) and the relations (2.30):

eak3 sin θ

4πε0

(
cos(ωt − krp)

(krp)3
− sin(ωt − krp)

(krp)2
− cos(ωt − krp)

krp

)
= −∂(rpCφ)

rp∂rp

2eak3 cos θ

4πε0

(
cos(ωt − krp)

(krp)3
− sin(ωt − krp)

(krp)2

)
= 1

rp sin θ

∂(sin θ Cφ)

∂θ
,

giving

Cφ(θ, rp) = e

4πε0
ak2 sin θ

(
cos(ωt − krp)

(krp)2
− sin(ωt − krp)

krp

)
.

The electric-field lines are obtained from Cφ(θ, rp) = constant and plotted in Fig. 2.12 for
one period of the emitted dipole radiation.

We check the divergence of the electric field (2.29),

div E = 1

rp sin θ

∂(sin θ Eθ )

∂θ
+ 1

r2
p

∂
(
r2

p Er
)

∂rp
= 0,

which vanishes as expected for a source-free region. However, if we take only the far field

Efθ = −eak3 sin θ

4πε0

cos(ωt − krp)

krp

Efr = 0 (2.31)

as an approximation for large distances, we obtain for the divergence

divE f = −eak3 cos θ

2πε0rp

cos(ωt − krp)

krp
, (2.32)

which does not vanish. The far field alone does not satisfy the equation div E = 0 and is
therefore not correct even at large distances. This is clearly visible from the field pattern
in Fig. 2.12. The far field has only a θ -component for the electric field. The field lines
cannot form closed loops but must end somewhere in free space, implying that there is
a finite divergence, which is impossible without sources. Although the far field alone is
proportional to 1/rp, the expression (2.32) for its divergence is proportional to 1/r2

p . It can
be compensated by the radial component of the near field, which provides a divergence
term proportional to 1/r2

p .
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Fig. 2.12. Electric-field lines of the radiation emitted by an oscillating dipole.

The energy flow per unit time through a unit area is given by the Poynting vector S

S = [E × B]

µ0
= [E × [n × E]]

µ0c
.

For our far-field expression (2.31) we obtain

S = [Sθ , Sφ, Sr ] = e2a2ω4 cos2(ωt − kr )

(4π )2ε0c3r2
p

[0, 0, sin2 θ ]

as the only term with a non-vanishing time average. Multiplying S by r2 and averaging over
time gives the radiated power per unit solid angle:

dP

d�
= r2

p 〈S〉 = e2a2ω4 sin2 θ

32π2ε0c3
. (2.33)

This is the well-known distribution of dipole radiation. It is emitted mainly perpendicular
to the motion of the charge (θ = π/2) but with a large opening angle around it as shown in
Fig. 2.13. No radiation is emitted in the direction of the motion, i.e. the z-axis. We calculate
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Fig. 2.13. A cut through the angular power distribution of the dipole radiation.

the total power emitted by integration over the solid-angle element d� = sin θ dθ dφ,

Pu = P̂

2
= e2a2ω4

12πε0c3
,

where we use Pu = 〈P〉 = P0/2 for the power averaged over one period. This allows us to
write the angular distribution in the convenient form

dP

d�
= Pu

3 sin2 θ

8π
.

We will come back to this dipole radiation for the treatment of the undulator radiation.
This example of a radiation field is made simple by the assumptions of a small excursion of

the charge and a non-relativistic velocity of the motion of charge. It confines the radiating
charge to a small volume in space and allows us to approximate the vector r pointing
from the charge to the observer by the constant rp in the triple vector product and the
denominator (1 − n ·βββ) of (2.17), and leads to a simple relation between the emission time
and observation time.

2.7 The near field and the far field

The Liénard–Wiechert equation (2.17) has two parts with different dependences on the
distance r between the radiating charge and the observer. As we discussed before, the near
field is proportional to 1/r2 and does not require an accelerated charge, whereas the far
field decreases like 1/r and is proportional to the acceleration. Integrating the energy flux
over the surface of a sphere that encloses the source gives an emitted power proportional to
1/r2 for the near field and a constant for the far field. Only the second leads to power being
radiated at large distances, as we discussed before.

We saw in the example of the radiation emitted by an oscillating dipole that the near
field should be included in order to be consistent with Maxwell’s equations, in particular
with the condition div E = 0 in free space. Synchrotron radiation is emitted at rather high
frequencies and experiments carried out with it are usually concerned with its power or
the related photon flux; they only rarely measure the fields directly. Therefore, we need
the power emitted by the synchrotron radiation and its distribution in angle, frequency, and
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polarization. Since the last two properties are evident in the expressions for the field, but
not for the power, it is convenient to calculate first the radiation field (far field) in order to
obtain these properties and determine the power later. The fact that div E �= 0 for the far
field is of no concern as long as it is used only to obtain the power distribution.

2.8 The Fourier transform of the radiation field

2.8.1 The Fourier integral of the field

We derived the radiation field emitted by an accelerated charge,

E(t) = e

4πε0c

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

, B(t) = 1

c
[n × E]. (2.34)

As mentioned before, the difficulty in evaluating the above equations is due to the fact that
the expression involving the particle motion has to be evaluated at the earlier time t ′ at
which there was emitted the radiation which is being received by the observer now at the
time t . The relation between the two time scales (2.1),

t = t ′ + r (t ′)
c

, dt = (1 − n ·βββ) dt ′,

can be very complicated for a general motion of the particle. For this reason it is often
advantageous to calculate directly the Fourier transform Ẽ(ω) of the field as a function of
frequency ω instead of the field E(t) as a function of time:

Ẽ(ω) = 1√
2π

∫ ∞

−∞
E(t)e−iωt dt. (2.35)

This integration involves the observation time t because we are interested in the spectrum
of the radiation as seen by the observer. However, we can make a formal transformation of
the integration variable t into t ′:

Ẽ(ω) = e

4πε0c

1√
2π

∫ ∞

−∞

(
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)2

)
e−iω(t ′+r (t ′)/c) dt ′. (2.36)

We omitted the index ‘ret’ from the above equation since the variable of integration is now
t ′ anyway. The two equations (2.34) and (2.36), giving the field as a function of time t or
frequency ω, are equivalent. However, the second one can be simplified by making some
approximations that are valid for most practical cases. We take now the ultra-relativistic
case γ � 1 for which the emitted radiation is concentrated in a cone of small half opening
angle of order 1/γ � 1, as we saw from qualitative arguments in Chapter 1. The observer
sees only radiation originating from a small part of the trajectory of approximate length
�r ≈ 2ρ/γ , where ρ is the radius of curvature of the trajectory. The vector r pointing from
the particle to the observer will in this case change little during the emission as long as it
is observed from a large distance r � 2ρ/γ . We can therefore, to a good approximation,
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regard the vectors r and n in the large parentheses of (2.36) as being constant, but not the
distance r appearing in the exponent. We can integrate (2.36) in parts,∫

dU

dt ′ V dt ′ = U V −
∫

U
dV

dt ′ dt ′

with

U = [n × [n × βββ]]

(1 − n ·βββ)
,

dU

dt ′ = [n × [(n − β) × β̇ββ]]

(1 − n ·βββ)2

V = e−iω(t ′+r (t ′)/c),
dV

dt ′ = −iω(1 − n ·βββ)e−iω(t ′+r (t ′)/c).

With this we obtain

Ẽ(ω) = e

4π
√

2πε0crp

×
(

[n × [n × βββ]]

(1 − n ·βββ)
e−iω(t ′+r (t ′)/c)

∣∣∣∣
∞

−∞
+ iω

∫ ∞

−∞
[n × [n × βββ]]e−iω(t ′+r (t ′)/c) dt ′

)
.

(2.37)

The first term on the right-hand side of the above equation can be neglected since it contains
only an expression at t ′ = ±∞, which has no influence on the field seen by the observer
at time t . We made earlier an approximation for |ω0t ′| � 1. It seem to be contradictory to
integrate now over t ′ from −∞ to +∞. However, it can be shown that the term under the
integral oscillates faster and faster as |t ′| increases. This provides nearly perfect cancelation
such that the contribution to the integral becomes negligible for large values of |t ′|. A more
rigorous treatment of this point will be given in the next two subsections for a motion that
is periodic or has a periodic velocity. We obtain for the Fourier-transformed radiation field

Ẽ(ω) = iωe

4π
√

2πε0crp

∫ ∞

−∞
[n × [n × βββ]]e−iω(t ′+r (t ′)/c) dt ′. (2.38)

It is still related to the magnetic field by

B̃(ω) = 1

c
[n × Ẽ(ω)].

The Fourier-transformed field equation (2.38) is much easier to use than the corresponding
expression (2.34) in the time domain. However, one should remember that it involves the
approximations that the particle is ultra-relativistic and that the observed radiation is emitted
from a localized area such that the vector n can be treated as being constant. It is e.g. not very
accurate for the radiation from a long undulator observed from a relatively small distance.
The expression (2.38) is also less transparent, since it does not contain the acceleration β̇ββ

explicitly. The integration from −∞ to +∞ may contain intervals having no acceleration,
which should not contribute to the radiated power. It can be shown that the expression (2.38)
treats such cases correctly.
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2.8.2 The periodic motion

We observe the radiation from a distance much larger than the extent of the source 2ρ/γ

and neglect the variation of the vectors r and n except in the relation between the time
scales, t = t ′ + r (t ′)/c. We assume that the motion of the particle is a periodic function of
time with period Trev:

R(t ′) = R(t ′ + Trev).

An example of such a motion is a charge moving on a closed orbit. For this motion the
velocity averaged over a period vanishes, 〈βββ(t ′)〉 = β∗ = 0.

The distance r between charge and observer and the relation between emission time t ′

and observation time t ,

r = |r| = |rp − R(t ′)|, t = t ′ + r (t ′) − rp

c
,

are also periodic functions with period Trev. The changes in emission time �t ′ and observation
time �t during one period are the same, namely �t ′ = �t = Trev. The radiation is described
by the Liénard–Wiechert equations

E(t) = e

4πε0c

(
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

)
ret

, B(t) = 1

c
[n × E],

which now contain all periodic parameters. As a consequence also the radiation field is a
periodic function with period Trev in observation time t and can be developed in a Fourier
series, leading to a line spectrum

E(t) =
∞∑

m=−∞
Emeimωrevt with Em = ωrev

2π

∫ Trev

0
E(t)e−imω0t dt

with ωrev = 2π/Trev.
To calculate the Fourier components Em we use the same method as in the previous

section, i.e. we change the integration variable from t to t ′, approximate for ultra-relativistic
velocity and observation from a large distance, and integrate in parts. This leads to a similar
expression to the Fourier transform (2.37) but with ω replaced by the line frequencies mωrev,
a different factor in front, and different limits:

Em = e

4πε0cTrevrp

(
[n × [n × βββ]]

1 − n ·βββ e−imωrev(t ′+r (t ′)/c)

∣∣∣∣
Trev

0

+ imωrev

∫ Trev

0
[n × [n × βββ]]e−imωrev(t ′+r (t ′)/c) dt ′

)
. (2.39)
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The first term on the right-hand side vanishes since it is periodic with period Trev and takes
the same value at t ′ = 0 and t ′ = Trev. We obtain for the mth coefficient of the Fourier series

Em = imeω2
rev

8π2ε0crp

∫ Trev

0
[n × [n × βββ]]e−imωrev(t ′+r (t ′)/c) dt ′. (2.40)

To continue we need detailed knowledge of the orbit of the particle at the point where the
observed radiation is emitted. This will be applied in Chapter 4 to determine the radiation
emitted by a charge moving on a closed circular orbit.

2.8.3 The motion with a periodic velocity

Next we take the case of a motion with a periodic velocity that has a non-vanishing average
value, 〈βββ〉 = βββ∗ �= 0. The resulting motion consists of a periodic part and a constant drift
velocity βββ∗c,

βββ(t ′) = βββ(t ′ + Trev), R(t ′) = Rperiodic(t ′) + βββ∗ct ′,

where Trev is the period ln t′ of the velocity. An example of such a motion is a charge moving
through an undulator having a large number Nu of periods. The distance r(t ′) between the
charge and observer consists also of a periodic part and a constant drift:

r(t ′) = rp − Rperiodic(t) − βββ∗ct ′

and changes in one period by

�r = −�R = −βββ∗cTrev.

In the following we use the direction of the drift velocity βββ∗ as the z-axis and measure
the direction towards the observer by the angle θ with respect to it. We assume that the
observation point is very far away, rp � βββ∗cTrev Nu, such that the change of this angle θ in
one period is small. The absolute value r of the distance between the radiating charge and
the observer changes in one period by

�r = −β∗c cos θ Trev. (2.41)

From this we obtain also the increase Tp in observation time during a period Trev of the
particle velocity

Tp = Trev + �r

c
= (1 − β∗ cos θ )Trev ≈ 1 + γ ∗2θ2

2γ ∗2 Trev (2.42)

approximated for the ultra-relativistic case and using γ ∗ = 1/
√

1 − β∗2. In the forward
direction, θ � 1, the interval of the observation time is much shorter than of the emission.
This is just a manifestation of the Doppler effect as seen before.

On considering the observation from a large distance and making the corresponding
approximation, we find that the observed radiation given by the Liénard–Wiechert equation
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is periodic with the period Tp. It can be developed into a Fourier series, resulting in a line
spectrum with frequencies

mω1 = m
2π

Tp
= m

2π

(1 − β∗ cos θ )Trev
≈ m

2π

Trev

2γ ∗2

1 + γ ∗2θ2
. (2.43)

We obtain the Fourier components of the field

Em = 1

Tp

∫ Tp

0
E(t)e−iωt dt.

As before, (2.36), we make a transformation from the variable t to t ′:

Em = 1

Tp

∫ Trev

0
E(t ′)e−iω(t ′+r (t ′)/c)(1 − n ·βββ) dt ′.

Using the expression (2.34) for the field and integrating by parts as in (2.37), we obtain

Em = e

4πε0cTprp

(
[n × [n × βββ]]

1 − n ·βββ e−imω1(t ′+r (t ′)/c)

∣∣∣∣
Trev

0

+ imω1

∫ Trev

0
[n × [n × βββ]]e−imω1(t ′+r (t ′)/c) dt ′

)
.

The first term on the right-hand side consists, besides a constant factor, of a triple vector
product divided by a denominator, all being periodic with period Trev, and of an exponential.
The latter is

e−imω1(t ′−r (t ′)/c)
∣∣∣Trev

0
= eimω1(Trev+�r/c) − 1 = e−im2π − 1 = 0,

where we used (2.43) to express ω1 and (2.41) to obtain the drift �r per period. We obtain
for the Fourier component of the radiation field emitted by a charge moving with a periodic
velocity a similar expression as for the case of a periodic motion, (2.38):

Em = imeω2
1

8π2ε0crp

∫ Trev

0
[n × [n × βββ]]e−imω1(t ′+r (t ′)/c) dt ′. (2.44)

Similarly to the case of the Fourier-transformed field, we have a problem with our approx-
imation based on the observation from a large distance. To have a periodic velocity means
a motion that lasts a very long time. Owing to the finite drift velocity the particle will move
over a very large distance, which should be observed from an even larger distance. There is
some approximation in this approach. The motion is not really periodic in the mathematical
sense but it is assumed that it contains a large number Nu of periods. This case refers to
an undulator having a finite length Lu containing many periods and that is observed from a
distance rp � Lu. This will be discussed later.



3

The emitted radiation field and power

3.1 Introduction

We investigate now the radiation field and power emitted by an accelerated charge. This was
done already in the previous chapter for a charge executing a harmonic oscillation. However,
in this case the motion was non-relativistic and confined to a small volume in space, which
makes some approximations possible. We consider now a more general motion having an
arbitrary velocity v and acceleration v̇.

We mentioned that a complete calculation of the field seen by the observer is made
difficult by the relation between the emission time t ′ and the observation time t , which
can be very complicated. In the first part of this chapter we will avoid this problem by
concentrating on the field seen by the observer at some arbitrary fixed time t ′ + r/c after
the emission and do not attempt to give the field E(t) as a function of time. Therefore, we
evaluate the radiation part of the Liénard–Wiechert equation (2.17) at the time t ′ and give
the field for a fixed time later at the observer but not its time dependence. Obviously this
will not give any information about the spectrum seen by the observer. For this calculation
we need only the differential relation (2.6) between the time scales,

dt

dt ′ = 1 − n ·βββ,

which is much simpler than obtaining the complete function t = t(t ′).
We use this method in particular to obtain the total radiated power and its angular distri-

bution. The energy emitted by a moving charge must be the same as the energy received by
an observer, which covers the full solid angle. However, the emitted power can be different
from that received at any particular instant. Owing to the different time scales t ′ and t , the
energy radiated by a charge in a time interval �t ′ might be received by the observer within
a much shorter interval �t . Therefore, we have to distinguish between the power P(t ′)
emitted and the power Pp(t) received. The latter often has a temporal structure consisting of
short but very intense pulses and a long dead time in between. This instantaneous received
power is of little interest but its average is relevant. Obviously the average emitted and
received powers are the same.

40
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In connection with the instantaneous angular power density, we also investigate this
angular spectral distribution. This assumes that the Fourier transform of the field Ẽ(ω) has
been calculated already, as discussed at the end of Chapter 2.

3.2 The emitted and received powers

The radiation fields have been derived in the previous chapter:

E(t) = e

4πε0c

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

, B(t) = 1

c
[n × E]. (3.1)

The power flux seen by the observer is given by the Poynting vector S:

S = 1

µ0
[E × B] = 1

µ0c
[E × [n × E]] = 1

µ0c

(
E2n − (n · E)E

)
.

For the radiation field (3.1) we have E · n = 0 and obtain

S = E2

µ0c
n.

The vector S has only a radial component, Sr = n · S. Since the fields E and B are the ones
seen by the observer at the time t , the Poynting vector S represents the energy U received
by the observer per unit area and time interval �t :

S = 1

r2

d2U

d� dt
n = 1

r2

dPp

d�
n.

The power radiated by the particle per unit solid angle is the energy emitted per unit solid
angle and unit time interval �t ′:

dP

d�
= d2U

d� dt ′ = d2U

d� dt

dt

dt ′ = r2|E|2
µ0c

(1 − n ·βββ). (3.2)

To clarify the situation we express the energy radiated per solid angle both in terms of the
emitted power P and in terms of the received power Pp:

dU

d�
=

∫ ∞

−∞

dP

d�
dt ′ =

∫ ∞

−∞

dPp

d�
dt = r2

µ0c

∫ ∞

−∞
|E(t)|2 dt. (3.3)

Going from one time scale to the other can be regarded as a change of the integration
variable. The total energy radiated by the particle is obtained by integrating over the full
solid angle:

U =
∫

dU

d�
d� = r2

µ0c

∫ ∞

−∞
dt

∫ 2π

0
dφ

∫ π/2

−π/2
E2(t) sin θ dθ. (3.4)
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Fig. 3.1. The geometry of the radiation due to a transverse acceleration.

3.3 Transverse and longitudinal acceleration

All practical applications of radiation emitted by an ultra-relativistic charged particle are
based on an acceleration perpendicular to the particle velocity. The use of a magnetostatic
field for deflection excludes any longitudinal forces and electric fields are rarely used to
deflect the beam. Here we will compare the radiation due to transverse acceleration and
that due to longitudinal acceleration in order to illustrate some of the physics involved. The
emitted power will be labeled in this section by an index ‘T’ or ‘L’ to distinguish between
the two cases. In the rest of the book only transverse acceleration is considered and this
subscript is omitted.

We calculate the angular distribution of the emitted radiation and use the coordinate
system shown in Fig. 3.1. Compared with the one in Fig. 2.11 used before, it is rotated to
adapt it better to the geometry used in experiments with synchrotron radiation. The particle
moves momentarily in the z-direction and we use the angles θ and φ to describe the direction
of emission. The unit vector n, pointing from the particle to the observer, and the normalized
velocity βββ are, in Cartesian coordinates,

n = [sin θ cos φ, sin θ, sin φ, cos θ ], βββ = β[0, 0, 1].

3.3.1 The transverse acceleration

We take first the case of a transverse acceleration perpendicular to the velocity and pointing
in the x-direction in Fig. 3.1. This is the case of ordinary synchrotron radiation emitted by
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a positive charge going through a magnetic field B pointing in the −y-direction, resulting
in a trajectory curvature

1

ρ
= eB

m0cβγ
.

The normalized acceleration is perpendicular to the velocity and has, at the time it passes
through the origin, only a component in the x-direction:

βββ = β[0, 0, 1] , β̇ββ = β2c

ρ
[1, 0, 0] .

With (2.17) we obtain the radiation field in Cartesian coordinates:

E = e

4πε0c

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

= − eβ2

4πε0rρ

× [1 − β cos θ − sin2 θ cos2 φ, − sin2 θ cos φ sin φ, − sin θ cos φ (cos θ − β)]

(1 − β cos θ )3
.

(3.5)

In the forward direction θ = 0 this field is

E(θ = 0) = − eβ2

4πε0rρ

[(1 − β), 0, 0]

(1 − β)3
.

Expressed in spherical coordinates the field is

E[θ,φ,r ] = − eβ2

4πε0rρ

[(cos θ − β) cos φ, − sin φ(1 − β cos θ ), 0]

(1 − β cos θ )3
. (3.6)

We combine equation (3.2) with the above expression and obtain the angular power distri-
bution at the time t ′ when the particle passes through the origin:

dPT

d�
= e2β̇ββ2

(4π)2ε0c

(1 − β cos θ )2 − (1 − β2) sin2 θ cos2 φ

(1 − β cos θ)5
. (3.7)

Before we discuss this distribution we integrate over the solid angle d� = sin θ dθ dφ to
obtain the total power:

PT0 = 2e2β̇ββ2γ 4

12πε0c
= 2r0m0c2β̇ββ2γ 4

3c
= 2r0c m0c2β4γ 4

3ρ2
= 2r0ṗ2γ 2

3 m0c
.

Here we introduced the classical particle radius

r0 = e2

4πε0m0c2
=

{
2.818 × 10−15 m for electrons
1.535 × 10−18 m for protons.

(3.8)

It is a convenient parameter that collects some fundamental constants and will be used
frequently throughout the book. It has its origin in a model of the electron as a sphere of radius
r0 with a surface charge e in which the electron mass is created by the electrostatic-field
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energy. We also use the relation between the time derivative ṗ of the momentum for a
transverse acceleration having a constant γ :

p = m0cβββγ , ṗ = m0cβ̇ββγ.

For a given curvature 1/ρ the radiated power is proportional to the fourth power of βγ ,
or, for a given derivative of the momentum, it is proportional to the square of γ . Usually
the transverse acceleration is provided by the Lorentz force acting on a charged particle
moving in the transverse magnetic field B. In this case the power can be expressed by
writing

PT0 = 2r0cm0c2β4γ 4

3ρ2
= 2r0e2c3 B2β2γ 2

3m0c2
= 2r0c3e2β2 E2

e B2

3(m0c2)3
. (3.9)

It is proportional to the square of the energy Ee = m0c2γ of the particle and to the square of
the magnetic field B. The energy loss in one revolution on a closed circular orbit of bending
radius ρ is called Us:

Us = 2πρ

βc
PT0 = 4πr0m0c2β3γ 4

3ρ
. (3.10)

We use (3.9) and (3.10) to express the angular power and energy distribution for a
transverse acceleration (3.7) in more comprehensive forms:

dPT

d�
= 3PT0

8πγ 4

(1 − β cos θ )2 − (1 − β2) sin2 θ cos2 φ

(1 − β cos θ )5

dU

d�
= 3Us

8πγ 4

(1 − β cos θ )2 − (1 − β2) sin2 θ cos2 φ

(1 − β cos θ )5
.

This distribution is shown in Fig. 3.2 as cuts through the (x, z)-plane (the plane of the particle
trajectory) and through the (y, z)-plane for various values of the normalized velocity. With
increasing β the distribution becomes more and more peaked in the forward direction. There
are two directions in which no radiation is emitted. They lie in the (x, z)-plane (sin φ = 0)
at the angle given by

cos θ0 = β or θ0 = arccos β.

In the ultra-relativistic case this angle becomes

θ0(γ → ∞) = 1/γ .

As a quantitative measure for the concentration of the radiation into the forward direction
with increasing velocity we calculate the fraction of the power radiated within a cone of
half opening angle θ0:

1

PT0

∫ 2π

0
dφ

∫ θ0

0
sin θ dθ

dP

d�
= 1

2

(
1 + 9

16
β

)
.
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Fig. 3.2. The normalized radiated power distribution due to a transverse acceleration.

For very small velocities (β → 0) this fraction is one half, as expected, and in the ultra-
relativistic case (β → 1) it becomes 25/32. In other words, at least half of the radiated
power is concentrated within a cone of opening angle θ0.

3.3.2 The longitudinal acceleration

Next we consider a longitudinal acceleration in the z-direction:

βββ = β[0, 0, 1] , β̇ββ = β̇[0, 0, 1].

This case is somewhat academic and of no interest for the production of synchrotron radia-
tion but helps to illustrate the properties of the radiation emitted by a moving charge. Since
βββ and β̇ββ are now parallel, we have [βββ × β̇ββ] = 0. The electric field is given by the radiation
term of (2.17) expressed in spherical coordinates,

E[θ,φ,φ] = e

4πε0c

{
[n × [n × β̇ββ]]

r (1 − n ·βββ)3

}
ret

= eβ̇

4πε0cr

[sin θ, 0, 0]

(1 − β cos θ )3
,
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which has only a component in the θ -direction. The distribution of the radiated power is
obtained from (3.2):

dPL

d�
= e2

(4π)2ε0c

{
[n × [n × β̇ββ]]2

(1 − n ·βββ)5

}
ret

= e2β̇ββ2

(4π )2ε0c

sin2 θ

(1 − β cos θ )5
.

Integrating over the solid angle gives the total radiated power:

PL0 = e2β̇ββ2γ 6

6πε0c
= 2r0m0c2β̇ββ2γ 6

3c
= 2cr0ṗ2

L

3m0c2
.

The time derivative of the momentum for a longitudinal acceleration is different from that
for the transverse case,

ṗL = d

dt
(m0cβββγ ) = m0c(β̇ββγ + βββγ̇ ) = m0cβ̇ββγ 3,

where we used ββββ̇ = ββ̇ββ since these two vectors are parallel. On comparing the total power
for the two cases, we find that, for the same time derivative of the momentum, i.e. for the
same value of the deflecting or accelerating force, the radiated power is γ 2 times larger for
the transverse acceleration than it is for the longitudinal one. This is the main reason why,
for colliding electron and positron beams, the use of linear colliders rather than storage rings
becomes advantageous above a certain energy. On the other hand, longitudinal acceleration
is of no interest for producing synchrotron radiation.

We now obtain for the angular distribution of the radiated power due to a longitudinal
acceleration

dPL

d�
= 3PL0

8πγ 6

sin2 θ

(1 − β cos θ )5
.

Owing to the rotational symmetry with respect to the z-axis, this distribution is independent
of the angle φ. In Fig. 3.3 the distribution of the radiated power for various values of
the normalized velocity β is shown. To emphasize the symmetry we use ρ =

√
x2 + y2 as

ordinate. The radiation is emitted in the vicinity of a cone around the z-axis with no radiation
emitted along this axis itself. With increasing velocity the power distribution becomes more
and more peaked in the forward direction, as in the case of transverse acceleration. The
power radiated per unit solid angle has a maximum on a cone of opening angle θm given by

cos θm =
√

1 + 15β2 − 1

3β
.

For vanishing velocity this angle becomes θm ≈ π/2, as expected.
In the ultra-relativistic approximation we obtain for the angular distribution and angle of

its maximum

dPL

d�
= PL0

12γ 2

π

γ 2θ2

(1 + γ 2θ2)5
, θm(β → 1) = 1

2γ
.
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Fig. 3.3. The normalized radiated power distribution due to a longitudinal acceleration.
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3.4 The ultra-relativistic case for transverse
acceleration

We concentrate now on the case of transverse acceleration and assume that the radiating
particle moves at ultra-relativistic velocity:

β ≈ 1, γ � 1.

The radiation is emitted at small angles of order 1/γ or smaller and we can make the
approximation cos θ ≈ 1 − θ2/2 for θ � 1, which gives

1 − β cos θ ≈ 1 − β + βθ2

2
= 1 − β2

1 + β
+ βθ2

2
≈ 1

2γ 2
(1 + γ 2θ2).

We obtain the radiation field in Cartesian coordinates from (3.5),

E = − eγ 4

πε0rρ

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ), 0]

(1 + γ 2θ2)3
,

and that in spherical coordinates from (3.6),

E(θ,φ,r ) = − eγ 4

πε0rρ

[(1 − γ 2θ2) cos φ, −(1 + γ 2θ2) sin φ, 0]

(1 + γ 2θ2)3
.

The field emitted in the forward direction has in Cartesian coordinates only an x-component,

E(θ = 0) = − eγ 4

πε0rρ
[1, 0, 0] = −Êu[1, 0, 0], (3.11)

with its absolute value being called Êu in view of its application for undulators. Since
in most cases a static magnetic field B is used to deflect the particle and to provide the
transverse acceleration, we express the curvature as 1/ρ = eB/(γ m0c) and obtain for the
maximum field

Êu = eγ 4

πε0rρ
= e2 Bγ 3

πε0m0cr
. (3.12)

The radiated power and energy are obtained from (3.9) and (3.10) for the ultra-relativistic
case by setting β = 1,

PT0 = 2cr0m0c2γ 4

3ρ2
= 2c3r0e2 E2

e B2

3(m0c2)3

Us = 2πρ

c
PT0 = 4πr0m0c2γ 4

3ρ
,

(3.13)

and the angular distribution is

dP

d�
= PT0

3γ 2

π

1 − 2γ 2θ2 cos(2φ) + γ 4θ4

(1 + γ 2θ2)5
. (3.14)
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Fig. 3.4. Cuts through the power distribution for γ � 1.
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Fig. 3.5. The instantaneous angular distribution of the radiation emitted by a charge undergoing a
transverse acceleration.

The form of the distribution depends on the product γ θ only and all angles θ scale as
1/γ . It is shown in Fig. 3.4 as half cuts through the (x, z)-plane (φ = 0) and the (y, z)-
plane (φ = π/2), and in Fig. 3.5 as a three-dimensional representation. The directions of
vanishing radiation are in the (x, y)-plane at θ = 1/γ , φ = 0, and φ = π . The variance of
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the opening angle is

〈θ2〉 = 3γ 2

π

∫ 2π

0
dφ

∫ ∞

0
θ dθ

1 + 2γ 2θ2(1 − 2 cos2 φ) + γ 4θ4

(1 + γ 2θ2)5
θ2 = 1

γ 2
.

For some applications the projections of the above distribution on the (x, z)-plane and on
the (y, z)-plane are significant. We call the angles in these two planes ξ and ψ ; see Fig. 3.1.
The relations between the two sets of angles are

ψ = θ sin φ, ξ = θ cos φ, d� = θ dφ dθ = dξ dψ.

The angular distribution expressed in terms of ξ and ψ is

dP

d�
= PT0

3γ 2

π

1 − 2γ 2ξ 2 + 2γ 2ψ2 + γ 4ξ 4 + 2γ 2ξ 2γ 2ψ2 + γ 4ψ4

(1 + γ 2ξ 2 + γ 2ψ2)5
.

Integrating over the angle ψ gives the projection of the distribution on the (x, z)-plane,

dP

dξ
= PT0

3γ

32

(
7γ 4ξ 4 − 16γ 2ξ 2 + 12

(1 + γ 2ξ 2)9/2
+ 5γ 2ξ 2

(1 + γ 2ξ 2)7/2

)
,

while the integration over the angle ξ gives the projection on the (y, z)-plane,

dP

dψ
= PT0

21γ

32(1 + γ 2ψ2)5/2

(
1 + 5γ 2ψ2

7(1 + γ 2ψ2)

)
. (3.15)

We have expressed the two equations above as sums of two terms in view of a later
discussion on polarization. The two projected distributions are shown in Fig. 3.6. We
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Fig. 3.6. The projected power distribution for γ � 1.
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calculate the variances

〈ξ 2〉 = 3γ

32

∫ ∞

−∞

12γ 4ξ 4 − 11γ 2ξ 2 + 12

(1 + γ 2ξ 2)9/2
ξ 2 dξ = 3

8γ 2

and

〈ψ2〉 = 3γ

32

∫ ∞

−∞

12γ 2 + 7

(1 + γ 2ψ2)7/2
ψ2 dψ = 5

8γ 2
.

The sum of the variances of the angles ξ and ψ results in the variance of the angle θ :

〈ξ 2〉 + 〈ψ2〉 = 〈θ2〉 = 1/γ 2.

3.5 The angular spectral energy and
power density

We calculated earlier the Fourier-transformed field Ẽ(ω). We can use it to obtain the time-
domain field E(t) by taking an inverse Fourier transform:

E(t) = 1√
2π

∫ ∞

−∞
Ẽ(ω)eiωt dω.

Substituting this into the expression (3.3) for the radiated energy gives

dU

d�
= r2

2πµ0c

∫ ∞

−∞
dt

∫ ∞

−∞

∫ ∞

−∞
Ẽ(ω)Ẽ(ω′)ei(ω+ω′)t dω dω′.

Using the integral representation of the Dirac δ-function∫ ∞

−∞
eiat dt = 2πδ(a),

we obtain for the integration over t

dU

d�
= r2

µ0c

∫ ∞

−∞

∫ ∞

−∞
Ẽ(ω)Ẽ(ω′)δ(ω + ω′) dω dω′

= r2

µ0c

∫ ∞

−∞
Ẽ(ω)Ẽ(−ω) dω.

Since the field E(t) is a real function, its Fourier transform has the symmetry property

Ẽ(−ω) = Ẽ∗(ω), Ẽ(ω)Ẽ(−ω) = |Ẽ(ω)|2 (3.16)

with Ẽ∗(ω) being the complex conjugate of Ẽ(ω). This gives for the angular distribution of
the radiation energy

dU

d�
= r2

µ0c

∫ ∞

−∞
|Ẽ(ω)|2 dω = 2r2

µ0c

∫ ∞

0
|Ẽ(ω)|2 dω.
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Differentiating this with respect to ω gives the angular spectral energy distribution or
density of the radiation:

d2U

d� dω
= 2r2|Ẽ(ω)|2

µ0c
. (3.17)

We use here a factor of 2 on the right-hand side of the above equation, indicating that we
use positive frequencies only. The spectral energy density is always an even function of ω.
In a measurement only positive frequencies are observed. One therefore gives a spectral
power or energy density in positive frequencies only. On the other hand, the electric-field
components are not all even in ω and the symmetry relation with respect to ω, expressed
by (3.16), can give some information about the properties of the field. For these reasons
positive and negative frequencies are often used for the fields.

The spectral angular energy density (3.17) gives the energy received by the observer
per unit frequency band and solid angle. This energy is given in the frequency domain,
where the independent variable is ω and the time t does not appear. In this picture the
radiation consists of constant narrow-frequency-band waves with a certain distribution in
amplitude and phase. Sometimes one wants to give the spectral power distribution. This
leads to a conceptual difficulty since the power is the energy radiated or received per unit
time interval. However, if the energy radiated per unit time is on average constant, like for
a closed circular orbit, the spectral power density is a useful quantity. In the case of a closed
circular orbit in a storage ring the observers around the ring receive during every revolution
of the orbiting charge a certain energy U in the form of a short flash. The average power
received is then just

P = ω0

2π
Us = βc

2πρ
Us.

We can therefore give a spectral angular power density:

d2 P

d� dω
= ω0

2π

d2U

d� dω
= 2r2ω0|Ẽ(ω)|2

2πµ0c
. (3.18)

If the ring has field-free straight sections, the above expression for the power relates only
to the part of the orbit inside the magnetic field.

Sometimes we would also like to give the radiated power and its angular distribution for
a single traversal in a magnet. In this case this refers to the power emitted while the particle
traverses this magnet and is given by the above expression.

A related case is the undulator, which is a device that is often used to produce quasi-
monochromatic radiation and will be discussed in Part III. It consists of a periodic (usually
harmonic) magnetic field of total length Lu containing Nu periods of length λu. The charged
particle traverses this undulator on a periodic trajectory with drift velocity β∗c and frequency
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�u = 2πβ∗c/λu. We would like to give the average power emitted by the charge while it is
passing through the undulator,

Pu = β∗c

Lu
Uu = β∗c

Nuλu
Uu = �u

2π Nu
Uu,

with Uu being the energy lost in the undulator. This gives for the angular spectral power
distribution

d2 P

d� dω
= β∗c

Nuλu

d2U

d� dω
= r2�u

π Nuµ0c
|Ẽ(ω)|2.





Part II
Synchrotron radiation





4

Synchrotron radiation: basic physics

4.1 Introduction

The radiation emitted by a charged particle moving with constant, relativistic speed on a
circular arc is called synchrotron radiation. It is sometimes also called ordinary synchrotron
radiation or bending-magnet radiation to distinguish it from the more general case of a
non-circular trajectory like undulator radiation. On some occasions this radiation will be
abbreviated as SR.

Some approximations are made in treating synchrotron radiation. First we assume that
the radiation is emitted in a long magnet that has a constant field providing a constant
curvature 1/ρ over a distance �r > 2ρ/γ . Secondly, the radiation is observed at a relatively
large distance from the source rp � ρ/γ . This approach is similar to the development of
a general field into dipole, quadrupole, and higher-multipole components, for which the
higher-order contributions become negligible at large distances. For an ultra-relativistic
charge the opening angle of the emitted radiation is of order 1/γ and therefore very small.
The radiation received originates from a small part of the trajectory and the observer is
usually far away compared with this small source size. The third approximation assumes
that the particle moves with ultra-relativistic velocity, γ � 1, which leads to some simpli-
fications. All three approximations are satisfied for most practical sources of synchrotron
radiation. As a further approximation a classical treatment of the radiation is given here
and any quantum effects are kept for a later discussion. Here we neglect the effect on the
particle of the sudden loss of energy during the emission of a photon. We will first consider
the radiation emitted by a charge that makes a single traversal on a circular arc, resulting
in a deflection much larger than the natural radiation opening angle of 1/γ . Following the
standard treatment, the emitted radiation is first calculated directly in the frequency domain.
Since we are dealing with a single traversal of the particle, the resulting spectrum of the
radiation is continuous. We will later also calculate the radiation field in the time domain
and discuss its relation to the spectrum. This is of little practical significance but it helps us
to understand the physics which determines the properties of synchrotron radiation.

Finally, we will also discuss the radiation emitted by a charge moving on a closed circle.
Since this is a periodic motion, the emitted radiation spectrum consists of lines that are
harmonics n of the frequency of revolution of the particle. In practice such lines are rarely
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observed. The emitted radiation is quantized and the charged particle will lose a finite
amount of energy whenever a photon is emitted. As a result the motion is no longer periodic
and the lines smear out.

In this chapter we concentrate on the derivation of the principal expressions for the
field and the radiated power. We will explain the methods and approximations used and
investigate the validity of the results. The properties of the radiation which are relevant for
applications will be discussed in the next chapter.

The radiation field emitted by a charge moving on a circle was calculated early in the
twentieth century [30, 31, 3]. Later, when accelerators approached energies for which this
radiation is important, several theoretical investigations of synchrotron radiation were car-
ried out [32–37]. At around this time also the first experimental observation was made [38].

4.2 The geometry and approximations

4.2.1 The particle motion

We consider a charge moving with a constant velocity on a full or partial circle with bending
radius ρ and take the geometry illustrated in Fig. 4.1, where the trajectory R(t ′) lies in the
(x, z)-plane and the particle moves through the origin at the time t ′ = 0. The radiation is
received by an observer P at a fixed distance rp from the origin and at a varying distance
r(t ′) = rp − R(t ′) from the radiating particle. The observer is assumed to be located in a
vertical plane at a tangent to the circular trajectory at the origin at an angle ψ above the
level of the orbit. This geometry of the particle motion has a cylindrical symmetry with the
vertical axis going through the center of the circular orbit. It is therefore not necessary to
consider an observer at a more general location. A second observer in a vertical plane at
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Fig. 4.1. The geometry used for the treatment of synchrotron radiation.
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a tangent to the trajectory at a different point receives, apart from a time delay, the same
radiation as that received by our first observer at P. We use the angular velocity of the charge,

ω0 = βc/ρ, (4.1)

where the constant bending radius ρ in a magnetic field B for a particle of momentum p is
given by

1

ρ
= eB

p
= eB

m0cβγ
≈ eBc

m0c2γ
. (4.2)

The position R, normalized velocity βββ, and acceleration β̇ββ of the particle as functions of
the time t ′ are

R(t ′) = ρ[(1 − cos(ω0t ′)), 0, sin(ω0t ′)]
βββ(t ′) = β[sin(ω0t ′), 0, cos(ω0t ′)] (4.3)

β̇ββ(t ′) = β̇[cos(ω0t ′), 0, − sin(ω0t ′)]

with

β̇ = βω0 = β2c/ρ.

We now choose R(0) as the origin and give the position of the observer P by the vector rp:

rp = rp[0, sin ψ, cos ψ]. (4.4)

The vector r pointing from the particle to the observer and its absolute value r are

r = rp − R = [−ρ(1 − cos(ω0t ′), rp sin ψ, rp cos ψ − ρ sin(ω0t ′)]

r = rp

√
1 − 2

ρ

rp
cos ψ sin(ω0t ′) + 2

(
ρ

rp

)2

(1 − cos(ω0t ′)). (4.5)

4.2.2 The dipole approximation

At this point we make an approximation similar to that used for the development of a general
field into multipoles. We develop the square root in (4.5) into powers of ρ/rp:

r ≈ rp

(
1 − ρ

rp
cos ψ sin(ω0t ′) + 1

2

(
ρ

rp

)2

(2 − 2 cos(ω0t ′) − cos2 ψ sin2(ω0t ′)) + · · ·
)

.

(4.6)

We will later neglect terms of higher than linear orders. In general this is justified only
if rp � ρ, i.e. if the radiation is observed at a distance rp from the source that is much
larger than the bending radius ρ of the trajectory. This is rarely fulfilled in practical cases.
However, for an ultra-relativistic particle motion the condition for fast convergence of (4.6)
is much less restrictive. The vertical and the instantaneous horizontal opening angles of the
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radiation are about 1/γ and therefore very small in the ultra-relativistic case, as explained
in an earlier section. The observer P will receive only radiation that is emitted from a small
section of the trajectory around the origin of angular length ω0 �t ′ ≈ 2/γ . We can estimate
the distance r between the source and the observer from the magnitudes of the terms in
(4.5) under the conditions

|sin(ω0t ′)| <∼
1

γ
; 1 − cos(ω0t ′) <∼

1

2γ 2
; |sin ψ | <∼

1

γ
,

where the symbol ‘<∼’ indicates that the left-hand side is smaller than a few times the right-
hand side. On applying this to (4.5) and neglecting terms of order higher than 1/γ 2 we
obtain

r ≈ rp

√
1 − 2

ρ

rp

1

γ
+

(
ρ

rp

)2 1

γ 2
.

Therefore, for the general case we have only to demand that

ρ

rpγ
� 1 (4.7)

for the approximation

r ≈ rp

(
1 − ρ

rp
cos ψ sin(ω0t ′)

)
= rp − ρ cos ψ sin(ω0t ′) (4.8)

to be justified (a more detailed calculation shows that the neglected terms are of higher than
the third power in ρ/(rpγ )). The condition (4.7) is satisfied in most practical applications.
The distance rp is typically between 10 and 50 m whereas the bending radius lies between
a few meters for wigglers and as much as a few hundred meters for the dipole magnets
in a large machine. The Lorentz factor is around 1000 for small machines but can be over
10 000 for the very large machines which have also a large ρ. In all these cases the condition
rp � ρ/γ is fulfilled. There might be special cases in which it is only marginally satisfied,
such as for the observation of radiation emitted by protons in a large machine.

It should be noted that the condition rp � ρ/γ applies to the main part of the spectrum
which is emitted within an opening angle of about 1/γ . However, this angular distribution
has tails containing mainly low frequencies. If very long wavelengths are observed the
validity of the above approximations should be checked.

We assume now that the radiation is observed at a sufficiently large distance from the
source that the condition (4.7) is satisfied and perform the calculation of the radiation field
either in the time domain using the radiation part in (2.17),

E(t) = e

4πcε0

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

, (4.9)

or in the frequency domain with (2.38),

Ẽ(ω) = iωe

4π
√

2πε0cr

∫ ∞

−∞
[n × [n × βββ]]e−iω(t ′+r (t ′)/c) dt ′. (4.10)
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For the derivation of this equation in Chapter 2 we already used implicitly the condition
(4.7).

4.2.3 The relevant motion

We now approximate the various factors appearing in the field expressions to the lowest
relevant order in ρ/(rpγ ). Sometimes the first-order terms are canceled out or divided by γ

and higher-order terms have to be included. Since this is difficult to foresee, we will often
start a derivation including the higher-order terms and neglect them later.

We start with the two triple vector products [n × [(n − βββ) × β̇ββ]] and [n × [n × βββ]]. Here
it is sufficient to express n to the lowest order, which we do by dividing the vector r, given
by (4.5), by its absolute value r approximated by (4.8):

n = [−ρ(1 − cos(ω0t ′)), rp sin ψ, rp cos ψ − ρ sin(ω0t ′)]
rp − ρ sin(ω0t ′)

≈ [0, sin ψ, cos ψ]. (4.11)

On using equations (4.3) for βββ and β̇ββ we obtain the triple vector products

[n × [(n − βββ) × β̇ββ]] ≈
β̇[− cos(ω0t ′) + β cos ψ, − cos ψ sin ψ sin(ω0t ′), sin2 ψ sin(ω0t ′)]

and

[n × [n × βββ]] ≈ β[− sin(ω0t ′), sin ψ cos ψ cos(ω0t ′), − sin2 ψ cos(ω0t ′)]. (4.12)

Next we treat the relation between the observation time t and the emission time t ′ of the
radiation which appears in the exponent of (4.10):

t = t ′ + r (t ′)
c

≈ t ′ + rp

c
− ρ cos ψ sin(ω0t ′)

c
.

Usually one chooses for the origin of R(t ′) and t ′ a position and time that the particle takes
in an arbitrarily chosen center of the source region. As a consequence the observation time t
contains a delay rp/c due to the distance between the center of the source and the observer,
which is of little interest. We define a reduced observation time tp that is shifted by this
delay:

tp = t − rp

c
= t ′ + r (t ′) − rp

c
≈ t ′ − ρ cos ψ sin(ω0t ′)

c
. (4.13)

This relation between the two times is illustrated in Fig. 4.2 for the median plane ψ = 0.
At the top, ω0tp is plotted against ω0t ′ for the two cases β = 0.5 and β = 0.8. The slopes
of these curves are small around the origin, which indicates that the radiation emitted over
a time interval �t ′ is received by the observer within the smaller interval �tp. This time
compression is best quantified in terms of the derivative dt ′/dtp shown at the bottom of
Fig. 4.2. It increases with increasing β as the velocity of the particle approaches the speed
of light. This gives a very short and intense pulse of radiation received by the observer.
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Fig. 4.2. The relation between the emission and observation time scales.

Note that so far we have made only an assumption about the minimum distance between
the source and the observer, rp � ρ/γ . Further approximations will be made below when
we also assume that the particle moves at ultra-relativistic speed γ � 1.

4.2.4 The ultra-relativistic approximation

Here, we assume that the particle is ultra-relativistic:

β ≈ 1, γ � 1.

This results in a small vertical opening angle:

ψ <∼
1

γ
� 1 → sin ψ ≈ ψ, cos ψ ≈ 1 − ψ2

2
.
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The instantaneous horizontal opening angle is also of order 1/γ and radiation is received
only from a small portion of the trajectory of angular length �φ <∼ 1/γ � 1. For the
periodic motion of the charge on a closed circle, the observer receives radiation from each
turn k emitted at the times t ′ ≈ �t ′ + kT0, where T0 = 2π/ω0 is the revolution time for
the closed circle (or Trev = 2π/ωrev for a ring with straight sections). We concentrate on
the revolution in which the particle goes through the origin at t ′ = 0. However, due to the
periodic motion, these approximations are also valid for any other revolution. We have

ω0t ′ = βc

ρ
t ′ <∼

1

γ

and can develop the trigonometric functions

sin(ω0t ′) ≈ ω0t ′ − (ω0t ′)3

6
and cos(ω0t ′) ≈ 1 − (ω0t ′)2

2
.

We include terms up to the third power because in some applications the linear term
becomes reduced such that its magnitude is of the same order as those of the higher-power
terms. This will become clear shortly in the application. For the relation between the time
t ′ of emission and the time tp of observation we obtain

tp = t ′ + r (t ′) − rp

c
= t ′ − ρ cos ψ sin(ω0t ′)

c
≈ t ′

(
1 − β + β

ψ2

2

)
+ c2β3t ′3

6ρ2
.

With 1 − β ≈ 1/(2γ 2) and β ≈ 1 this becomes

tp = t ′ 1 + γ 2ψ2

2γ 2
+ c2t ′3

6ρ2
= (1 + γ 2ψ2)t ′

2γ 2

(
1 + γ 2(ω0t ′)2

3(1 + γ 2ψ2)

)
. (4.14)

The linear term has been divided by γ 2 and becomes comparable to the third-power term.
The two time scales are related by a third-order equation. We take the derivative

dtp
dt ′ = 1 + γ 2ψ2

2γ 2
+ ω2

0t ′2

2
= 1

2γ 2
(1 + γ 2ψ2 + γ 2(ω0t ′)2).

Since ψ <∼ 1/γ and ω0t ′ <∼ 1/γ the radiation emitted during a time interval �t ′ is received
by the observer over a much shorter time interval �tp ≈ �t ′/γ 2. This time compression is
strongest in the median plane ψ = 0 and at the time t ′ = 0 when the particle goes through
the origin, namely �tp = �t ′/(2γ 2). We solve (4.14) for t ′ using the standard solution of
third-order equations,

ω0t ′ ≈
√

1 + γ 2ψ2

γ

⎛
⎜⎝
⎛
⎝ 2ωctp

(1 + γ 2ψ2)3/2
+

√
1 + (2ωctp)2

(1 + γ 2ψ2)3

⎞
⎠

1/3

+
⎛
⎝ 2ωctp

(1 + γ 2ψ2)3/2
−

√
1 + (2ωctp)2

(1 + γ 2ψ2)3

⎞
⎠

1/3
⎞
⎟⎠,
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where we introduced the critical frequency ωc:

ωc = 3cγ 3

2ρ
= 3

2
ω0γ

3. (4.15)

It is, apart from a numerical factor, equal to the typical frequency (1.3), which we found in
Chapter 1 to be representative for the spectrum of the radiation on the basis of qualitative
arguments. We will meet ωc again later and explain its physical meaning. We treat it for the
time being just as a convenient parameter.

Using the relation

ln
(
w +

√
1 + w2

)
= arcsinh w or ± w +

√
1 + w2 = e±arcsinh w

with

w = 2ωctp
(1 + γ 2ψ2)3/2

we obtain

γω0t ′√
1 + γ 2ψ2

≈ (e(arcsinh w)/3 − e−(arcsinh w)/3) = 2 sinh

(
1

3
arcsinh w

)
,

or

t ′ = 2
√

1 + γ 2ψ2

γω0
sinh

(
1

3
arcsinh

(
2ωctp

(1 + γ 2ψ2)3/2

))
.

For the ultra-relativistic case we now have the relation between the two time scales expressed
in a symmetric form:

ωctp
(1 + γ 2ψ2)3/2

= 3γω0t ′

4
√

1 + γ 2ψ2

⎛
⎝1 + 1

3

(
γω0t ′√

1 + γ 2ψ2

)2
⎞
⎠

(4.16)
γω0t ′√

1 + γ 2ψ2
= 2 sinh

(
1

3
arcsinh

(
2ωctp

(1 + γ 2ψ2)3/2

))
.

The ultra-relativistic approximations for the first triple vector products (4.11) and (4.12)
and the denominator of (4.9) are

[n × [(n − βββ) × β̇ββ]] = β̇

2γ 2
[−(1 + γ 2ψ2 − γ 2(ω0t ′)2), −2γω0t ′γψ, 0]

[n × [n × βββ]] = [−ω0t ′, ψ, 0] (4.17)

(1 − n ·βββ) = 1

2γ 2
(1 + γ 2ψ2 + γ 2(ω0t ′)2).
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4.3 The continuous spectrum radiated on a circular arc

4.3.1 The Fourier-transformed field

We first treat the case of a single traversal of a charge moving with ultra-relativistic velocity
on a circular arc with bending radius ρ. The vertical and the instantaneous horizontal opening
angles are both of order 1/γ and small, a fact we used before to make the approximations.
For our treatment to be valid this arc has to have a minimum length �r >∼ 2ρ/γ since the
observer receives radiation from a part of the trajectory having about this length.

Because the charge makes a single traversal, a single pulse of radiation is emitted, and the
observed spectrum will be continuous. We calculate the Fourier transform of the radiated
field. We saw before that it is more convenient to use the reduced observation time tp,

tp = t − rp

c
= t ′ + r (t ′) − rp

c
,

instead of t and adapt the Fourier transform (2.38) to E(tp):

E(ω) = 1√
2π

∫ ∞

−∞
E(tp)e−iωtp dtp

= iωe

4π
√

2πε0crp

∫ ∞

−∞
[n × [n × βββ]]e−iω(t ′+(r (t ′)−rp)/c) dt ′.

Since we are considering an ultra-relativistic particle, the radiation received has to be emitted
close to the origin and we can use the approximations discussed before. We also approximate
the distance r appearing in the denominator of the above equation,

r = rp − ρ sin(ω0t ′) cos ψ ≈ rp

(
1 − ρ

rpγ

)
≈ rp,

simply by the constant r ≈ rp. With this we obtain for the Fourier-transformed field

Ẽ(ω) = iωe

4π
√

2πε0crp

∫ ∞

−∞
[−ω0t ′, ψ, 0] exp

(
− iω

(
t ′(1 + γ 2ψ2)

2γ 2
+ c2t ′3

6ρ2

))
dt ′.

This expression gives the radiation field as a function of the frequency ω as measured by the
observer. The earlier time t ′ of emission can be regarded here as a variable of integration. We
express the exponential of an imaginary quantity in terms of the corresponding trigonometric
functions. Since the x-component of the triple vector product is odd and the y-component
even, only the sine term contributes to Ẽ x (ω), and only the cosine term to Ẽy(ω). The two
field components are

Ẽ x (ω) = −eω

4π
√

2πε0crp

∫ ∞

−∞
ω0t ′ sin

(
ωt ′ 1 + γ 2ψ2

2γ 2
+ ωc2t ′3

6ρ2

)
dt ′

Ẽy(ω) = ieω

4π
√

2πε0crp

∫ ∞

−∞
ψ cos

(
ωt ′ 1 + γ 2ψ2

2γ 2
+ ωc2t ′3

6ρ2

)
dt ′.
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They have the symmetry relations

Ẽ x (−ω) = Ẽ x (ω), Ẽ y(−ω) = − Ẽy(ω). (4.18)

We substitute a new variable u for t ′,

t ′ =
(

2ρ2

|ω|c2

)1/3

u =
(

2

|ω|ω2
0

)1/3

u,

where we use the absolute sign to conserve the symmetry relation (4.18), and use the critical
frequency ωc (4.15),

ωc = 3cγ 3

2ρ
= 3ω0γ

3

2
,

to bring the integrals into a standard form:

Ẽ x = −eγ

(2π )3/2ε0crp

(
3|ω|
4ωc

)1/3 ∫ ∞

−∞
u sin

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)u + u3

3

)
du

(4.19)

Ẽ y = ieγ 2ψ(ω/|ω|)
(2π )3/2ε0crp

(
3ω

4ωc

)2/3 ∫ ∞

−∞
cos

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)u + u3

3

)
du.

They resemble the integral representation (A.1) of the Airy function and its derivative
discussed in Appendix A:

Ai(v) = 1

2π

∫ ∞

−∞
cos

(
vt + t3

3

)
dt

Ai′(v) = dAi(v)

dv
= − 1

2π

∫ ∞

−∞
t sin

(
vt + t3

3

)
dt.

On comparing these definitions with the integral expressions for the two field components
we obtain

Ẽ x (ω) = eγ√
2πε0crp

(
3|ω|
4ωc

)1/3

Ai′
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)

Ẽy(ω) = ieγ (ω/|ω|)√
2πε0crp

(
3|ω|
4ωc

)2/3

γψ Ai

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

) (4.20)
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There is a relation (A.3) between the Airy functions and the modified Bessel functions
of orders 2/3 and 1/3:

Ai(x) = 1

π

√
x

3
K1/3

(
2x3/2

3

)

Ai′(x) = − 1

π

x√
3

K2/3

(
2x3/2

3

)
.

We can therefore express the electric-field components also with the modified Bessel func-
tions:

Ẽ x (ω) = −√
3eγ

(2π )3/2ε0crp

( |ω|
2ωc

)
(1 + γ 2ψ2)K2/3

(
ω

2ωc
(1 + γ 2ψ2)3/2

)

Ẽy(ω) = i
√

3eγ

(2π )3/2ε0crp

(
ω

2ωc

)
γψ

√
1 + γ 2ψ2 K1/3

(
ω

2ωc
(1 + γ 2ψ2)3/2

)
.

Without any further discussion, the Airy and Bessel functions represent only names for
the integrals (4.19). However, when we discuss the characteristics of synchrotron radiation,
we profit from many relations of these functions that are presented in the standard literature.
In Appendix A we summarize the properties of the Airy functions which are most relevant
for our application. They are smooth and well behaved as the plot in Fig. A.1 shows. We
can give the expressions describing synchrotron radiation either in terms of Airy functions
or in terms of modified Bessel functions. We choose here to use the first, but will express
all important equations also in terms of Bessel functions.

The Fourier-transformed horizontal field Ex (ω) is large in the median planeψ = 0 and has
its maximum close to the critical frequency ωc as we expected from qualitative arguments.
The vertical field Ẽy(ω) vanishes in the median plane. We will later compare this Fourier-
transformed electric field with the corresponding presentation in the time domain.

4.3.2 The spectral power density of the radiation

In Chapter 3 we derived the average spectral power density (3.18) of the radiation emitted
by a charge. We found for the power emitted per unit solid angle and frequency

d2 P

d� dω
= ω0

2π

d2U

d� dω
≈ 2r2| Ẽ(ω)|2

2πµ0ρ
.

The radiated power or energy is a scalar with only one component. However, it is calcu-
lated from a field having two components, Ex and Ey , which correspond to the two modes of
the linear polarization. The first one has the electric field parallel to the plane of the particle
motion and is often called the σ -mode. For the second one the electric field is perpendicular
to the plane of the orbit and it is called the π -mode. The radiated power consists of two parts
corresponding to the two modes of polarization. We keep them separated in order to obtain
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the power in each mode and to make the physics of synchrotron radiation more transparent:

d2 P

d� dω
= d2 Pσ

d� dω
+ d2 Pπ

d� dω
= 2r2

2πµ0ρ

(∣∣ Ẽ x (ω)
∣∣2 + ∣∣ Ẽy(ω)

∣∣2). (4.21)

On substituting the expressions (4.20) for the two field components we obtain for the spectral
angular power distributions of the two polarization modes

d2 Pσ

d� dω
= 2r0m0c2γ 2

πρ

(
3ω

4ωc

)2/3

Ai′2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)

d2 Pπ

d� dω
= 2r0m0c2γ 2

πρ

(
3ω

4ωc

)4/3

γ 2ψ2 Ai2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
,

where we use again the classical electron radius (3.8).
We calculated the total radiated power for a general transverse acceleration in Chapter 3

using a more direct approach. We obtained in the ultra-relativistic approximation (3.13)

Ps = 2r0cm0c2γ 4

3ρ2
,

and call it now Ps to indicate that it refers to synchrotron radiation, i.e. a transverse accel-
eration in long magnets. We use it and the critical frequency (4.15) to present the above
expressions for the angular spectral power distribution in a more transparent way:

d2 Pσ

d� dω
= Psγ

ωc

9

2π

(
3ω

4ωc

)2/3

Ai′2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)

d2 Pπ

d� dω
= Psγ

ωc

9

2π

(
3ω

4ωc

)2/3

γ 2ψ2 Ai2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
.

(4.22)

4.4 The radiation emitted on a circular arc in the time domain

4.4.1 The radiation field in the time domain

The field radiated by a charge moving on a circular arc is now calculated in the time domain.
We start with the Liénard–Wiechert expression

E(tp) = e

4πcε0rp

{
[n × [(n − βββ) × β̇ββ]]

(1 − n ·βββ)3

}
ret

, (4.23)

where we approximated r ≈ rp in the denominator. The expression in the curly brackets
has to be evaluated at the time t ′ of emission, which is related to the observation time by

tp = t ′ + r (t ′) − rp

c
.
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Earlier we calculated the triple vector product and the denominator of (4.23) in the
ultra-relativistic approximation (4.17), giving for the field

E(tp) = eω0γ
4

πε0crp

[−(1 + γ 2ψ2 − (γω0t ′)2), −2γω0t ′ γψ, 0]

(1 + γ 2ψ2 + (γω0t ′)2)3
.

We express this with (4.16) in terms of the observation time tp:

γω0t ′ = 2
√

1 + γ 2ψ2 sinh

(
1

3
arcsinh

(
2ωctp

(1 + γ 2ψ2)3/2

))
.

To prevent the expressions from becoming too lengthy, we introduce the dimensionless time
variable

τ = 2ωctp
(1 + γ 2ψ2)3/2

,

which leads to the fields in the time domain,

Ex (tp) = − eω0γ
4

πε0crp

(
1 − 4 sinh2

(
1
3 arcsinh τ

))
(1 + γ 2ψ2)2

(
1 + 4 sinh2

(
1
3 arcsinh τ

))3

Ey(tp) = − eω0γ
4

πε0crp

4γψ sinh
(

1
3 arcsinh τ

)
(1 + γ 2ψ2)5/2

(
1 + 4 sinh2

(
1
3 arcsinhτ

))3 ,

where Ez(tp) vanishes in this approximation. The field components have the following
symmetry properties with respect to time tp and angle ψ :

Ex (−tp, ψ) = Ex (tp, ψ), Ey(−tp, ψ) = −Ey(tp, ψ)

Ex (tp, −ψ) = Ex (tp, ψ), Ey(tp, −ψ) = −Ey(tp, ψ).

The horizontal field value has a maximum at tp = 0, ψ = 0 of

Emax = eω0γ
4

πε0crp
= 4r0m0c2γ 4

eρrp
.

The two field components, normalized with respect to Emax, are plotted in Fig. 4.3 as
functions of the observation time multiplied by the critical frequency ωctp for various
vertical angles ψ . Since the radiation field has no DC component the time integral and the
related Fourier-transformed field at zero frequency both vanish:∫ ∞

−∞
E(tp) dtp =

√
2πẼ(0) = 0.

For the vertical component this is automatically fulfilled by its asymmetry. The horizontal
component has a positive center and a long negative tail. Some interesting discussions about
this point can be found in [39, 40]. It is worthwhile to note that the horizontal field in the
median plane goes through zero at tp = 1/ωc, which is a very short time. At larger vertical
angles ψ the field pulse becomes longer, in agreement with the behavior of the spectrum.
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Fig. 4.3. The normalized horizontal (top) and vertical (bottom) electric fields as functions of the
observation time tp for various vertical angles ψ .
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4.4.2 The radiated energy and power in the time domain

We derived in Chapter 3 the expression (3.2) for the radiated energy received by the observer
per unit solid angle, which must be equal to the energy emitted per unit solid angle by the
charge:

dU

d�
= r2

p

µ0c

∫ ∞

−∞
|E2(tp)| dtp = r2

p

µ0c

∫ ∞

−∞
|E2(t ′)|(1 − n ·βββ) dt ′.

The second form of the integral is easier to evaluate:

dU

d�
= e2ω2

0γ
6

2π2ε0c

∫ ∞

−∞

[(1 + γ 2ψ2 − (γω0t ′)2)2 + (2γω0t ′)2γ 2ψ2]

(1 + γ 2ψ2 + (γω0t ′)2)5
dt ′.

The first term in the square brackets is due to the x-component of the field and represents
the σ -mode while the second term gives the π-mode of the polarization. We first have a
look at the constant factor

e2ω2
0γ

6

2π2ε0c
= 2cr0m0c2γ 6

πρ2
= 3γ 2 Ps

π
,

where we use the classical electron radius r0 (3.8) and the total radiated power Ps (3.13).
The integration gives

dU

d�
= Ps

21

32

ρ

c

γ

(1 + γ 2ψ2)5/2

(
1 + 5

7

γ 2ψ2

1 + γ 2ψ2

)
.

This is the energy per unit solid angle radiated by the charge in one traversal. If this charge
is actually circulating in a storage ring with the Larmor frequency ω0, this energy will be
radiated each turn, giving an average radiated power per solid angle of

dP

d�
= c

2πρ

dU

d�
= Ps

2π

21

32

γ

(1 + γ 2ψ2)5/2

(
1 + 5

7

γ 2ψ2

1 + γ 2ψ2

)
.

Since we are here treating the synchrotron radiation in the time domain we are also
interested in the instantaneous power Pp which the observer receives per unit solid angle as
a function of the time tp:

dPp(tp)

d�
= d2U

d� dtp
= r2

p E2(tp)

µ0c
.

With the expression for the field we obtain

dPpσ

d�
= Ps

6γ 4

π

(1 − 4 sinh2( 1
3 arcsinh τ ))2

(1 + γ 2ψ2)4
(
1 + 4 sinh2

(
1
3 arcsinh τ

))6

dPpπ

d�
= Ps

6γ 4

π

4γψ sinh2
(

1
3 arcsinh τ

)
(1 + γ 2ψ2)5

(
1 + 4 sinh2

(
1
3 arcsinh τ

))6 .
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The flash of the radiation received by the observer lasts a time of the order of 1/ωc.
The instantaneous power is therefore about ωc/ω0 ≈ γ 3 times larger than the average
power.

4.4.3 The radiation field in the time and frequency domains

The normalized horizontal field component in the median plane ψ = 0 in the time and fre-
quency domains is shown in Fig. 4.4. This field decreases rapidly with time and reaches half
its maximum value at about ωctp = 0.32. It goes through zero at tp = 1/ωc and ends with a
long tail. The Fourier-transformed field Ẽ x (ω) extends to rather low frequencies due to the
long tail in the time domain. It has a maximum slightly below the critical frequency ωc, as we
already expected from qualitative arguments discussed in Chapter 1. At higher frequencies
the spectrum decreases slowly but extends quite far, corresponding to the relatively sharp
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Ẽ x (ωc)

ω/ωc

frequency domain

Fig. 4.4. The median-plane field in the time and frequency domains.
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peak at the origin of the time-domain representation. At ω = 0 the Fourier-transformed
field vanishes, in other words, Ẽ x (ω) has no DC part and the time-averaged field is
zero.

4.5 The line spectrum radiated on closed circles

4.5.1 The relevant motion

We consider now a charge moving with constant velocity on a closed circle of radius ρ

and approximate again for observation at a large distance. At first we do not assume that
the particle moves with relativistic velocity. This makes the derivation only slightly more
complicated and not only leads to a more general result but also clarifies some of the
approximations used in earlier sections. This case of a charge moving on a closed circle
represents a periodic motion with the period

T0 = 2π

ω0
= 2πρ

βc
.

The field of the emitted radiation is therefore also periodic and its spectrum is expected to
consist of lines with frequency

ωn = nω0 = n
βc

ρ

using n for the harmonic number to distinguish this case from that of strong undulators,
which is to be discussed later.

We assume that the radiation is observed from a large distance rp and use the approxima-
tion discussed in Section 4.2. Since we do not start with an ultra-relativistic approximation,
an observation distance rp � ρ is in principle required in order for the dipole approximation
to be valid, which is not very realistic. On the other hand, the results will be applied to a
relativistic case and this condition can be relaxed.

Within these approximations we have from (4.8) the distance r , from (4.12) the triple
vector product, and from (4.13) the relation between the emission and observation times:

r = rp

(
1 − ρ

rp
cos ψ sin(ω0t ′)ψ

)
= rp − ρ cos ψ sin(ω0t ′)

[n × [n × βββ]] = β[− sin(ω0t ′), sin ψ cos ψ cos(ω0t ′), − sin2 ψ cos(ω0t ′), 0]

tp = t − rp

c
= t ′ + r (t ′) − rp

c
≈ t ′ − ρ cos ψ sin(ω0t ′)

c
. (4.24)

Since the electric field is perpendicular to the direction of propagation, two components
are sufficient to describe it. We use the coordinates φ and ψ as shown in Fig. 4.5. Since we
always observe the radiation in the (y, z)-plane, i.e. at φ = 0, we have the relations

Eφ = Ex , Eψ = −E� = Ey cos ψ − Ez sin ψ, Er = Ey sin ψ + Ez cos ψ.
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Fig. 4.5. Spherical and Cartesian coordinates.

We express the triple vector product in these coordinates,

[n × [n × βββ]]φ,ψ,r = β[− sin(ω0t ′), cos(ω0t ′) sin ψ, 0],

which has no component in the radial direction.

4.5.2 The line spectrum of the electric field

The particle motion is periodic with period T0 and we develop the radiation field into a
Fourier series. Following the treatment carried out in Chapter 2, we start with the radiation
field in the time domain (2.34) using now the reduced observation time tp:

E(tp) = e

4πε0c

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

, B(t) = 1

c
[n × E].

This periodic field is expressed in terms of the Fourier series (2.39):

E(tp) =
∞∑

n=−∞
Eneinω0tp with En = 1

T0

∫ T0

0
E(t)e−inω0tp dtp.

The Fourier components of the field are given by integration over tp, which we express in
terms of t ′ using the relation given above (4.24):

En = inω0e

4πε0crpT0

∫ T0

0
[n × [n × βββ]]e−inω0(t ′+(r (t ′)−rp)/c) dt ′.
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This result was already obtained as (2.40) for a general periodic motion and observation
time t .

The triple vector product, given by (4.12) in Cartesian coordinates, is

[n × [n × βββ]]φ, θ, r = β[− sin(ω0t ′), sin ψ cos(ω0t ′), 0]

in the [φ, θ, r ] system. We express the distance r in the exponent by use of (4.24), use
ω0 = βc/ρ, and rewrite the exponential in (4.5) in terms of trigonometric functions:

e−inω(t ′+(r (t ′)−rp)/c) = e−in(ω0t ′−β cos ψ sin(ω0t ′))

=cos(nω0t ′ − nβ cos ψ sin(ω0t ′)) − i sin(nω0t ′ − nβ cos ψ sin(ω0t ′)). (4.25)

This is multiplied by the above triple vector product and integrated over t ′. Since the φ-
component of the triple vector product is an odd function in t ′ and the ψ-component is even,
only the sine term of (4.25) contributes to Enφ and only the cosine term to Enψ . We obtain

Enφ = neω0β

4πε0crp

1

T0

∫ T0

0
sin(ω0t ′) sin(nω0t ′ − nβ cos ψ sin(ω0t ′)) dt ′

Enψ = ineω0β

4πε0crp

sin ψ

T0

∫ T0

0
cos(ω0t ′) cos(nω0t ′ − nβ cos ψ sin(ω0t ′)) dt ′

Enr = 0.

We use the integral representation (B.1) of the Bessel function and the relation (B.2) given
in Appendix B to express the integrals appearing above in terms of Jn(z) and its derivative
J ′

n(z):

I1 =
∫ T0

0
sin(ω0t ′) sin(nω0t ′ − nβ cos ψ sin(ω0t ′)) dt ′

= 1

2

∫ T0

0
[cos(nβ cos ψ sin(ω0t ′) − (n − 1)ω0t ′)

− cos(nβ cos ψ sin(ω0t ′) − (n + 1)ω0t ′)] dt ′

= π

ω0
[Jn−1 (nβ cos ψ) − Jn+1(nβ cos ψ)] = 2π

ω0
J ′

n(nβ cos ψ)

(4.26)

I2 =
∫ T0

0
cos(ω0t ′) cos(nω0t ′ − nβ cos ψ sin(ω0t ′)) dt ′

= 1

2

∫ T0

0
[cos(nβ cos ψ sin(ω0t ′) − (n − 1)ω0t ′)

+ cos(nβ cos ψ sin(ω0t ′) − (n + 1)ω0t ′)] dt ′

= π

ω0
[Jn−1(nβ cos ψ) + Jn+1(nβ cos ψ)] = 2π

ω0β cos ψ
Jn(nβ cos ψ).
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We can now write the Fourier components of the electric field:

Enφ = eω0β

4πε0crp
n J ′

n(nβ cos ψ)

Enψ = i
eω0 tan ψ

4πε0crp
n Jn(nβ cos ψ).

These Fourier components exist both for positive and for negative harmonics −∞ <

n < ∞. The electric field is now represented by the Fourier series

Eφ(tp) = eω0β

4πε0crp

∞∑
n=−∞

n J ′
n(nβ cos ψ)einω0tp

Eψ (tp) = i
eω0

4πε0crp
tan ψ

∞∑
n=−∞

n Jn(nβ cos ψ)einω0tp .

On combining terms with positive and negative n and using the symmetry relations of the
Bessel functions (B.5)–(B.7),

Jn(na) = J−n(−na), J ′
n(na) = −J ′

−n(−na),

we obtain a sum over positive frequencies only, which contains trigonometric functions
instead of exponentials:

Eφ(tp) = eω0β

2πε0crp

∞∑
n=1

n J ′
n(nβ cos ψ) cos(nω0tp)

Eψ (tp) = − eω0

2πε0cr0
tan ψ

∞∑
n=1

n Jn(nβ cos ψ) sin(nω0tp).

The spectrum radiated by a charge going through a circular arc has a maximum close to
the critical frequency ωc. We expect therefore that the line spectrum obtained from a charge
moving on a closed circle peaks around a harmonic number nc given by

nc = ωc

ω0
= 3

2
γ 3.

For a relativistic particle most of the spectrum lines are at very high harmonics of the Larmor
frequency, n � 1. Unless one is very familiar with the Bessel functions of very high order
and argument it is difficult to visualize the spectrum given by the above equation. We will
later approximate these expressions for n � 1 and compare them with the results obtained
for the continuous spectrum.
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4.5.3 The power of the line spectrum

The energy radiated per unit area and time is given by the Poynting vector

S = 1

µ0
[E × B] = 1

µ0c
E2n = 1

µ0c

(
E2

φ + E2
ψ

)
n.

It points in the direction n of propagation and consists of two parts given by the two directions
of polarization. Since we have expressed the field as a Fourier series, the Poynting vector
also has a component at each harmonic n. Since they have the same value for positive and
negative frequency, we sum the pairs with the same absolute value of n and use n > 0 as
we usually did for the power:

Sn = 1

µ0c

(
E2

−n + E2
n

)
n = 2

µ0c
E2

nn = 2

µ0c

[
E2

nφ + E2
nψ

]
n.

The average power radiated by the charge at a single harmonic n into a unit solid angle is

dPn

d�
= r2

p (n · Sn)

2
= r2

p

µ0c
E2

n

= r0m0c2ω2
0

2πc
n2

(
β2 J ′

n
2(nβ cos ψ) + tan2 ψ J 2

n (nβ cos ψ)
)
,

where we expressed some fundamental constants by using the classical electron radius
r0 = e2/(4πε0m0c2). We know the total emitted power from the general expression (3.9),

Ps = 2cr0m0c2β4γ 4

3ρ2
,

and use it to express the factor in front of the power distribution,

r0m0c2ω2
0β

2

2πc
= Ps

3

4πγ 4
,

where we also expressed the angular velocity by using ω0 = βc/ρ. Finally we integrate
over the solid angle and can cross check the total power. We distinguish between the two
parts of the radiated power due to the field components Eφ and Eψ which correspond to
the σ - and π -modes of polarization. For the first one the direction of the electric field is
parallel to the plane of the orbit of the particle and for the second one it is perpendicular to
it. The angular distributions of the two modes are

dPnσ

d�
= Ps

3

4πγ 4
n2 J ′2

n(nβ cos ψ)

dPnπ

d�
= Ps

3

4πγ 4
n2 J 2

n (nβ cos ψ) tan2 ψ/β2

dPn

d�
= Ps

3

4πβ2γ 4
n2
(
J ′

n
2(nβ cos ψ) + J 2

n (nβ cos ψ) tan2 ψ/β2
)
.

(4.27)
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The power radiated per unit solid angle at all frequencies is obtained by summing over
the contribution of each harmonic given by (4.27). For this we need sums (B.17) and (B.19),
which are derived in Appendix B:

∞∑
n=1

n2 J 2
n (nz) = z2(4 + z2)

16(1 − z2)7/2
,

∞∑
n=1

n2 J ′2
n (nz) = 4 + 3z2

16(1 − z2)5/2
.

With z = β cos ψ we obtain

dPσ

d�
=

∞∑
n=1

dPnσ

d�
= Ps

3

4πγ 4

4 + 3β2 cos2 ψ

16(1 − β2 cos2 ψ)5/2

dPπ

d�
=

∞∑
n=1

dPnπ

d�
= Ps

3

4πγ 4

sin2 ψ (4 + β2 cos2 ψ)

16(1 − β2 cos2 ψ)7/2
.

Finally, we obtain the total power radiated for the two polarization components by integrating
the above equations over the solid angle d� = sin � d� dφ = cos ψ dψ dφ, which is just
d� = 2π cos ψ dψ since there is no dependence on the azimuthal angle φ:

Pσ = Ps
3

2γ 4

∫ π/2

−π/2

4 + 3β2 cos2 ψ

16(1 − β2 cos2 ψ)5/2
cos ψ dψ = Ps

6 + β2

8

Pπ = Ps
3

2γ 4

∫ π/2

−π/2

sin2 ψ(4 + β2 cos2 ψ)

16(1 − β2 cos2 ψ)7/2
cos ψ dψ = Ps

2 − β2

8
.

The above integrals were calculated with the substitution sin ψ = x . Adding the two po-
larization components gives the total power Ps. The distribution into the two polarization
modes is, in the ultra-relativistic case γ � 1,

Pσ

Ps
= 7

8
,

Pπ

Ps
= 1

8
,

and, for a non-relativistic charge for which β � 1,

Pσ

Ps
= 3

4
,

Pσ

Ps
= 1

4
.

The total energy Us radiated in one revolution is obtained from the power Ps by multiplying
it by the time T0 = 2πρ/(βc) taken for the particle to pass around a closed circle:

Ps = 2cr0m0c2β4γ 4

3ρ2
, Us = Ps

2πρ

βc
= 4πr0m0c2β3γ 4

3ρ
.

So far we have assumed that we have an electron moving on a closed circle with bending
radius ρ. If there are field-free straight sections between bending magnets the motion is
still periodic but the revolution time is longer, Trev > T0, and the corresponding frequency
smaller, ωrev < ω0 = βc/ρ. As a consequence the spectrum consists of lines with frequency
ωn = nωrev. The energy Us radiated per turn is not changed but the power Ps now refers
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to its value taken while the electron traverses the magnet and the average power is 〈P〉 =
Psωrev/ω0.

4.5.4 The relation between the continuous and the line spectra

We take now the ultra-relativistic case with β ≈ 1 and γ � 1. As a consequence we also
have a small vertical opening angle ψ � 1 and we can approximate the argument of the
Bessel functions:

β ≈ 1 − 1

2γ 2
, cos ψ ≈ 1 − ψ2

2
, nβ cos ψ ≈ n

(
1 − 1 + γ 2ψ2

2γ 2

)
.

The line spectrum emitted by a charge moving on a closed circle was expressed in terms
of Bessel functions of order equal to the Larmor-frequency harmonics n. For most of the
radiation this order is rather large, as indicated by the critical harmonic nc = 3γ 3/2 and the
value of the Bessel function is not easy to evaluate. However, approximations for Bessel
functions of large order and arguments are given in the standard literature and are derived
in Appendix B as (B.12) and (B.13) for γ � 1 and ψ � 1:

n Jn(nβ cos ψ) ≈ 2
(n

2

)2/3
Ai

((
n

2γ 3

)2/3

(1 + γ 2ψ2)

)

n J ′
n(nβ cos ψ) ≈ −2

(n

2

)1/3
Ai′

((
n

2γ 3

)2/3

(1 + γ 2ψ2)

)
.

Using nc = 3γ 3/2 and substituting these approximations into the expression (4.27) for the
angular distribution of the nth harmonic, we obtain

dPnσ

d�
= Ps

3

πγ 2

(
3n

4nc

)2/3

Ai′2
((

3n

4nc

)2/3

(1 + γ 2ψ2)

)

dPnπ

d�
= Ps

3

πγ 2
γ 2ψ2

(
3n

4nc

)4/3

Ai2
((

3n

4nc

)2/3

(1 + γ 2ψ2)

)
.

We can find an approximate expression for the angular spectral density since each spectral
line gives the power in one frequency bin of width ω0 and frequency ω ≈ nω0,

d2 P

d� dω
≈ 1

ω0

dPn

d�
,

giving, with ωc = 3ω0γ
3/2,

d2 Pσ

d� dω
= Ps

ωc

9γ

2π

(
3n

4nc

)2/3

Ai′2
((

3n

4nc

)2/3

(1 + γ 2ψ2)

)

dPnπ

d�
= Ps

ωc

9γ

2π
γ 2ψ2

(
3n

4nc

)4/3

Ai2
((

3n

4nc

)2/3

(1 + γ 2ψ2)

)
.

This is identical to the corresponding expression (4.22) for the continuous spectrum.
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A charge moving on a closed circle with constant angular velocity represents a periodic
motion and the emitted radiation is expected to be represented by a line spectrum. However,
this is strictly correct only in the classical treatment, in which the emission of radiation
is continuous and its effect on the particle motion is neglected. In reality the radiation is
emitted as photons and the particle suffers a sudden loss of energy in the process. We will
show later that the frequency of revolution in a storage ring depends on the particle energy.
The calculated line spectrum consists of harmonics of a fixed frequency of revolution. A
change of the latter after the emission of each photon will smear the lines out, particularly
at the high frequencies. The synchrotron-radiation spectrum from a realistic storage ring is
therefore continuous except at very low harmonics.



5

Synchrotron radiation: properties

5.1 Introduction

On the basis of the equations derived in the previous chapter, we present now the properties
of synchrotron radiation that are relevant for applications. We use here the ultra-relativistic
case, observe the traversal of a single particle from a large distance, and describe it in the
frequency domain as a continuous spectrum. This is also a very good approximation for
a charge moving on a closed circle, since the line spectrum is in practice almost always
smeared out by quantum excitation.

The spectral properties of the synchrotron radiation can be described using either modified
Bessel functions K1/3(z), K2/3(z), and

∫
K5/3(z) dz or the Airy function Ai(z), its derivative

Ai′(z), and the integral
∫

Ai(z) dz. It does not matter which set of functions is used. The Airy
functions are easier to find in tables [41] and will be chosen here for all derivations, but the
important results are also given in terms of modified Bessel functions. The mathematical
properties and applications of the Airy functions are discussed in Appendix A.

5.2 The total radiated power and energy

In Chapter 3 we derived the power (3.13) radiated by a particle of rest mass m0 and charge
e undergoing a transverse acceleration β2c2/ρ by moving with velocity βc on a circular
arc of bending radius ρ,

Ps = 2r0cm0c2β4γ 4

3ρ2
, (5.1)

with the classical particle radius r0 = e2/(4πε0m0c2). In most cases the acceleration is due
to the Lorentz force provided by a magnetic field B perpendicular to the plane of the orbit.
This results in a curvature of

1

ρ
= eB

p
= eB

m0cβγ

and in an expression for the radiated power:

Ps = 2r0c3e2β2γ 2 B2

3m0c2
= 2r0c3e2β2 E2

e B2

3(m0c2)3
. (5.2)

81
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From now on we assume that the particle moves with ultra-relativistic velocity, β ≈ 1,
γ � 1, and make the corresponding approximations. The total power Ps emitted by one
electron on a trajectory of bending radius ρ is

Ps = 2r0cm0c2γ 4

3ρ2
= 2r0c3e2γ 2 B2

3 m0c2
= 2r0c3e2 E2

e B2

3(m0c2)3
. (5.3)

The derivation of this equation was very general, involving, apart from the properties of the
particle, only the instantaneous curvature 1/ρ or the magnetic field B. It is also valid for an
inhomogeneous field as long as 1/ρ(s) refers to the local curvature.

The local loss of energy by a particle per unit time element dt ′, length ds, and bending
angle dφ is

dU

dt ′ = Ps,
dU

ds
= Ps

c
= 2r0m0c2γ 4

3ρ2
,

dU

dφ
= Ps

ρ

c
= 2r0m0c2γ 4

3ρ
. (5.4)

Of importance is the energy Us lost by a particle in one revolution, which is obtained
from the integral

Us =
∮

P(s)

c
ds = 2r0m0c2γ 4

3

∮
1

ρ2
ds = 2r0m0c2γ 4

3
Is2. (5.5)

Since this case has to be evaluated often, a special synchrotron-radiation integral has been
introduced [42]:

Is2 =
∮

1

ρ2
ds. (5.6)

A ring with magnets all having the same field B and radius of curvature ρ and field-free
regions in addition is called isomagnetic. Its synchrotron-radiation integral and the loss of
energy are

Is2 = 2πρ

ρ2
= 2π

ρ
, Us = 4πr0m0c2γ 4

3ρ
.

Owing to the field-free straight section such a ring has a circumference Crev that is larger
than 2πρ and has a correspondingly large revolution time Trev and frequency ωrev:

ωrev = 2πc

Crev
= 2π

Trev
≤ c

ρ
= ω0.

This does not affect the instantaneous power (5.3) or the energy lost per turn (5.5). However,
in some rare cases one is interested in the emitted power averaged over one revolution:

〈Ps〉 = Us

Trev
= Ps

ωrev

ω0
.

So far we have been concerned with the energy or power radiated by a single particle
of charge e. We will now consider a storage ring with a large number Ne of particles
representing an average beam current I = eNe/Trev. In most practical applications the
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radiation of one particle is independent of that emitted by other particles. The radiation
has in this case no time coherence. To obtain the total radiated power we simply add the
contributions of each particle. If Us is the energy lost by one particle in one revolution the
total average power emitted in an isomagnetic ring by a current I is

PI = NeUs

Trev
= IUs

e
= 4πr0m0c2γ 4 I

3eρ
.

This equation can also be applied to a part of the storage ring, e.g. a single magnet. In
the following sections we will investigate the angular and spectral distributions of the
synchrotron radiation. We will write most expressions such that the total radiated power Ps

appears as a factor. Depending on whether one is interested in the distribution of the radiated
energy or the power emitted by one or many electrons, this factor Ps can be exchanged for
the energy Us or PI .

5.3 The angular spectral distribution

5.3.1 The general distribution

We discuss now the so-called angular spectral power or energy distribution which is the
power or energy radiated per unit solid-angle element and frequency band. For the ultra-
relativistic case the angles are small and the solid-angle element becomes

d� = dψ dφ.

The radiation is uniform with respect to the azimuthal angle φ and we have to consider only
the ψ-dependence of the distribution. In the previous chapter we derived an expression
(4.22) for this angular spectral power distribution, which we present now in a compact
form,

d2 P

d� dω
= Psγ

ωc
[Fsσ (ω, ψ) + Fsπ (ω, ψ)] = Psγ

ωc
Fs(ω, ψ), (5.7)

by giving the dependences on angle and frequency with two dimensionless functions that
can be expressed with the Airy functions,

Fsσ (ω, ψ) = 9

2π

(
3ω

4ωc

)2/3

Ai′2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)

Fsπ (ω, ψ) = 9

2π

(
3ω

4ωc

)4/3

γ 2ψ2 Ai2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
,

(5.8)
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or, using the relations (A.3), by use of modified Bessel functions,

Fsσ (ω, ψ) =
(

3

2π

)3(
ω

2ωc

)2

(1 + γ 2ψ2)2 K 2
2/3

(
ω

2ωc
(1 + γ 2ψ2)3/2

)

Fsπ (ω, ψ) =
(

3

2π

)3(
ω

2ωc

)2

γ 2ψ2(1 + γ 2ψ2)K 2
1/3

(
ω

2ωc
(1 + γ 2ψ2)3/2

)
.

(5.9)

These two functions give the distributions of the two modes of polarization; the σ -mode
having the electric field in the plane of the particle trajectory and the π -mode with the electric

Fig. 5.1. Normalized angular spectral power density for the horizontal (top) and vertical (bottom)
polarization modes of synchrotron radiation.
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Fig. 5.2. The angular spectral power density in the median plane.

field perpendicular to it. As we will see later, these functions fulfill the normalization

∫ 2π

0
dφ

∫ ∞

−∞
d(γψ)

∫ ∞

0
Fs(ω, ψ) d(ω/ωc) = 1. (5.10)

To illustrate the form of the distribution the normalized spectral angular distributions
Fsσ and Fsπ of the two modes of polarization are plotted in Fig. 5.1 against the angle ψ

and the logarithm of the frequency ω. Both modes are symmetric with respect to ψ and
their angular distributions are narrow at high frequencies and wide at low frequencies. The
σ -mode is large in the median plane ψ = 0, with a peak close to the critical frequency ωc.
The π -mode vanishes in the median plane.

In Fig. 5.2 the angular spectral power density in the median plane ψ = 0 is plotted
against frequency on a double-logarithmic scale and the normalized function Fs(0) is listed
in Table 5.1. At the critical frequency ωc it is Fsσ (ωc, 0) = 0.0396 and it reaches a maximum
value of 0.0401 at ω ≈ 0.83 ωc. The angular distribution of three selected frequencies is
shown in Fig 5.3.

5.3.2 The distribution at low frequencies

Next we investigate the angular spectral power density at low frequencies and assume that
ω � ωc. In this case the argument of the Airy functions is very small unless γ 2ψ2 becomes
very large. Only then will the value of these functions change and we make a small error



86 Synchrotron radiation: properties

Table 5.1. The normalized angular power density Fs(ω/ωc) in the median plane and the
normalized power spectrum Ss(ω/ωc)

ω/ωc Fs(ω/ωc, 0) Ssσ (ω/ωc) Ssπ (ω/ωc) Ss(ω/ωc)

0.001 00 0.000 79 0.099 40 0.032 80 0.132 00
0.002 00 0.001 26 0.125 00 0.040 90 0.166 00
0.004 00 0.001 99 0.156 00 0.050 70 0.207 00
0.006 00 0.002 61 0.178 00 0.057 30 0.236 00
0.008 00 0.003 16 0.195 00 0.062 30 0.258 00
0.010 00 0.003 67 0.210 00 0.066 40 0.276 00
0.020 00 0.005 81 0.260 00 0.079 80 0.339 00
0.040 00 0.009 15 0.318 00 0.093 30 0.411 00
0.060 00 0.011 90 0.355 00 0.100 00 0.455 00
0.080 00 0.014 30 0.381 00 0.104 00 0.485 00
0.100 00 0.016 40 0.401 00 0.106 00 0.507 00
0.200 00 0.024 60 0.454 00 0.106 00 0.560 00
0.400 00 0.034 20 0.468 00 0.091 50 0.559 00
0.600 00 0.038 70 0.441 00 0.075 00 0.516 00
0.800 00 0.040 10 0.400 00 0.060 60 0.460 00
1.000 00 0.039 60 0.355 00 0.048 70 0.404 00
2.000 00 0.026 60 0.171 00 0.016 10 0.187 00
4.000 00 0.006 79 0.030 90 0.001 83 0.032 80
6.000 00 0.001 35 0.005 01 0.000 22 0.005 23
8.000 00 0.000 24 0.000 77 0.000 03 0.000 80

by replacing 1 + γ 2ψ2 by γ 2ψ2 and obtain for the argument

(
3ω

4ωc

)2/3

(1 + γ 2ψ2) ≈
(

3ω

4ωc

)2/3

γ 2ψ2 =
(

ω

2ω0

)2/3

ψ2 =
(πρ

λ

)1/3
ψ2,

where we expressed the critical frequency ωc = 3ω0γ
3/2 in terms of the angular velocity

ω0. With this we obtain from (4.20) the radiation field at low frequencies,

Ẽ⊥(ψ, λ) = e√
2πε0cr

×
(πρ

λ

)1/3
[

Ai′
((πρ

λ

)2/3
ψ2

)
, iψ

(πρ

λ

)1/3
Ai

((πρ

λ

)2/3
ψ2

)]
, (5.11)

and the angular spectral power distribution

d2 P

d� dω
= Psγ

ωc
[Fsσ (ω, ψ) + Fsπ (ω, ψ)] = Psγ

ωc
Fs(ω, ψ)
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Fig. 5.3. The angular spectral power densities of the total radiation and the two modes of polarization
versus the vertical angle for various frequencies.
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Fig. 5.4. The angular distribution of synchrotron radiation at small frequencies.

with normalized distribution functions for low frequencies:

Fsσ (ω, ψ) ≈ 9

2π

1

γ 2

(
ω

2ω0

)2/3

Ai′2
((

ω

2ω0

)2/3

ψ2

)
(5.12)

Fsπ (ω, ψ) ≈ 9

2π

1

γ 2

(
ω

2ω0

)4/3

ψ2 Ai2
((

ω

2ω0

)2/3

ψ2

)
. (5.13)

We express ωc with (4.15) and Ps with (5.3) and obtain explicit equations for the angular
spectral power distributions at low frequencies, ω � ωc:

d2 Pσ

d� dω
= 2r0m0c2

πρ

(
ω

2ω0

)2/3

Ai′2
((

ω

2ω0

)2/3

ψ2

)
(5.14)

d2 Pπ

d� dω
= 2r0m0c2

πρ

(
ω

2ω0

)4/3

ψ2 Ai2
((

ω

2ω0

)2/3
)

.

It is interesting to note that this expression is independent of γ (Fig. 5.4); in other words,
for a given storage ring the properties of synchrotron radiation much below the critical
frequency are independent of the beam energy. Using the approximation (A.5) of the Airy
function for large arguments given in Appendix A, we find that, for large angles ψ , the
two modes of polarization have the same intensity. This will be discussed in more detail
later.

This low-frequency part of the spectrum is often used for beam diagnostics. To obtain
information about the cross section of the beam, one forms an image using the visible part
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of the synchrotron radiation. In most storage rings the critical frequency is much above the
visible spectrum and the above approximations are justified.

5.3.3 The distribution at high frequencies

At the other end of the spectrum we can make an approximation for ω � ωc using
the development (A.5) of the Airy function at a large argument x � 1 explained in
Appendix A:

Ai(x → ∞) ≈ 1

2
√

π
√

x
e−2x3/2/3, Ai′(x → ∞) ≈ 1

2

√√
x

π
e−2x3/2/3.

This gives for the normalized distributions

Fsσ (ω � ωc) ≈ 27ω

32π2ωc

√
1 + γ 2ψ2e−(ω/ωc)(1+γ 2ψ2)3/2

Fsπ (ω � ωc) ≈ 27ω

32π2ωc

γ 2ψ2√
1 + γ 2ψ2

e−(ω/ωc)(1+γ 2ψ2)3/2
.

For this case of very high frequencies the opening angle of the radiation is small, γ 2ψ2 � 1,
and we can approximate further:

Fsσ (ω � ωc) ≈ 27

32π2

ω

ωc
e−ω/ωc e−3(ω/ωc)γ 2ψ2/2, Fsπ (ω � ωc) ≈ 0.

For very high frequencies the contribution of the π -mode becomes negligible and the
σ -mode approaches a Gaussian angular distribution with RMS opening angle

γψRMS(ω � ωc) =
√

ωc

3ω
.

5.4 The spectral distribution

5.4.1 The general spectrum

For many applications of synchrotron radiation the vertical angular distribution is not re-
solved and one is interested in the spectral density only. It is obtained by integrating the
angular spectral power density over the solid angle:

dP

dω
=

∫
d2 P

d� dω
d� = Ps

ωc

[
Ssσ

(
ω

ωc

)
+ Ssπ

(
ω

ωc

)]
= Ps

ωc
Ss

(
ω

ωc

)
. (5.15)

We describe the normalized spectral power density by using a dimensionless function Ss

that depends only on the ratio between the frequency ω and the critical frequency ωc. It
has two parts, Ssσ and Ssπ , which correspond to the two modes of polarization. Since the
synchrotron radiation is independent of φ the integration over this angle results simply in
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a factor of 2π . To obtain these functions Ssσ and Ssπ we integrate the normalized angular
spectral power density (5.8) over the solid angle dφ dψ :

Ssσ

(
ω

ωc

)
= 9

(
3ω

4ωc

)2/3 ∫ ∞

−∞
Ai′2

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
d(γψ)

Ssπ

(
ω

ωc

)
= 9

(
3ω

4ωc

)4/3

γ 2ψ2
∫ ∞

−∞
Ai2

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
d(γψ).

These integrals are obtained from some general expressions, (A.13) and (A.22), derived
in Appendix A by setting a = b = (3ω/4ωc)2/3, giving for the functions Ss, using Airy
functions,

Ssσ

(
ω

ωc

)
= 27

16

ω

ωc

(
−3

Ai′(z)

z
− 1

3
+

∫ z

0
Ai(z′) dz′

)

Ssπ

(
ω

ωc

)
= 27

16

ω

ωc

(
−Ai′(z)

z
− 1

3
+

∫ z

0
Ai(z′) dz′

)

Ss

(
ω

ωc

)
= 54

16

ω

ωc

(
−2

Ai′(z)

z
− 1

3
+

∫ z

0
Ai(z′) dz′

)
(5.16)

with

z =
(

3ω

2ωc

)2/3

,

or, using modified Bessel functions,

Ssσ

(
ω

ωc

)
= 9

√
3

16π

ω

ωc

(∫ ∞

ω/ωc

K5/3(z′) dz′ + K2/3

(
ω

ωc

))

Ssπ

(
ω

ωc

)
= 9

√
3

16π

ω

ωc

(∫ ∞

ω/ωc

K5/3(z′) dz′ − K2/3

(
ω

ωc

))

Ss

(
ω

ωc

)
= 9

√
3

8π

ω

ωc

∫ ∞

ω/ωc

K5/3(z′) dz′.

(5.17)

These normalized power-spectrum functions are some of the most important expressions
characterizing the properties of synchrotron radiation. They are shown in Fig. 5.5 on a
double-logarithmic plot and in Fig. 5.6 on a linear scale as functions of ω/ωc. They are also
listed in Table 5.1. At the critical frequency their values are

Ssσ (1) = 0.3554, Ssπ (1) = 0.0487, Ss(1) = 0.4040.

The maxima of the three functions occur somewhat below the critical frequency. The power
spectrum is rather broad and smooth, as expected from qualitative arguments made earlier.
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Fig. 5.5. The normalized power spectrum in double-logarithmic representation.
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5.4.2 The spectrum at low frequencies

At low frequency we can approximate the spectrum by using the lowest term of the Airy-
function developments (A.4) for small arguments given in Appendix A:

Ssσ

(
ω

ωc

)
≈ −3

27

16

(
2

3

)2/3

Ai′(0)

(
ω

ωc

)1/3

= 0.999 93

(
ω

ωc

)1/3

Ssπ

(
ω

ωc

)
≈ −27

16

(
2

3

)2/3

Ai′(0)

(
ω

ωc

)1/3

= 0.333 31

(
ω

ωc

)1/3

(5.18)

Ss

(
ω

ωc

)
≈ −4

27

16

(
2

3

)2/3

Ai′(0)

(
ω

ωc

)1/3

= 1.333 23

(
ω

ωc

)1/3

.

At these low frequencies the spectral power increases with the third root of the frequency.
It is interesting to note that three quarters of the power is radiated into the σ -mode and one
quarter into the π -mode of the polarization.

It is instructive to give the explicit spectral power distribution by expressing ωc with
(4.15) and Ps with (5.2):

dPσ

dω
= −3

r0m0c2

2ρ
Ai′(0)

(
ω

ω0

)1/3

dPσ

dω
= −r0m0c2

2ρ
Ai′(0)

(
ω

ω0

)1/3

dPσ

dω
= −4

r0m0c2

2ρ
Ai′(0)

(
ω

ω0

)1/3

.

For a given ring the spectrum at low frequencies is independent of the energy of the par-
ticle. This is not astonishing, since we found this property before for the angular spectral
distribution.

5.4.3 The spectrum at high frequencies

For the high-frequency end of the spectrum we find from the lowest-term approximation of
the Airy function given in (A.5) of Appendix A that the π-mode becomes negligible and
the σ -mode decays with frequency like

Ss ≈ Ssσ ≈ 27
√

2

16
√

3π

√
ω

ωc
e−ω/ωc .

5.4.4 The spectrum integrated up to a given frequency

Sometimes the total power radiated below (or above) a given frequency is of interest. It is
obtained by integrating the spectral power density over the frequency using the integrals
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Fig. 5.7. The spectral power density integrated from 0 to ω.

(A.27) and (A.28) given in Appendix A:

∫ ω/ωc

0
Ssσ d

(
ω

ωc

)
= 7

8
− 3z2

8
Ai′(z) − 21

8
z Ai(z) − 21 + 3z3

8

∫ ∞

z
Ai(z′) dz′

∫ ω/ωc

0
Ssπ d

(
ω

ωc

)
= 1

8
− 3z2

8
Ai′(z) − 3

8
z Ai(z) − 3 + 3z3

8

∫ ∞

z
Ai(z′) dz′

∫ ω/ωc

0
Ss d

(
ω

ωc

)
= 1 − 3z2

4
Ai′(z) − 3z Ai(z) − 12 + 3z3

4

∫ ∞

z
Ai(z′) dz′

with z =
(

3ω

2ωc

)2/3

.

This integrated power spectrum is shown in Fig. 5.7.

5.4.5 The integral over all frequencies

The integration over all frequencies gives the distribution of the total power emitted into the
two modes of polarization and confirms that the total normalized power-spectrum function
Ss(ω/ωc) has a normalized area∫ ∞

0

(
Ssσ

(
ω

ωc

)
+ Ssπ

(
ω

ωc

))
d

(
ω

ωc

)
= 7

8
+ 1

8
= 1. (5.19)
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If the integration is carried out up to the critical frequency only, we obtain∫ ωc

0

(
Ssσ

(
ω

ωc

)
+ Ssπ

(
ω

ωc

))
d

(
ω

ωc

)
= 0.42 + 0.08 = 0.5.

The critical frequency

ωc = 3ω0γ
3/2

divides the total power spectrum into two equal parts. So far we have treated it as a convenient
parameter with which to characterize the spectrum. With the above relation it receives a
precise physical meaning.

5.5 The angular distribution

5.5.1 The angular distribution as a function of frequency

In the discussion of the spectral angular power density we gave the angular distribution for
some selected frequencies shown in Figs. 5.3 and 5.4. Here we would like to investigate the
overall behavior of the vertical opening angle and calculate its variance as a function of ω:

〈γ 2ψ2〉σ =
∫

γ 2ψ2 d2 Pσ

d� dω
d�

∫ d2 Pσ

d� dω
d�

= 2π

Ssσ

∫ ∞

−∞
γ 2ψ2 Fsσ (ω, ψ) d(γψ)

〈γ 2ψ2〉π =
∫

γ 2ψ2 d2 Pπ

d� dω
d�

∫ d2 Pσ

d� dω
d�

= 2π

Ssπ

∫ ∞

−∞
γ 2ψ2 Fsπ (ω, ψ) d(γψ).

We substitute the expressions (5.8) for the functions Fsσ and Fsπ and obtain two integrals
that can be solved from the general forms (A.14) and (A.23) given in Appendix A by setting
a = b = (3ω/4ωc)2/3:

〈γ 2ψ2〉σ = 1

Ssσ

27 ω

64ωc

(
5

Ai(z)

z2
+ Ai′(z)

z
+

∫ ∞

z
Ai(z′) dz′

)
(5.20)

〈γ 2ψ2〉π = 1

Ssπ

81 ω

64ωc

(
Ai(z)

z2
+ Ai′(z)

z
+

∫ ∞

z
Ai(z′) dz′

)
.

The variance of the vertical opening angle for the total radiation is obtained by adding the
properly weighted values for the two components of the polarization:

〈γ 2ψ2〉 = Ssσ 〈γ 2ψ2〉σ + Ssπ 〈γ 2ψ2〉π
Ssσ + Ssπ

.
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Fig. 5.8. The vertical RMS opening angle versus the frequency.

The RMS opening angle is the square root of the variance,

(γψ)RMS =
√

〈γ 2ψ2〉,

and is shown in Fig. 5.8 as a function of the frequency ω. Figures 5.3 and 5.4 show the
σ -mode being large in the median plane ψ = 0 and decaying smoothly for larger angles,
which can be characterized quite well by a Gaussian fit and a RMS opening angle. This is
much less the case for the distribution of the π -mode, which has a minimum at the center.
Still, the RMS opening angle can give a rough idea about its size. At the critical frequency
the RMS opening angles are approximately

√
〈γ 2ψ2〉σ ≈ 0.53,

√
〈γ 2ψ2〉π ≈ 0.80,

√
〈γ 2ψ2〉 ≈ 0.57.

They are a little smaller then the value of 1/γ usually considered as being the typical
opening angle of synchrotron radiation.

To obtain the opening angle for very small frequencies, ω � ωc, we can either approx-
imate the expressions (5.20) for small values of z or form the proper integrals over the
angular spectral power density (5.14). Using for the ratio between the Airy function and its
derivative at the origin

√
− Ai(0)

Ai′(0)
=

√
31/3�

(
1
3

)
32/3�

(
2
3

) = 31/3�
(

1
3

)√ sin(π/3)

3π
= 1.1712,
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we obtain for the RMS angles at small frequencies

√
〈ψ2〉σ =

√
− 5Ai(0)

12Ai′(0)

(ω0

ω

)1/3
= 0.756

(ω0

ω

)1/3
= 0.410

(
λ

ρ

)1/3

√
〈ψ2〉π =

√
− 9Ai(0)

12Ai′(0)

(ω0

ω

)1/3
= 1.014

(ω0

ω

)1/3
= 0.550

(
λ

ρ

)1/3

√
〈ψ2〉 =

√
− 6Ai(0)

12Ai′(0)

(ω0

ω

)1/3
= 0.828

(ω0

ω

)1/3
= 0.449

(
λ

ρ

)1/3

.

(5.21)

We found before that the angular spectral distribution at low frequencies is independent
of the particle energy; it is therefore obvious that this holds also for the opening angle.
The latter decreases with the third root of the increasing frequency ω. Obviously these
expressions are no longer valid once the wavelength of the radiation becomes comparable
to the radius of curvature.

5.5.2 The frequency-integrated angular distribution

To obtain the angular distribution of the total radiation we integrate the spectral angular
power distribution over all frequencies:

dP

d�
=

∫ ∞

0

d2 P

d� dω
dω = Psγ

ωc

∫ ∞

0
[Fsσ (ω, ψ) + Fsπ (ω, ψ)] dω.

Using the expressions (5.8) for the distribution functions Fsσ and Fsπ , we obtain integrals
that can be solved by substituting p = 3ω/(4ωc) and b = 1 + γ 2ψ2 into equation (A.26)
in Appendix A,

dPσ

d�
= Psγ

2π

21

32

1

(1 + γ 2ψ2)5/2
,

dPπ

d�
= Psγ

2π

15

32

γ 2ψ2

(1 + γ 2ψ2)7/2
,

and, for the total radiation after integrating over φ,

dP

d(γψ)
= Ps

21

32

1

(1 + γ 2ψ2)5/2

(
1 + 5

7

γ 2ψ2

(1 + γ 2ψ2)

)
. (5.22)

The latter result was derived in Chapter 3 in a more direct way, (3.15). These angular
distributions of the frequency-integrated radiation are shown in Fig. 5.9. By integrating
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Fig. 5.9. The angular distribution after integrating over frequencies.

over the normalized angle γψ we regain the partition (5.19) of the total radiation into the
two modes of polarization Pσ = 7Ps/8 and Pπ = Ps/8.

The variance of the frequency-integrated angular distribution is

〈γ 2ψ2〉σ = 1

Pσ

∫ ∞

−∞

dPσ

dψ
γ 2ψ2 d(γψ) = 1

2

〈γ 2ψ2〉π = 1

Pπ

∫ ∞

−∞

dPπ

dψ
γ 2ψ2 d(γψ) = 3

2

〈γ 2ψ2〉 = 1

Ps

∫ ∞

−∞

dP

dψ
γ 2ψ2 d(γψ) = 5

8
.

The square root of the variance gives the RMS values of the normalized vertical opening
angle (γψ)RMS, these being 0.707 for the σ -mode, 1.225 for the π -mode, and 0.791 for the
total radiation.

Later we will calculate the vertical beam size due to quantum excitation during emission
of synchrotron radiation. For this we need the variance of the product of the angle and the
frequency, 〈ψ2ω2〉. We scale the frequency and angle with ωc and 1/γ , and use the angular
spectral distribution function (5.8) with the normalization (5.10) to obtain

〈(
ω

ωc
γψ

)2
〉

=
∫ 2π

0
dφ

∫ ∞

−∞
d(γψ)

∫ ∞

0
Fs(ω, ψ)(ω/ωc)2γ 2ψ2 d(ω/ωc). (5.23)
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The integration over φ gives just a factor of 2π . Next we integrate (5.8) over frequency:

I1 = 9γ 2ψ2
∫ ∞

0

(
3ω

4ωc

)2/3

Ai′2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)(
ω

ωc

)2

d(ω/ωc)

I2 = 9γ 4ψ4
∫ ∞

0

(
3ω

4ωc

)4/3

Ai2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)(
ω

ωc

)2

d(ω/ωc).

The substitution

p = 3ω

4ωc
, b = 1 + γ 2ψ2

brings the integrals into the forms (A.25) and (A.21) solved in Appendix A,

I1 = 9γ 2ψ2

(
4

3

)3 ∫ ∞

0
p8/3 Ai′2

(
bp2/3

)
dp = γ 2ψ2 5 · 7 · 23

27 · 3 · b11/2

I2 = 9γ 4ψ4

(
4

3

)3 ∫ ∞

0
p10/3 Ai2

(
bp2/3

)
dp = γ 4ψ4 5 · 7 · 11

27 · b13/2

with the sum

I1 + I2 = 5 · 7 · 23

27 · 3

γ 2ψ2

(1 + γ 2θ2)11/2

(
1 + 33

23

γ 2ψ2

1 + γ 2θ2

)
.

Integrating over the angle gives the variance:〈(
ω

ωc
γ 2ψ2

)2
〉

= 5 · 7 · 23

27 · 3

∫ ∞

−∞

(
γ 2ψ2

(1 + γ 2θ2)11/2
+ 33

23

γ 4ψ4

(1 + γ 2θ2)13/2

)
d(γψ) = 8

27
.

(5.24)

5.6 The polarization

5.6.1 The description of linear and circular polarization

As an introduction we start with a general description of linear and elliptical polarizations
of synchrotron radiation. To make the underlying physics more transparent, we give the
field in real notation. A more general treatment using complex functions can be found in
many books on optics and electrodynamics, e.g. [9, 12].

We consider an electromagnetic wave with field components [Ex , Ey], wave number k
and frequency ω propagating in the z-direction,

E(z, t) = [Ex cos(kz − ωt), Ey cos(kz − ωt − ϕ)]

= [Ê x cos(kz − ωt)ηηηx + Ê y cos(kz − ωt − ϕ)ηηηy],

where we introduced two unit vectors ηηηx and ηηηy in the x- and y-directions:

ηηηx = (1, 0), ηηηy = (0, 1), |ηηηx |2 = |ηηηy |2 = 1, (ηηηx ·ηηηy) = 0. (5.25)
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The phase shift ϕ between the two field components determines the type of polarization.
These components are ±π/2 apart for synchrotron radiation emitted in dipole magnets and,
as we will see later, also for the radiation from a helical undulator. On the other hand, we
have ϕ = 0 for the radiation emitted in a plane undulator. We restrict ourself to these two
cases.

We start with ϕ = 0, which gives a field with polarization

E(z, t) = [Ê x cos(kz − ωt)ηηηx + Ê y cos(kz − ωt)ηηηy]

oscillating in a plane at an angle of arctan(Ê y/Ê x ) relative to the median plane. At a fixed
location z = rp we can express the field as a function of the time tp = t − rp/c:

E(tp) = [Ê x cos(ωtp)ηηηx + Ê y cos(ωtp)ηηηy].

The power radiated by this wave, averaged over one oscillation period, is of interest. From
(3.2) we obtain for the average angular power density〈

dP

d�

〉
= r2(1 − n ·βββ)

µ0c
〈|E|2〉 = r2(1 − n ·βββ)

2µ0c

[
Ê2

x + Ê2
y

]
.

Next we choose ϕ = ±π/2 and obtain elliptical polarization:

E(z, t) = [Ê x cos(kz − ωt)ηηηx ± Ê y sin(kz − ωt)ηηηy].

The field vector rotates around the z-axis as a function of z or t . Its head describes an ellipse
with main axes in the ηηηx - and ηηηy-directions as a function of kz − ωt .

To illustrate this we consider first the case Ê x = Ê y = E0, giving circular polarization:

E(z, t) = E0[cos(kz − ωt)ηηηx ± sin(kz − ωt)ηηηy].

We take first the minus sign and set t = 0, giving the field as a function of position z:

E(z) = E0[cos(kz)ηηηx − sin(kz)ηηηy].

With increasing longitudinal coordinate z the head of the field vector describes a left-handed
circular helix (anti-corkscrew) with period λ = 2π/k. On setting z = 0, we obtain the field
at a fixed location as a function of the time t :

E(t) = E0[cos(ωt)ηηηx + sin(ωt)ηηηy].

For an observer looking towards the source the head of the field vector rotates anti-clockwise
as a function of time with frequency ω. We call the light left-handed circularly polarized.
However, since, on looking in the direction of propagation of the wave, the electric-field
vector rotates like a corkscrew having positive helicity, we label it with E+. For the opposite
sign, the wave has right-handed circular polarization and a negative helicity. We have
therefore the field for the two modes of polarization as a function of time:

E+ = E0[cos(ωt)ηηηx + sin(ωt)ηηηy], E− = E0[cos(ωt)ηηηx − sin(ωt)ηηηy]. (5.26)
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Ê x ∝ √
Fsσ

Fig. 5.10. Elliptical polarization at ω = ωc, ψ = 1/γ .

We concentrate on observing the field as a function of time at a fixed location, choosing
still ϕ = ±π/2 but allowing different values for the component amplitudes Ê x and Ê y :

E(t) = [Ê x cos(ωt)ηηηx ± Ê y sin(ωt)ηηηy].

The electric-field vector rotates with frequency ω and positive or negative helicity while its
head describes an upright ellipse with main axes Ê x and Ê y as indicated in Fig. 5.10. To
give a quantitative description of the elliptical polarization we split the field into the two
circular polarization helicities with amplitudes Ê+ and Ê−:

E(t) = E+(t) + E−(t)

= Ê+
cos(ωt)ηηηx + sin(ωt)ηηηy√

2
+ Ê−

cos(ωt)ηηηx − sin(ωt)ηηηy√
2

(5.27)

with

Ê+ = Ê x + Ê y√
2

, Ê− = Ê x − Ê y√
2

. (5.28)

This decomposition of the field into two modes of circular polarization of opposite helicities
is illustrated in Fig. 5.11.

We described the linear polarization in terms of two oscillating vectors, cos(ωt)ηηηx

and sin(ωt)ηηηy , each with RMS value 1/
√

2, which are (in terms of the time average)
orthogonal. We now describe the elliptical polarization with the two rotating vectors

cos(ωt)ηηηx + sin(ωt)ηηηy√
2

and
cos(ωt)ηηηx − sin(ωt)ηηηy√

2
,

which have also RMS values of 1/
√

2 and are (in terms of the time average) orthogonal to
each other.

The electric vector E(t) is the same in both cases but it is decomposed into different
components. Therefore we can also present the angular power distribution (3.2) of the
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Fig. 5.11. The elliptical polarization as a superposition of two circular modes having opposite helic-
ities for ω = ωc, ψ = 1/γ .

radiation as a sum of either two linear or two circular polarization components:〈
dP

d�

〉
= r2(1 − n ·βββ)

µ0c
〈|E|2〉 = r2(1 − n ·βββ)

µ0c
[|E+|2 + |E−|2]

= r2(1 − n ·βββ)

2µ0c

⎡
⎣(

Ê x + Ê y√
2

)2

+
(

Ê x − Ê y)2

√
2

)2
⎤
⎦ (5.29)

= r2(1 − n ·βββ)

2µ0c

[
Ê2

x + Ê2
y

] = r2(1 − n ·βββ)

µ0c

[〈
E2

x

〉 + 〈
E2

y

〉]
.

We explained the elliptical polarization using a monochromatic wave. However, in most
cases the radiation field is described by a continuous spectrum:

Ẽ(ω) = [Ẽ x (ω), Ẽ y(ω)].

Since this is the Fourier transform of a real function E(t), we have the symmetry relations

Ẽ x (−ω) = Ẽ x (ω), Ẽ y(−ω) = −Ẽ y(ω). (5.30)

The time-domain presentation is obtained with the inverse Fourier transform:

E(tp) = 1√
2π

∫ ∞

−∞
Ẽ(ω)eiωtp dω = 1√

2π

∫ ∞

−∞
[Ẽ x (ω)ηηηx + Ẽ y(ω)ηηηy]eiωtp dω.

We filter a narrow frequency band at ω of width dω. Since the above integration covers
positive and negative frequencies, we obtain a contribution at ω and one at −ω. Consid-
ering the above symmetry conditions (5.30), we combine the two exponentials to give
trigonometric functions and use positive frequencies only:

dE(tp) = 2√
2π

[Ẽ x (ω) cos(ωtp)ηηηx + iẼ y(ω) sin(ωtp)ηηηy)] dω. (5.31)
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We split this into two modes of circular polarization:

dE(tp) = 2√
2π

[
Ẽ x (ω) + iẼ y(ω)√

2

cos(ωtp)ηηηx + i sin(ωtp)ηηηy√
2

+ Ẽ x (ω) − iẼ y(ω)√
2

cos(ωtp)ηηηx − i sin(ωtp)ηηηy√
2

]
dω.

On comparing this with (5.27) and (5.28) we obtain for the two circular-polarization com-
ponents of the Fourier-transformed field at ω > 0 (note that Ẽ y changes sign for negative
frequencies)

Ẽ+(ω) = Ẽ x (ω) + iẼ y(ω)√
2

, Ẽ−(ω) = Ẽ x (ω) − iẼ y(ω)√
2

, (5.32)

which gives for the angular spectral power distribution (3.18)

d2 P

d� dω
= 2r2ω0

2πµ0c
[|Ẽ+|2 + |Ẽ−|2] = 2r2ω0

2πµ0c
[|Ẽ x |2 + |Ẽ y |2]. (5.33)

5.6.2 The linear polarization

The linear polarization of the angular spectral distribution. In the previous discussions we
divided the spectral angular power density into two parts. One originates from the horizon-
tal component Ex of the electric field and the other from its vertical component Ey . These
parts represent the two modes of linear polarization, which we call the σ -mode and the
π -mode. In Fig. 5.3 the normalized spectral angular power densities Fsσ and Fsπ for these
two modes of polarization are plotted against the vertical angle ψ for three different frequen-
cies, ω = 0.2ωc, ωc, and 2ωc and in Fig. 5.4 they are plotted also for small frequencies. In
the median plane the horizontal polarization has a maximum and the vertical one vanishes.
With increasing vertical angle ψ the horizontal component decreases monotonically while
the vertical component first increases, then reaches a maximum, and thereafter decreases,
always being smaller than the horizontal component. This behavior is to be expected from
the qualitative picture shown in Fig. 1.6.

So far we have discussed the values of the two components of the polarization. For many
experiments the degree of the horizontal polarization is of importance, [43]. It is defined as
the difference between the two power components divided by their sum:

d2 Pσ

d� dω
− d2 Pπ

d� dω

d2 Pσ

d� dω
+ d2 Pπ

d� dω

= Fsσ − Fsπ

Fsσ + Fsπ
.

This quantity is plotted against the vertical angle ψ in Fig. 5.12 for ω = ωc and in Fig. 5.13
for ω � ωc. It starts with unity in the median plane where there is perfect horizontal
polarization and decreases monotonically with increasing angle ψ . For some applications
this degree of polarization has to be weighted by the power radiated at a given angle, which
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Fig. 5.12. The degree of horizontal polarization of the angular spectral power density versus the
vertical angle ψ at ω = ωc.

is shown as its normalized value Fs in the figures. At the higher frequency ω = ωc, shown in
Fig. 5.12, the degree of polarization is relatively large over most of the angular distribution,
whereas for the lower frequencies, shown in Fig. 5.13, it is already much reduced where Fs

reaches its maximum.

The linear polarization of the spectrum. We can integrate the spectral angular distribution
over the angle ψ to obtain the spectral power densities with their normalized polarization
components Ssσ and Ssπ . They are shown in Figs. 5.5 and 5.6 in logarithmic and linear
representations. At low frequencies the horizontal polarization component of this angle-
integrated radiation reaches three quarters of the total. This fraction increases with increasing
frequency to reach an asymptotic value of unity. This is clearly shown in Fig. 5.14, where
the degree of polarization

dPσ

dω
− dPπ

dω
dPσ

dω
+ dPπ

dω

= Ssσ − Ssπ

Ssσ + Ssπ

is plotted against frequency. Integrating the polarization components over the vertical angle
ψ has some practical applications. In many experiments the vertical angular distribution is
not resolved, either because one uses a large sample, which accepts the full angular spread
of the radiation, or because the electrons emitting the radiation have themselves an angular
spread that smears out the natural angular distribution of the radiation. In both cases the
angle-integrated polarization is relevant for polarization-dependent phenomena.
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Fig. 5.13. The degree of horizontal polarization of the angular spectral power density versus the
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Fig. 5.14. The degree of horizontal polarization of the spectral power density versus frequency.

The frequency-integrated polarization. Polarization-dependent effects usually occur at
a well-determined frequency. Integrating the polarization components over frequency is
therefore of little practical interest but it can still reveal some properties of the radiation.
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In Fig. 5.9 the two polarization components of the frequency-integrated radiation are plot-
ted against the vertical angle ψ . The resulting degree of the polarization is given by the
equation

dPσ

d(γψ) − dPπ

d(γψ)
dPσ

d(γψ) + dPπ

d(γψ)

= 1 + 2γ 2ψ2/7

1 + 12γ 2ψ2/7

and is plotted in Fig. 5.15. As expected, it starts with unity in the median plane, where
the vertical polarization component vanishes at all frequencies. For very large angles it
approaches the value 1

6 .

The polarization of the total radiation. We integrate the spectral angular power distribu-
tion over all frequencies and obtain the fractions radiated into the two modes of polarization,
which we discussed before, and the degree of horizontal polarization of the total radiation:

Pσ = 7

8
Ps, Pπ = 1

8
Ps,

Pσ − Pπ

Pσ + Pπ

= 3

4
.

5.6.3 The elliptical polarization

To understand the elliptical or circular polarization we have to go back to the radiation fields
treated in Chapter 4, where we obtained the expression (4.20) for the Fourier-transformed
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electric-field components of synchrotron radiation:

Ẽ x (ω) = eγ√
2πε0crp

(
3|ω|
4ωc

)1/3

Ai′
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
(5.34)

Ẽ y(ω) = ieγ (ω/|ω|)√
2πε0crp

(
3|ω|
4ωc

)2/3

γψ Ai

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
.

We bring this into a more compact form using the functions Fsσ and Fsπ which we introduced
as normalized angular spectral power density functions in (5.8),

Fsσ (ω, ψ) = 9

2π

(
3ω

4ωc

)2/3

Ai′2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)

Fsπ (ω, ψ) = 9

2π

(
3ω

4ωc

)4/3

γ 2ψ2 Ai2
((

3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
,

giving

Ẽ x (ω) = − eγ

3ε0crp

√
Fsσ , Ẽ y(ω) = i

eγ

3ε0crp

ω

|ω|
ψ

|ψ |
√

Fsπ . (5.35)

Since we take here the positive sign of the square roots
√

Fsσ and
√

Fsπ , we have to express
explicitly the sign of the field as given in (5.34). The derivative Ai′ is negative, resulting
in a minus sign for Ẽ x (ω). The vertical field Ẽ y(ω) changes its sign with frequency ω and
with vertical angle ψ .

According to (5.32), we can give the field components in the frequency domain for the
two modes of circular polarization:

Ẽ+(ω) = Ẽ x (ω) + iẼ y(ω)√
2

= − eγ

3
√

2ε0crp

(√
Fsσ + ω

|ω|
ψ

|ψ |
√

Fsπ

)

Ẽ−(ω) = Ẽ x (ω) − iẼ y(ω)√
2

= − eγ

3
√

2ε0crp

(√
Fsσ − ω

|ω|
ψ

|ψ |
√

Fsπ

)
.

With (3.18) and (5.33) we obtain the angular spectral power distribution:

d2 P+
d� dω

= Psγ

ωc

Fsσ + Fsπ + 2(ψ/|ψ |)√Fsσ Fsπ

2
= Psγ

ωc
Fs+

d2 P−
d� dω

= Psγ

ωc

Fsσ + Fsπ − 2(ψ/|ψ |)√Fsσ Fsπ

2
= Psγ

ωc
Fs−.

The two normalized spectral angular power densities Fs+ and Fs− for the two modes of
circular polarization can be expressed as combinations of the corresponding quantities Fsσ

and Fsπ of the linear polarization:

Fs+ = 1

2

(
Fsσ + Fsπ + 2

ψ

|ψ |
√

Fsσ Fsπ

)
(5.36)

Fs− = 1

2

(
Fsσ + Fsπ − 2

ψ

|ψ |
√

Fsσ Fsπ

)
.
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Fig. 5.16. The normalized angular spectral power distributions for the two modes of circular polar-
ization and the total radiation versus the vertical angle ψ at ω = ωc.

The latter, Fsσ and Fsπ , are expressed by using Airy functions (5.8) or by using modified
Bessel functions (5.9) as explained earlier. For the angular spectral power density the sum
of the two modes of circular polarization is the same as that of the two linear modes:

Fs+ + Fs− = Fsσ + Fsπ = Fs.

In analogy with the linear case we define the degree of circular polarization as

d2 P+
d� dω

− d2 P−
d� dω

d2 P+
d� dω

+ d2 P−
d� dω

= Fs+ − Fs−
Fs+ + Fs−

= 2
ψ

|ψ |
√

Fsσ Fsπ

Fsσ + Fsπ
. (5.37)

To illustrate the circular polarization of synchrotron radiation, the two normalized angular
spectral power densities Fs+ and Fs− of the two modes, together with the value of the total
radiation as well as the degree of circular polarization, are plotted in the next few figures
as functions of the vertical angle ψ . First, Figs. 5.16 and 5.17 show these quantities at
the critical frequency whereas Figs. 5.18 and 5.19 show the lower part of the spectrum.
In the median plane, ψ = 0, the two circular modes are equal and the degree of elliptical
polarization vanishes. With increasing angle ψ the two modes become more different and
the degree of polarization grows monotonically. However, the total angular spectral power
density decreases at large angle. In the case of small frequencies this happens only at angles
for which the degree of polarization is already large. At low frequencies and very large
angles the degree of polarization approaches unity and the radiation becomes circularly
polarized. For negative angles the elliptical polarization reverses its sign.
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Fig. 5.18. Normalized angular spectral power densities for the two circular polarization modes and
the total radiation versus vertical angle ψ at ω � ωc.

The polarization is a well-determined quantity at a given angle ψ and frequency ω

and should be expressed as such. However, it is sometimes useful to integrate the modes of
polarization over one of these variables in order to gain some knowledge of the properties of
the synchrotron radiation. We have done that already for the linear polarization components
and we will do it now for the circular ones.
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Fig. 5.19. The degree of circular polarization of the angular spectral distribution versus the vertical
angle ψ at ω � ωc.

Since the degree of circular polarization (5.37) is antisymmetric with respect to ψ , there
should be no elliptical polarization after integrating it over this angle.

We integrate now over frequency ω to obtain the angular distribution,

dP

d�
= d2 P

dψ dφ
= Ps

γ

ωc

∫ ∞

0
Fs(ωψ) dω,

which gives for the two components of the circular polarization

dP+
d(γψ)

= Ps
π

ωc

∫ ∞

0

(
Fs + 2

ψ

|ψ |
√

Fsσ Fsπ

)
dω

dP−
d(γψ)

= Ps
π

ωc

∫ ∞

0

(
Fs − 2

ψ

|ψ |
√

Fsσ Fsπ

)
dω.

This involves an integral,∫ ∞

0

√
Fsσ Fsπ dω

= −9γψ

2π

∫ ∞

0

3ω

4ωc
Ai

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
Ai′

((
3ω

4ωc

)2/3

(1 + γ 2ψ2)

)
dω

= ωc

2π

√
3

π

γψ

(1 + γ 2ψ2)3 , (5.38)

which is obtained from (A.34) in Appendix A using

p = 3ω

4ωc
, b = 1 + γ 2ψ2.
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Fig. 5.20. The two modes of circular polarization of the frequency-integrated radiation as a function
of the vertical angle.

We obtain for the angular distribution of the frequency-integrated modes of circular polar-
ization

dP+
d(γψ)

= Ps
21

64

1

(1 + γ 2ψ2)5/2

(
1 + 5

7

γ 2ψ2

1 + γ 2ψ2
+ 64

√
3

21π

γψ√
1 + γ 2ψ2

)

dP−
d(γψ)

= Ps
21

64

1

(1 + γ 2ψ2)5/2

(
1 + 5

7

γ 2ψ2

1 + γ 2ψ2
− 64

√
3

21π

γψ√
1 + γ 2ψ2

)
.

They are plotted in Fig. 5.20 as functions of γψ .

5.7 The photon distribution

So far we have treated synchrotron radiation as electromagnetic fields and corresponding
power distributions. However, radiation is emitted in the form of quanta, called photons,
each having an energy

E� = h̄ω with h̄ = h/(2π ), (5.39)

whereω is the frequency of the electromagnetic wave and h = 6.6262 × 10−34 J s is Planck’s
constant. We will now introduce an ad hoc quantization by taking the classical power
distribution in terms of frequency and calculate the photon distribution using the above
relation between energy and frequency. One could ask whether this procedure is correct
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or whether a complete quantum-mechanical calculation of the radiation is necessary. An
electron circulating in a storage ring can be regarded as a macroscopic atom. Obviously it is
in an energy state having a very large quantum number, in which case the classical treatment
is a very good approximation. However, a complete quantum-mechanical treatment of
synchrotron radiation can be found in several publications [4, 7, 36].

We investigated before the spectral power density of the radiation which is the power
element dP(ω) of frequency ω emitted into a frequency interval of width dω given by (5.15):

dP

dω
= Ps

ωc
Ss

(
ω

ωc

)
. (5.40)

We convert this into an energy distribution of the photon flux, which is the number of
photons of energy E� emitted per second, ṅ(E� ), into an energy band of width dE� :

dP = E� dṅ = E�
dṅ

dE�
dE� ,

dP

dω
= E�

dṅ

dE�/h̄
= h̄

dṅ

dE�/E�
. (5.41)

We introduce the critical photon energy

E�c = h̄ωc = 3chγ 3

4π |ρ| = 3m0c2λCompγ
3

4π |ρ| , (5.42)

where

λComp = h/(m0c) = 2.426 × 10−12 m (5.43)

is the Compton wavelength. Since E�c > 0 is positive while the curvature 1/ρ can have
positive and negative signs, we take its absolute value.

With (5.41) we obtain the photon flux per relative energy dE�/E� or frequency band
dω/ω, which is directly related to the frequency distribution of the radiated power:

dṅ

dE�/E�
= dṅ

dω/ω
= 1

h̄

dP

dω
= Ps

E�c
[Ssσ (E� ) + Ssπ (E� )]. (5.44)

The functions Ssσ and Ssπ , given in (5.16), can be expressed as functions of E�/E�c

instead of ω/ωc to describe this photon distribution, which now has the same form as
the corresponding power distribution with respect to ω shown in Fig. 5.5.

By integrating over the distribution (5.44) we obtain the total number of photons ṅs

radiated per unit time:

ṅs = Ps

E�c

∫ ∞

0

Ss(E� )

E�/E�c
d(E�/E�c) = Ps

E�c

15
√

3

8
.

This integral is obtained from (A.30) and (A.31) given in Appendix A. The average photon
energy is simply given by

〈E� 〉 = Ps

ṅs
= 8

√
3

45
E�c.
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The variance of the photon energy 〈E2
� 〉 is of special interest for later applications:

〈
E2

�

〉 = 1

ṅs

Ps

E�c

∫ ∞

0
E2

�

Ss(E� )

E�/E�c
d(E�/E�c) = 22

54
E2

�c.

This integral is also solved in Appendix A, (A.32) and (A.33).
We summarize the relevant quantities of the emitted photons and give them also for the

individual modes of polarization:

ṅσ = 12
√

3

8

Ps

E�c
, ṅπ = 3

√
3

8

Ps

E�c
, ṅs = 15

√
3

8

Ps

E�c

〈E�σ 〉 = 35
√

3

180
E�c, 〈E�π 〉 = 20

√
3

180
E�c, 〈E� 〉 = 32

√
3

180
E�c

〈
E2

�σ

〉 = 25

54
E2

�c,
〈
E2

�π

〉 = 10

54
E2

�c,
〈
E2

�

〉 = 22

54
E2

�c.

(5.45)

The numbers of emitted photons given in the top line contain the ratio between the total
power Ps and the critical photon energy E�c given in (5.1) and (5.42):

Ps

E�c
= 8πr0m0c2γ

9hρ
= 2e2γ

9ε0hρ
= 4ω0γαf

9
, (5.46)

where we used the angular velocity ω0 = c/ρ and introduced the fine-structure constant

αf = e2

2ε0ch
= 1

137.036
= 0.007 297. (5.47)

With this we obtain for the total number of photons ṅs radiated per second or ns per revolution

ṅs = 5
√

3

6
αfω0γ, ns = 5π

√
3

3
αfγ = 0.0662γ. (5.48)

In cases in which the ring has field-free straight sections the angular frequency ω0 is replaced
by the revolution frequency ωrev < ω0 to obtain the average number of photons per second.
On the other hand, the number of photons emitted per revolution stays the same. In a
storage ring operating at 1 GeV energy about 132 photons are emitted by each electron per
revolution.

With the total number of radiated photons we rewrite the distribution of the photons per
relative energy increment dE�/E� . For some applications the distribution with respect to
an absolute energy band dE� is more important. We give both distributions below:

dṅ

dE�/E�
= Ps

E�c
Ss(E� ) = 8

√
3ṅs

45
[Ssσ (E� ) + Ssπ (E� )] = 4αfω0γ Ss(ω)

9

dṅ

dE�
= Ps

E2
�c

Ss(Eγ )

E�/E�c
= 8

√
3ṅs

45Eγ c

[Ssσ (E� ) + Ssπ (E� )]

E�/E�c
= 4αfω0γ Ss(ω)

9Eγ cω/ωc
.
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Fig. 5.21. The normalized photon spectrum.

As mentioned before, the first distribution has the same form as the spectral power distri-
bution shown in Fig. 5.5. The second distribution is plotted in Fig. 5.21, which shows that
there is a large enhancement at low photon energies compared with the distribution in terms
of frequency.

For experiments in which the full vertical extension of the radiation is accepted, the
number of photons radiated per horizontal angle element dφ and relative frequency band
dω/ω is of interest. For one electron we have

d2n

dφ dω/ω
= 4αfγ Ss(ω/ωc)

9

and, for a current I representing I/e electrons passing per time unit through a point on the
orbit, the resulting photon flux per angle and relative frequency band is

d2ṅ

dφ dω/ω
= 4αfγ I Ss(ω/ωc)

9e
. (5.49)

We can also give the angular energy distribution of the photon flux from the angular
spectral power distribution (5.7) using the relations (5.41),

d2ṅ

d� dE�/E�
= d2 P

d� h̄ dω
, (5.50)
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giving this distribution per relative or absolute energy increment,

d2ṅ

d� dE�/E�
= Psγ

E�c
Fs(E� , ψ) = 8

√
3ṅsγ

45
[Fsσ (E� , ψ) + Fsπ (E� , ψ)]

(5.51)
d2ṅ

d� dE�
= Psγ

E2
�c

Fs(E� , ψ)

E�/E�c
= 8

√
3ṅs

45E�c

[Fσ (E� , ψ) + Fπ (E� , ψ)]

E�/E�c
,

with the normalized angular spectral distribution functions for the two modes of polarization
Fsσ and Fsπ given by (5.8) but expressed in terms of E�/E�c instead of in terms of ω/ωc.



Part III
Undulator radiation





6

A qualitative treatment

6.1 Introduction

An undulator is a spatially periodic magnetic structure designed to produce quasi-
monochromatic synchrotron radiation from relativistic particles. There are several types
of such devices and we start here with a plane harmonic undulator having a magnetic field
of the form

B(z) = By = B0 cos(2πc/λu) = B0 cos(kuz) (6.1)

as illustrated in Fig. 6.1. The period length of this field is λu and ku = 2π/λu is the cor-
responding wave number. If the field B0 is relatively weak, the trajectory of an ultra-
relativistic particle going along the axis of the undulator is, to a good approximation, of the
form

x(z) = a cos(kuz),
dx

ds
= −aku sin(kuz) = −ψ0 sin(kuz),

which will be shown later in detail. This trajectory is characterized by the amplitude a and
the maximum deflection angle x̂ ′ = ψ0 with respect to the z-axis. The properties of the
undulator radiation depend strongly on the magnitude of the deflection angle ψ0 compared
with the natural opening angle 1/γ of the emitted radiation. This ratio is quantified by the
undulator parameter Ku:

Ku = ψ0

1/γ
= γψ0. (6.2)

Depending on the value of Ku, we have two possible cases.

� For Ku < 1 the angle ψ0 of the particle trajectory is smaller than the approximate natural opening
angle 1/γ of the emitted radiation. As a result, the charge traversing the undulator emits a smoothly
modulated field, leading to so-called weak-undulator radiation, which has a simple pattern and
quasi-monochromatic properties.

� For Ku > 1 the deflection angle ψ0 is larger than the natural opening angle 1/γ of the radiation.
As a consequence the emitted fields are strongly modulated, leading to so-called strong-undulator
radiation with a more complicated pattern and a spectrum containing many harmonics.
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Fig. 6.1. The geometry of undulator radiation.

We treat first the plane harmonic undulator, which is widely used, and abbreviate its
radiation sometimes by UR. It has a median symmetry plane with a perpendicular magnetic
field, in which the nominal particle trajectory lies. This field is periodic with period length
λu, given by (6.1), of total length

Lu = Nuλu (6.3)

and contains Nu periods. There exist other undulators that have no simple period, such as
the modulated undulator, or have no median plane, such as the helical undulator. Some of
these will be discussed later.

Many properties of undulator radiation can be understood from a qualitative treatment.
This also helps us to understand the basic physics, to estimate the importance of the param-
eters involved, to judge the validity of certain approximations, and to obtain some basic re-
sults. In the following we use various pictures to describe and understand undulator radiation.

6.2 The interference

The frequency emitted by a particle going through an undulator can be obtained by con-
sidering the interference between the parts of the radiation created at successive periods.
A charge traversing the undulator with velocity βc is moving along a sinusoidal trajectory
(Fig. 6.2). For a strong undulator its drift velocity 〈β〉c = β∗c, i.e. its average velocity
along the axis, is slightly smaller than the instantaneous particle velocity βc. However, we
consider here weak undulators and neglect this difference.
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Fig. 6.2. Constructive interference of the fields emitted at different periods.

We investigate first the radiation observed in the forward direction, θ = 0. The wave
emitted in the first period is propagating with velocity c while the charge is moving with
the drift velocity βc along the axis. The radiation arrives one period λu downstream at a
time t� = λu/c while the charge takes a little longer, te = λu/(βc). The radiation emitted in
the second period is delayed with respect to the first wave by �t = te − t� . The same delay
occurs between the emissions at later successive periods. An observer at θ = 0 therefore
sees a periodic field emitted in each period with successive delays te − t� . These field
contributions will add up for a wavelength equal to this delay multiplied by the speed of
light. We therefore have constructive interference for the wavelength and frequency:

λ1(0) = λ10 = c �t = λu

β
(1 − β), ω10 = 2πc

λu

β

1 − β
.

For an observer at an angle θ the situation is different since the projection of the particle
velocity on this new direction is relevant for the observed delays. In the direction of angle
θ contributions from successive periods are delayed by λu/(βc) − λu cos θ/c. We therefore
have constructive interference for a wavelength

λ1(θ ) = λu

β
(1 − β cos θ ), ω1 = 2πβc

λu

1

1 − β cos θ
. (6.4)

Making the ultra-relativistic approximation β ≈ 1, γ � 1, we have

ω1 = 2πc

λu

2γ 2

1 + γ 2θ2
= ω10

1 + γ 2θ2
. (6.5)

At a given angle θ there is a frequency ω1(θ ), which we will call the ‘proper frequency.’
Since in a strong undulator also higher harmonics are emitted, we use the subscript ‘1’ for the
lowest harmonic and ‘m’ for the higher harmonics. On the axis, θ = 0, the proper frequency
is ω1(0) = ω10. It is 2γ 2 times larger than that of the particle motion, �u = 2πc/λu. This
allows us to obtain radiation of rather short wavelength from an undulator having a realizable
period length of a few centimeters. For a limited number of periods the frequency ω observed
at the angle θ has a distribution around the proper frequency ω1 that becomes narrower with
increasing number of periods.
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Fig. 6.3. An illustration of undulator radiation using the wave fronts of the fields emitted at different
periods, β = 0.8.

6.3 The undulator radiation as a wave front

Undulator radiation can be illustrated by drawing the wave fronts created in each period.
This is shown in Fig. 6.3 for β = 0.8. A more relativistic particle velocity would be closer
to practical examples but the resulting small angles would be difficult to draw.

As we saw before in the interference picture, a particle going through the undulator
creates in each period a wave with intervals spaced by λu/(βc) in time and λu in longitudinal
position. The particle passing the center of the undulator at t ′ = 0 emits a spherical wave
that has reached a radius r1 at the time t = r1/c. The next period is reached by the particle
at the time t ′ = λu/(βc) and it emits there a spherical wave that has reached a radius
r2 = c(t − t ′) = ct − λu/β at the same observation time t as when the first wave has reached
a radius r1. Since the origin of the second wave is displaced by λu from the first one, the
two wave fronts are separated at time t by λu/β − λu = (1 − β)λu/β ≈ λu/(2γ 2) in the
forward direction, and about λu(1 + γ 2θ2)/(2γ 2) in the direction of the angle θ . This is
shown in Fig. 6.3, where the emitted wave fronts are compressed strongly in the forward
direction but less so at larger angles θ .
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Fig. 6.4. The modulation of the field emitted in a weak and a strong undulator.

6.4 The modulation of the emitted field

Another way to understand the radiation emitted in a weak and a strong undulator is illus-
trated in Fig. 6.4. Owing to the transverse acceleration, a charge going through an undulator
emits radiation with an instantaneous natural opening angle of about 1/γ . In a weak un-
dulator the deflection angle ψ0 is small or comparable to this natural opening angle. As a
consequence an observer sees just a small angular modulation of the incoming radiation, as
indicated in the top part of Fig. 6.4. The observed proper frequency ω1 is the Doppler-shifted
frequency �u of the particle motion:

ω1 ≈ �u

1 − β cos θ
≈ �u

2γ 2

1 + γ 2θ2
.

For a strong undulator the angular modulation ψ0 of the radiation is much larger than the
natural opening angle 1/γ . Instead of a smooth modulation the observer receives the field
as a periodic train of short pulses, as indicated in the lower part of Fig. 6.4. The spectrum
of this field contains many harmonics of the basic frequency, [44].

6.5 The weak undulator in the laboratory and moving frames

Probably the best understanding of undulator radiation can be obtained by considering a
system moving with the drift velocity βc along the z-axis. In this frame the particle motion
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Fig. 6.5. The weak undulator in the laboratory and moving frames.

is not relativistic for a weak undulator and consists of a simple harmonic oscillation that
emits dipole radiation. On going back into the laboratory frame, the frequency of this field
is Doppler shifted.

The situation in the two frames is shown in Fig. 6.5. The angle of the trajectory is
very small, ψ0 � 1/γ , and the drift velocity is approximately βc. In the laboratory frame
the particle follows a sinusoidal trajectory with frequency �u = 2πβc/λu. In the moving
frame this motion becomes a simple harmonic oscillation. Its frequency is increased by
the Lorentz factor γ corresponding to the frame motion, because the period length of the
undulator seen by the particle becomes Lorentz contracted, λ∗

u = λu/γ . The motion of the
particle represents an oscillating charge that creates the well-known dipole radiation. It is
emitted mainly perpendicular to the x∗-axis but with a large opening angle. Transformed
back into the laboratory frame, this radiation becomes confined mainly into a cone around
the z-axis with opening angle 1/γ . The spectrum of the radiation in the moving frame has
a single frequency, �∗

u = �uγ . The transformation of the field into the laboratory frame
creates a Doppler shift, resulting in a higher frequency ω1, which depends on the observation
angle θ . For the ultra-relativistic case it can be approximated by

ω1 = �∗
u

γ (1 − β cos θ )
≈ 2γ 2�u

1 + γ 2θ2
. (6.6)

In the laboratory frame the spectrum is therefore no longer monochromatic but has the
above relation between the proper frequency ω1 and the angle θ of observation.
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6.6 The strong undulator in the laboratory and moving frames

In the case of a strong undulator, Ku ≥ 1, the angle of the trajectory is larger, ψ0 ≥ 1/γ ,
and the drift velocity of the particle is smaller than its instantaneous velocity:

β∗c < βc, γ ∗ = 1/

√
1 − β∗2 < γ.

The moving frame has a Lorentz factor γ ∗ that is smaller than that of the particle. The
period length λu of the undulator is contracted to λ∗

u = λuγ
∗. Since the absolute value of

the particle momentum is constant in the laboratory system, its components in the transverse
and longitudinal directions are modulated by the large deflection angle. As a consequence
the motion in the moving frame is no longer a linear oscillation but follows a ‘figure eight’
as indicated in Fig. 6.6. As an approximation we can decompose this non-linear motion into
an oscillation along the x∗-axis with odd harmonics of the frequency �∗

u ≈ �uγ
∗ emitting

radiation mainly along the z-axis, and an oscillation along the z∗-axis having even harmonics
of this frequency with the radiation emitted perpendicular to the axis. The transformation
back into the laboratory frame results again in radiation emitted mainly in the forward
direction, but now only the odd harmonics are concentrated along the axis with opening
angle 1/γ ∗, while the even harmonics are distributed in a ring around it. The spectrum in
the moving system consists of lines of both odd and even harmonics of the frequency �∗

u.
Observed in the laboratory frame these frequencies are Doppler shifted resulting in the
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Fig. 6.6. The strong undulator in the laboratory and moving frames.
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proper frequencies

ωm = mω1 = m
�∗

u

γ ∗1 − β∗ cos θ
≈ m

2γ ∗2�u

1 + γ ∗2θ2
. (6.7)

The overall spectrum is broad, but at a given angle θ it consists of a series of lines mω1. In
the forward direction θ = 0, only odd harmonics are observed.

6.7 The helical undulator

Helical undulators provide radiation with circular polarization. The electron trajectory in this
device has the form of a helix around the longitudinal z-axis, given in Cartesian coordinates
by

R = [x, y, z] = [a cos(kuz), a sin(kuz), z].

This represents a superposition of two plane undulator trajectories, rotated by an angle of
π/2 and shifted by a quarter of an undulator period. The emitted radiation has the same
superposition properties and consists of two waves, one with horizontal and the other with
vertical linear polarization, with a phase shift of π/2 with respect to each other. This results
in a wave with circular polarization. Circular polarization can in fact be obtained with two
separate plane undulators rotated and shifted with respect to each other [45, 46].

Going into a frame that moves with the electron drift velocity along the z-direction
can help us to understand helical-undulator radiation in a different way. In this frame the
electron moves on a circular orbit with a normalized velocity β � 1 for a weak undulator,
and with β ≈ 1 for a strong undulator. In the first case the electron radiates over a large
solid angle. The waves emitted along the axis have circular polarization whereas the ones
emitted in the orbit plane have linear horizontal polarization. Transforming this back to the
laboratory plane results in circular polarization along the axis and linear polarization on a
cone with half opening angle 1/γ . For a strong helical undulator the circular electron motion
in the moving frame is relativistic and represents a little storage ring emitting synchrotron
radiation concentrated close to the orbit plane. Transformed back to the laboratory frame,
this radiation will be concentrated around a cone of half angle 1/γ ∗ with little intensity
along the axis.

6.8 Undulators and related devices

Undulators as sources of quasi-monochromatic radiation were proposed [47, 48] and real-
ized [49] early on. Most of the properties of undulator radiation can be found in the review
article [50], which is followed closely here. This radiation is also treated in books and
articles [8, 9, 17, 25, 51–56].

So far we have considered undulators having a periodic magnetic field that emit quasi-
monochromatic radiation of high intensity, due to the superposition of the radiation from
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each period. For most applications the narrow bandwidth is of importance and its frequency
can be tuned to the desired value by varying the strength of the magnetic field, i.e. the
undulator parameter K , which changes the drift velocity β∗c. The bandwidth obtained is
rarely sufficiently narrow to be used directly, but it helps to reduce the heat load on the
monochromator, which is usually needed. For some experiments monochromaticity is not
as important as intensity. In this case the overlap of the radiation emitted in each undula-
tor is important. Devices that are optimized for this aspect usually have a high value for
the magnetic field and the undulator parameter Ku. These devices are called wigglers. The
distinction between wigglers and undulators is not sharp and is determined more by the
application of the radiation than by its nature.

Undulators and wigglers produce in general no overall deflection or displacement of the
electron beam. This allows us to adjust the strength of the magnetic field with negligible
effects on the electron beam in the rest of the ring. For this reason they are often called
insertion devices that can be inserted into a straight section of a storage ring. They also
include short assemblies of magnets with very high fields but no overall deflection. Such
devices are supposed to provide radiation with a high critical frequency and are called
wavelength shifters. Apart from the mentioned books on synchrotron radiation, there is
a rich literature on insertion devices, of which we mention here only two review articles
[57, 58].

Undulators and multipole wigglers are usually realized with permanent magnets since
the short period length leaves little space for the coils needed in electromagnets. The field
is adjusted by mechanical variation of the gap between poles of magnets. The very high
fields in a wavelength shifter are realized with superconducting magnets.

Insertion devices produce no overall deflection and displacement and are located in
straight sections. Usually the radiation emitted along the axis of the insertion device is used.
As a consequence, also radiation from the adjacent ring magnets upstream and downstream
of the straight section enters the experiment. This contamination not only gives additional
intensity but also leads to interference among the three sources and can alter the spectrum.
In the case of long undulators the intensity of the monochromatic peaks dominates and the
effect of the ring magnets is not important. A similar situation exists for high-field wigglers,
which emit a very high critical frequency. However, there are other situations in which the
interplay among the sources has to be considered.



7

The plane weak undulator

7.1 The trajectory

7.1.1 The equation of motion

We consider a plane magnetic undulator with a harmonic field of period length λu, corre-
sponding wave number ku = λu/(2π ), number Nu of periods, and total length Lu = Nuλu,
as shown in Fig. 7.1. The strength of the undulator field is assumed to be weak in the sense
that the maximum angle of the trajectory is small compared with the opening angle of
the emitted radiation, ψ0 � 1/γ . The ratio between the two is expressed in terms of the
undulator parameter Ku defined in the introduction, (6.2),

Ku = γψ0,

which will be assumed to be smaller than unity.
We investigate the trajectory and the related parameters of the particle going through this

undulator. We start with the general case, approximate first for a weak undulator, Ku < 1,
then for observation from a large distance, rp � Lu, and finally for ultra-relativistic particles,
γ � 1.

For the field in the median plane y = 0 we take (6.1)

B(x, 0, z) = B0[0, cos(kuz), 0]. (7.1)

This determines also the field outside the plane in a current- and iron-free region, but we
will not consider this here. The undulator has a length Lu = Nuλu containing Nu periods.
However, a sharp termination of this periodic field or its derivative at z = ±Lu/2 leads to
unrealistic high frequencies in the calculated spectrum. Since the radiation emitted in the
relatively long, periodic main part of the undulator dominates, we may ignore the end field
and its effects for the time being. Undulators are usually inserted into a straight section
of a storage ring. For this reason they are, together with wiggler magnets, called insertion
devices. To minimize the disturbance of the electron orbit in the storage ring one usually
demands that the overall transverse deflection and displacement due to the undulator field
vanish:

x(−Lu/2) = x(Lu/2) and
dx

dz
(−Lu/2) = dx

dz
(Lu/2) = 0.

126
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Fig. 7.1. The trajectory in a plane harmonic undulator.

The second condition can be expressed with a vanishing field integral. By integrating twice
over the field we could also satisfy the first condition. However, there are several reasons
that favor either a symmetric or an antisymmetric field with respect to the longitudinal
coordinate z. With this we can satisfy both conditions,

By(−z) = By(z) or By(−z) = −By(z) and
∫ Lu/2

−Lu/2
By(z) dz = 0.

Both choices of symmetry have been realized in practice. Apart from an unimportant phase
difference, the radiation from both solutions has the same properties. With the field (7.1)
we have here already chosen the symmetric case.

We calculate the nominal trajectory of a charged particle going through a weak undulator
with Ku < 1. It follows on average the z-axis, as indicated in Fig. 7.1. Since we have only a
magnetic deflecting field the absolute value of the particle velocity stays constant, v = βc.
We assume that the particle traverses the origin z = 0 at time t ′ = 0. The chosen symmetry
condition results in a vanishing transverse velocity at this moment, leading to the initial
conditions

z(0) = 0, ẋ(0) = 0, ż(0) = βc (7.2)

with ẋ = dx/dt ′. The Lorentz force on the particle in the magnetic undulator field,

F = e[v × B] = m0γ [ẍ, ÿ, z̈] = eB0[−cos(kuz) ż, 0, cos(kuz) ẋ],

leads to the system of two differential equations

ẍ = d2x

dt ′2 = − eB0

m0γ
cos(kuz) ż, z̈ = d2z

dt ′2 = eB0

m0γ
cos(kuz) ẋ . (7.3)

The first one can be written as

dẋ = − eB0

m0γ
cos(kuz) dz

and integrated to give

ẋ = − eB0

m0γ ku
sin(kuz)
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satisfying the initial conditions (7.2). The z-component of the velocity is obtained from the
conservation of energy:

ẋ2 + ż2 = β2c2, ż = βc

√
1 − ẋ2

β2c2
. (7.4)

7.1.2 The approximation for a weak undulator

We assume that the angle of the trajectory is much smaller than the natural opening angle of
the radiation, Ku < 1, and approximate the above expression for the longitudinal velocity
ż ≈ βc. The derivative of x with respect to z is

x ′(z) = dx

dz
= ẋ

ż
= − eB0

m0cβγ ku
sin(kuz).

We introduced before the undulator parameter Ku as the ratio between the trajectory and
the opening angle 1/γ of the radiation. We give now a more exact definition,

Ku = βγ x̂ ′ = βγψ0 = eB0

m0cku
, (7.5)

and use it to express the trajectory in the weak undulator,

x ′(z) = − Ku

βγ
sin(kuz), x(z) = Ku

βγ ku
cos(kuz) = a cos(kuz)

with the maximum angle and excursion

x̂ ′ = Ku

βγ
≈ ψ0 <

1

γ
, x̂ = a = Ku

βγ ku
. (7.6)

From the longitudinal motion ż = βc, z = βct ′, we obtain the trajectory as a function of
the time t ′, which we write in vector form with Cartesian components

R(t ′) =
[

Ku

βγ ku
cos(�ut ′), 0, βct ′

]

βββ(t ′) =
[
− Ku

γ
sin(�ut ′), 0, β

]
(7.7)

β̇ββ(t ′) =
[
− Kuckuβ

γ
cos(�ut ′), 0, 0

]

using the frequency of the periodic particle motion in the laboratory frame,

�u = kuβc. (7.8)

In this approximation Ku < 1, the z-component of the velocity is nearly equal to the full
speed of the particle, neglecting the influence of the transverse motion which is only of
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second order in Ku. On the basis of this trajectory we calculate some expressions needed
later for the radiation field.

The vectors r(t ′) from the particle to the observer and rp from the center of the undulator
to the observer are, according to Fig. 6.1,

r(t ′) = rp − R(t ′), rp = rp[sin θ cos φ, sin θ sin φ, cos θ ],

which gives with the first equation in (7.7):

r(t ′) = rp

[
sin θ cos φ − Ku

rpβγ ku
cos(�ut ′), sin θ sin φ, cos θ − βct ′

rp

]
. (7.9)

7.1.3 The observation from a large distance

As a next approximation we observe the radiation from a distance rp large compared with
the length of the undulator Lu, resulting in

|βct ′|
rp

≤ Lu

2rp
� 1,

Ku

rpβγ ku
= Lu Ku

2πrpβγ Nu
� 1. (7.10)

We calculate first the absolute value of the distance r from (7.9) which is needed in order
to obtain the relation between the time scales. Since this depends on the small difference
r − βct ′, we have to consider the above quantities in (7.10):

r (t ′) = rp − βct ′ cos θ − Ku sin θ cos φ

βγ ku
cos(�ut ′). (7.11)

The relation between the emission and observation times becomes

t = t ′ + r (t ′)
c

, tp = t − rp

c
= t ′ + r (t ′) − rp

c
.

Since the time t consists to a large extent of an irrelevant constant traveling time rp/c for
light to pass between the center of the undulator and the observer, we use the reduced
observation time tp = t − rp/c relative to the arrival time of the radiation originating from
the center of the undulator as we did previously for ordinary synchrotron radiation (4.13).
We obtain

tp = t ′(1 − β cos θ ) − Ku sin θ cos φ

βcγ ku
cos(�ut ′). (7.12)

This consists of a linear relation and an oscillating term. To estimate the importance of the
latter, we multiply the time by the frequency of the radiation, ω1 = kuβ(1 − β cos θ ), which
is expected from the qualitative arguments in (6.4). This results in a phase modulation of

ω1tp = �ut ′ − Ku sin θ cos φ

γ (1 − β cos θ )
cos(�ut ′).

To obtain its magnitude we take a typical opening angle of the radiation (1.1),

sin θ ≈ 1/γ , cos θ ≈ β
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and obtain for the factor

Ku sin θ

γ (1 − β cos θ )
≈ Ku < 1.

This quantity is smaller than unity and results in a phase modulation of small amplitude,
which we will neglect. We are left with a linear relation between the time scales for a weak
plane undulator:

tp = t ′(1 − β cos θ ).

The distance r , as it appears in the denominator of the Liénard–Wiechert equation, can
be determined with less precision since its variation leads only to a smooth change in
amplitude of the radiation. We neglect the corresponding terms of the quantities (7.11) and
are left with a constant for this distance and the unit vector pointing from the particle to the
observer:

r = rp, n = r(t ′)
r (t ′)

≈ rp

rp
= [sin θ cos φ, sin θ sin φ, cos θ]. (7.13)

With these ingredients we obtain the relation between the emission and observation
times, the denominator and the triple vector product appearing in the Liénard–Wiechert
equation:

tp = t ′(1 − β cos θ )

1 − n ·βββ = 1 − β cos θ (7.14)

[n × [(n − βββ) × β̇ββ]] = βcku Ku cos(�ut ′)
γ

[1 − β cos θ − sin2 θ cos2 φ, − sin2 θ sin φ cos φ, sin θ cos φ(β − cos θ )].

7.1.4 The ultra-relativistic approximation

For an ultra-relativistic particle γ � 1 we have only to consider small angles θ � 1 and
can make the usual approximations, leading to

tp = 1 + γ 2θ2

2γ 2
t ′

1 − n ·βββ = 1 + γ 2θ2

2γ 2
(7.15)

[n × [(n − βββ) × β̇ββ]] = cku Ku cos(�ut ′)
2γ 3

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ), 0].

The particle motion in a weak undulator has a periodic velocity and corresponds to this
class treated in Chapter 2. It has a drift velocity 〈βββ〉 = βββ∗ = β[0, 0, 1] along the axis and
a time period Trev = 2π/�u. For the observer at an angle θ the time period of the radiation



7.2 The radiation field 131

(2.42) and the corresponding frequency are

Tp = 1 + γ 2θ2

2γ 2
Trev, ω1 = 2γ 2

1 + γ 2θ2
�u. (7.16)

We could calculate the emitted field from (2.44) in the frequency domain. We will do
that later for the strong undulator, but here we use the more transparent Liénard–Wiechert
equations.

7.1.5 The particle motion in the moving system

It is interesting to calculate the particle motion in the undulator also in a frame S∗ moving
with the drift velocity of the particle along the z-direction. Applying the Lorentz transfor-
mation

x∗ = x, z∗ = γ (z − βct ′), ct∗ = γ (ct ′ − βz) (7.17)

to (7.7) gives

x∗(t ′) = Ku

βγ ku
cos(�uct ′) = a cos(�uct ′), z∗(t ′) = 0.

We express t ′ with the time t∗ of the moving frame,

ct∗ = γ ct ′(1 − β2) = ct ′/γ ,

and obtain in this frame only a motion along the x∗-axis:

x∗(t∗) = Ku

βγ ku
cos(γ�ut∗) = Ku

βγ ku
cos(�∗

ut∗). (7.18)

In the moving frame the particle executes a harmonic oscillation with the same amplitude
a but a frequency �∗

u = γ�u that is increased by the Lorentz factor. We found this result
already in the qualitative discussion of undulator radiation.

7.2 The radiation field

7.2.1 The field calculated from the Liénard–Wiechert equation

We calculate the radiation field emitted in a weak undulator from the second term of the
Liénard–Wiechert expression (2.17) in Chapter 2:

E(t) = e

4πcε0

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n ·βββ)3

}
ret

, B = [n × E]

c
. (7.19)

Using equation (7.14) and expressing the emission time and frequency in terms of those of
the observer,

�ut ′ = �u
tp

1 − β cos θ
= ω1tp with ω1 = �u

1 − β cos θ
,
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we obtain the radiation fields as functions of the observation time tp,

E(tp) = e�u Ku

4πcε0γ rp
cos(ω1tp)

× [1 − β cos θ − sin2 θ cos2 φ, − sin2 θ sin φ cos φ, sin θ cos φ(β − cos θ )]

(1 − β cos θ )3

(7.20)

B(tp) = e�u Ku

4πε0c2γ rp
cos(ω1tp)

× [β sin2 θ sin φ cos φ, cos θ − β(1 − sin2 θ sin2 φ), −(1 − β cos θ ) sin θ sin φ]

(1 − β cos θ )3

and, in the ultra-relativistic approximation,

E(tp) = e�u Kuγ
3

πε0crp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ), 0]

(1 + γ 2θ2)3
cos(ω1tp)

(7.21)

B(tp) = e�u Kuγ
3

πε0c2rp

[γ 2θ2 sin(2φ), 1 − γ 2θ2 cos(2φ), 0]

(1 + γ 2θ2)3
cos(ω1tp).

Since the radiation is concentrated within a small angle θ , the z-component of the field
becomes negligible.

7.2.2 The undulator field as Lorentz-transformed dipole radiation

It is illustrative to calculate the weak undulator radiation as a Lorentz transformation of the
field emitted by an oscillating dipole. In the previous section we calculated the motion of a
charge traversing the undulator in the moving frame, (7.18), and obtained in the weak-field
approximation Ku � 1

x∗(t∗) = a cos(�∗
ut∗), z∗(t∗) = 0 (7.22)

with

a = Ku

βγ ku
, �∗

u = �uγ.

This motion (7.22) represents a harmonic oscillation along the x∗-axis with frequency
�∗

u = �uγ , amplitude a, and dipole moment

M∗(t∗) = ae[1, 0, 0] cos(�∗
ut∗).

In Chapter 2 we calculated the field emitted by such a dipole oscillating along the z-axis;
see Fig. 2.11. We adapt it to our present case, with the dipole moment along the x-axis, and
mark the coordinates and angles by asterisks to indicate that they correspond to the moving
system S∗, Fig. 7.2. Taking now only the far fields E∗ and B∗ = [n∗ × E∗]/c in (2.29) and
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Fig. 7.3. The angular power distribution of the dipole radiation.

expressing them in terms of the coordinates of Fig. 7.2 which are rotated relative to those
in Fig. 2.11, we have

E∗(t∗) = [E∗
x , E∗

y , E∗
z ] = ea�∗

u
2

4πε0c2r∗ cos(k∗
ur∗ − �∗

ut∗)

× [1 − sin2 θ∗ cos2 φ∗, − sin2 θ∗ sin φ∗ cos φ∗, − sin θ∗ cos θ∗ cos φ∗]

(7.23)

B∗(t∗) = ea�∗
u

2

4πε0c3r∗ cos(k∗
ur∗ − �∗

ut∗) [0, cos θ∗, − sin θ∗ sin φ∗]. (7.24)

The properties of this radiation field were discussed in Chapter 2. It has cylindrical symmetry
around the x∗-axis and is emitted mainly around the (y, z)-plane but with a large opening
angle. This is illustrated in Fig. 7.3, which shows the distribution of the Poynting vector.

We have obtained the trajectory (7.22) in the moving frame from the motion in the
laboratory system,

x(t ′) = a cos(�ut ′), z(t ′) = βct ′.
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We then calculated the fields E∗ and B∗ emitted in the moving frame by the oscillating
dipole moment. We would like now to transform the fields into the laboratory frame by
applying an inverse Lorentz transformation to the fields E∗ and B∗.

We first establish the relation of coordinates and angles between the two frames and use
the Lorentz transformation

x∗ = x, z∗ = γ (z − βct), ct∗ = γ (ct − βz). (7.25)

For the radiation emitted at the origin of space and time in both frames and observed at
the distance r∗

p and time t∗ in S∗ and at rp, t in the laboratory frame we have the coordinates

S∗ S
emission z∗ = 0 t∗ = 0 z = 0 t ′ = 0
observation z∗ = r∗

p cos θ∗ t∗ = r∗
p /c z = rp cos θ t = rp/c

On expressing t∗ with a Lorentz transformation, we find the relation between the distances
r∗

p and rp from the center to the observer in the two frames:

ct∗ = r∗
p = rpγ (1 − β cos θ ). (7.26)

The Lorentz transform for the components of the vector r∗
p is

r∗
p = [x∗, y∗, z∗] = r∗

p [sin θ∗ sin φ∗, sin θ∗ sin φ∗, cos θ∗]

= rp[cos θ sin φ, sin θ sin φ, γ (cos θ − β)].

From this, and using tan φ = y/x and cos θ = z/rp, we obtain the relations between the
angles:

φ∗ = φ, cos θ∗ = cos θ − β

1 − β cos θ
, sin θ∗ = sin θ

γ (1 − β cos θ )
. (7.27)

Next we treat the phase (k∗
ur∗ − �∗

ut∗) of the emitted radiation which is invariant under
a Lorentz transformation,

(k∗
ur∗ − �∗

ut∗) = (k1r − ω1t) = ξ, (7.28)

with the wave vector

k∗
u = k∗

u [sin θ∗ cos φ∗, sin θ∗ sin φ∗, cos θ∗], k∗
u = γ ku

and a corresponding expression for ku. The left-hand side of (7.28) can be written as

ξ = ku(sin θ∗ cos φ∗ x∗ + sin θ∗ sin φ∗ y∗ + cos θ∗ z∗) − �∗
ut∗.

With the angle relation (7.27) and the Lorentz transformation (7.25) this becomes

ξ = k∗
u (sin θ cos φ x + sin θ sin φ y + cos θ z) − �∗

ut

γ (1 − β cos θ )
.



7.2 The radiation field 135

The Lorentz invariance (7.28) can be satisfied with the relations

k1 = k∗
u

γ (1 − β cos θ )
= ku

(1 − β cos θ )
, ω1 = �∗

u

γ (1 − β cos θ )
= �u

(1 − β cos θ )
.

In the moving frame the observer moves towards the oscillating charge and thus the distance
r∗ between the two changes. This change is relatively small during the duration of the
oscillation and we neglect it, as we did in the laboratory frame for Lu � rp, and replace r∗

by r∗
p . Its transformation has been obtained in (7.26), but can also be calculated by taking

the vector rp and transforming the components according to (7.25),

r∗
p = rp(sin θ cos φ, sin θ sin φ, γ (cos θ − β)),

where we used the relation rp = ct ′. The absolute value of r∗
p becomes

r∗
p = rpγ (1 − β cos θ ).

For the relation between the electric and magnetic fields in the two frames we use the inverse
Lorentz transformation

Ex = γ (E∗
x + βcB∗

y ), Ey = γ (E∗
y − βcB∗

x ), Ez = E∗
z

Bx = γ (B∗
x − βE∗

y/c), By = γ (B∗
y + βE∗

x /c), Bz = B∗
z

to calculate the field in the laboratory frame from (7.23) and (7.24). We obtain a propagating
wave:

E(t) = e�u Ku

4πε0crpγ
cos(k1rp − ω1t)

× [1 − β cos θ − sin2 θ cos2 φ, −sin2 θ cos φ sin φ, (β − cos θ ) sin θ cos φ]

(1 − β cos θ )3

B(t) = e�u Ku

4πε0c2γ rp
cos(k1rp − ω1t)

× [β sin2 θ sin φ cos φ, cos θ − β(1 − sin2 θ sin2 φ), −(1 − β cos θ ) sin θ sin φ]

(1 − β cos θ )3
.

On expressing this in terms of the reduced observer time tp, we obtain oscillating fields that
are identical to those in (7.20) and (7.21), which we derived from the Liénard–Wiechert
expression.

7.2.3 The undulator radiation in the frequency domain

The undulator radiation field E(tp) was derived before in the time domain. We take the
Fourier transformation of this field:

Ẽ(ω) = 1√
2π

∫ ∞

−∞
E(tp)e−iωtp dtp.
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The only time-dependent part in the expression (7.20) for the electric field is the factor
cos(ω1tp), and we can restrict ourself to the Fourier transform for this term:

F(cos(ω1tp)) = 1√
2π

∫ Nuπ/ω1

Nuπ/ω1

cos(ω1tp) e−iωtp dtp.

We take u = ω1tp as the new integration variable which goes from −π Nu to π Nu during
the passage of the particle through the undulator with Nu periods. This gives

F(cos(ω1tp)) = 1√
2πω1

∫ π Nu

−π Nu

cos(u) cos(uω/ω1) du

= 1√
2π

π Nu

ω1

(
sin((ω/ω1 − 1)π Nu)

(ω/ω1 − 1)π Nu
+ sin((ω/ω1 + 1)π Nu)

(ω/ω1 + 1)π Nu

)

= 1√
2π

π Nu

ω1

sin((�ω/ω1)π Nu)

(�ω/ω1)π Nu

(
1 + �ω/ω1

2 + �ω/ω1

)
, (7.29)

where we introduced the relative deviation of the observed frequency ω from ω1:

�ω = ω − ω1.

The function sin z/z appearing above has the first zero at z = π , i.e. at �ω/ω1 = 1/Nu,
which is small for a large number of periods. We assume now that Nu � 1, in which case
the second term in the brackets of (7.29) can be neglected relative to unity and we obtain
approximately

F(cos(ω1tp)) = 1√
2π

π Nu

ω1

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

,

which is shown in Fig. 7.4. The Fourier transformation of the electric field (7.21) is therefore

Ẽ⊥(ω) = e�u Kuγ
3

πε0crp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

π Nu√
2πω1

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

.

At a given angle θ , the radiation field has a basic frequency ω1 with a distribution of the
form sin z/z around it. It has a typical width �ω/ω1 = 1/Nu where the field vanishes. For
a large number of periods the field becomes more and more concentrated around ω1.

7.2.4 A discussion of the weak-undulator radiation field

The electric field emitted in a weak plane undulator with many periods and observed from a
large distance can be written in the ultra-relativistic approximation in the time and frequency
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Fig. 7.4. The frequency distribution of the field around ω1.

domains as

Ẽ⊥(tp) = Êu
[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3
cos(ω1tp)

Ẽ⊥(ω) = Êu
[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

√
π

2

Nu

ω1

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

(7.30)

with the on-axis amplitude used before in (3.11),

Êu = cB̂u = e�u Kuγ
3

πε0crp
= eku Kuγ

3

πε0rp
= 4r0cB0γ

3

rp
. (7.31)

It has the following main properties.

� The magnetic field in the time or frequency domain is obtained from the relation

B = [n × E]

c
.

� The horizontal electric- and the vertical magnetic-field components Ex and By represent the hor-
izontal polarization or σ -mode. They have a maximum on-axis θ = 0 with amplitudes Êu and
Êu/c, respectively.

� The vertical electric- and the horizontal magnetic-field components represent the vertical polar-
ization or π -mode. They vanish not only on the axis but also in the horizontal (φ = 0) and vertical
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(φ = π/2) planes.
� The horizontal and vertical electric-field components are both in phase, which indicates that the

polarization is everywhere linear without any circular component.
� The fields observed as functions of time tp consist of harmonic oscillations with frequency

ω1 = �u
2γ 2

1 + γ 2θ2
= ω10

1 + γ 2θ 2
,

having a maximum value of ω10 on the axis. At an angle θ = 1/γ the frequency is half this value.
� The wave from an undulator of length Lu = Nuλu, observed at an angle θ , lasts for a time Tp,

Tp = Lu

c

1 + γ 2θ 2

2γ 2
,

and contains Nu periods.

7.3 Properties of weak-undulator radiation

7.3.1 The energy and power radiated in an undulator

The instantaneous power emitted by one electron traversing a harmonic undulator is, ac-
cording to the general expression (3.13),

P(t ′) = 2r0c3e2 E2
e B2

0 cos2(�ut ′)
3(m0c2)3

with Ee = m0c2γ being the energy of the particle. We are interested not in the fast variation
with time of the power but rather in its average value. We use the undulator parameters

Lu = Nuλu, Ku = eB0

m0cku
and 〈B2〉 = B2

0

T0

∫ T0

0
cos2(�ut ′) dt ′ = 1

2
B2

0

to express the emitted power averaged over one period and the energy radiated in one
traversal through the undulator by one electron,

〈P〉 = Pu = Ps

2
, Uu = PuLu

c
,

giving

Pu = r0c3e2 E2
e B2

0

3(m0c2)3
= r0cm0c2γ 2k2

u K 2
u

3
= e2cγ 2k2

u K 2
u

12πε0
(7.32)

Uu = r0c2e2 E2
e B2

0 Lu

3(m0c2)3
= r0m0c2γ 2k2

u K 2
u Lu

3
= e2γ 2ku K 2

u Nu

6ε0
.

So far we have calculated the power or energy emitted by a single particle of charge e.
We can also give it for a beam of many particles ne, representing a current I = eṅe with
ṅe being the number of electrons entering an undulator per unit time. In most practi-
cal cases there is no systematic time relation between the fields emitted by individual
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particles and the total power radiated by the current is just the sum of the individual power
contributions

PuI = ṅeUu = IUu/e,

giving

PuI = r0c2eE2
e I B2

0 Lu

3(m0c2)3
= r0m0c2γ 2 I k2

u K 2
u Nuλu

3e
= eγ 2 I ku K 2

u Nu

6ε0
. (7.33)

In Chapter 15 we will discuss cases of coherent radiation in which groups of particles
radiate in phase for certain frequencies, leading to an enhancement of the emitted power.
We exclude this rather rare condition here.

7.3.2 The angular spectral power distribution

The angular spectral energy density of undulator radiation can be obtained from the expres-
sion (3.17),

d2U

d� dω
= 2r2

p |Ẽ(ω)|2
µ0c

.

Since θ � 1, the solid angle d� can be approximated in the ultra-relativistic case by

d� = sin θ dθ dφ ≈ θ dθ dφ.

The average power distribution is

d2 Pu

d� dω
= d2U

d� dω

c

Lu
= 2r2

p |Ẽ(ω)|2
µ0Lu

. (7.34)

From (7.30) we obtain for the spectral power density of undulator radiation

d2 Pu

d� dω
= r0cm0c2k2

u K 2
u γ 4

π

× [(1 − γ 2θ2 cos(2φ))2 + (γ 2θ2 sin(2φ))2]

(1 + γ 2θ2)5

Nu

ω1

(
sin(π Nu �ω/ω1)

π Nu �ω/ω1

)2

,

(7.35)

where we use again the classical electron radius r0 = e2/(4πε0m0c2) introduced before in
(3.8). The two terms in the square brackets correspond to the horizontal and vertical electric
fields, i.e. the σ and π polarization modes.

We give the angular spectral power distribution in compact form by expressing the factor
in front by the total power (7.32),

r0cm0c2k2
u K 2

u γ 4

π
= Pu

3γ 2

π
,
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and we use three normalized angular-distribution functions, Fuσ (θ, φ), Fuπ (θ, φ), and
Fu(θ, φ),

d2 Pu

d� dω
= Puγ

2(Fuσ (θ, φ) + Fuπ (θ, φ)) fN(�ω) (7.36)

with

Fuσ (θ, φ) = 3

π

(1 − γ 2θ2 cos(2φ))2

(1 + γ 2θ2)5
, Fuπ (θ, φ) = 3

π

(γ 2θ2 sin(2φ))2

(1 + γ 2θ2)5

(7.37)
Fu(θ, φ) = Fuσ + Fuσ = 3

π

[1 − 2γ 2θ2 cos(2φ) + γ 4θ4]

(1 + γ 2θ2)5

and the spectral function fN(�ω),

fN(�ω) = Nu

ω1

(
sin(π Nu �ω/ω1)

π Nu �ω/ω1

)2

, ω1 = 2γ 2�u

1 + γ 2θ2
, �ω = ω − ω1

(7.38)
fN(�ω) → δ(ω − ω1) for Nu → ∞,

∫ ∞

−∞
fN(�ω) dω = 1,

which is plotted in Fig. 7.5.
This expression for the angular spectral power density contains the total power Pu as

a factor. On replacing it by the total energy Uu we obtain the spectral angular energy
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1.0 ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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................................................................................................................................................................................................................................................................

ω1

Nu
fN(�ω)

Nu �ω/ω1

Fig. 7.5. The spectral function fN(�ω/ω1).
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distribution. The functions Fuσ and Fuπ represent basically the angular distributions. They
depend only on the product γ 2θ2, not on γ or θ individually. We will now discuss the
dependences of undulator radiation on the angle and frequency separately.

7.3.3 The angular power distribution

To obtain the angular distribution, we integrate (7.36) over the frequency deviation �ω =
ω − ω1. For a large number of periods, Nu � 1, this is reduced to an integration of the
spectral function fN(�ω):

dPu

d�
= Puγ

2[Fuσ (θ, φ) + Fuπ (θ, φ)]
∫ ∞

−∞
fN(�ω) dω.

According to (7.38) the above integral gives unity, resulting in the angular power distribution

dPu

d�
= Puγ

2[Fuσ (θ, φ) + Fuπ (θ, φ)]

= Pu
3γ 2

π

[(1 − γ 2θ2 cos(2φ))2 + (γ 2θ2 sin(2φ))2]

(1 + γ 2θ2)5

= Pu
3γ 2

π

[1 − 2γ 2θ2 cos(2φ) + γ 4θ4]

(1 + γ 2θ2)5
.

(7.39)

We summarize the properties of the angular power distribution.

� In the first two lines of the above expression we keep the two modes of polarization separated.
The π -mode vanishes at φ = 0 and φ = π/2, i.e. in the median plane and the perpendicular (y, z)-
plane. This can be understood from the picture of undulator radiation being Lorentz-transformed
fields emitted by an oscillating dipole, as illustrated in Fig. 7.2. In the two planes corresponding to
φ∗ = 0 and φ∗ = π/2 the electric field emitted by the dipole has no component in the y∗-direction
that could give rise to the vertical polarization of the undulator radiation. The π -mode of the
power distribution is proportional to sin2(2φ) = (1 − cos(4φ))/2 and has therefore a four-fold
axial symmetry.

� The σ -mode of the polarization vanishes in the two directions φ = 0, θ = 1/γ and φ = π, θ =
1/γ . These two values correspond to the ±x∗-directions of the dipole axis in the moving system,
along which no radiation is emitted.

� It is interesting to note that the sum Fu(θ, φ) of the two normalized modes of polarization is identical
to the expression (3.14) for the instantaneous distribution of the radiation due to a transverse
acceleration shown in Fig. 3.5. Since the maximum angle, ψ0 < 1/γ , of the trajectory in a weak
undulator is smaller than the natural radiation opening angle, this instantaneous distribution can
be observed.
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Fig. 7.6. Normalized angular power densities of the horizontal (upper) and vertical (lower) modes of
polarization for weak-undulator radiation.

To illustrate the angular distribution we plot in Fig. 7.6 the angular distribution for the
two modes of polarization and in Fig. 7.7 two cuts along the planes φ = 0 and φ = π/2.
The latter represent the σ -mode only since the π -mode vanishes here. Figure 7.7 is therefore
identical to Fig. 3.4, where we plotted the instantaneous power distributions in the same
planes.

Instead of the spherical coordinates φ and θ we use now the angles ξ and ψ , lying in
the (x, z)- and (y, z)-planes, respectively, as shown in Fig. 6.1. The two sets of coordinates
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Fig. 7.7. Cuts through the power distribution for γ � 1.

are related by

ψ = θ sin φ, ξ = θ cos φ, d� = θ dφ dθ = dξ dψ.

The angular distribution expressed in these angles is given by the two functions

Fuσ = 3

π

(1 − γ 2ξ 2 + γ 2ψ2)2

(1 + γ 2ξ 2 + γ 2ψ2)5
, Fuπ = 3

π

(2γ ξγψ)2

(1 + γ 2ξ 2 + γ 2ψ2)5
,

and the total angular distribution becomes

dP

d�
= Pu

3γ 2

π

1 − 2γ 2ξ 2 + 2γ 2ψ2 + γ 4ξ 4 + 2γ 2ξ 2γ 2ψ2 + γ 4ψ4

(1 + γ 2ξ 2 + γ 2ψ2)5
.

Integrating over ξ or ψ gives the projections of the distribution onto the horizontal (x, z)-
and vertical (y, z)-planes,

dP

dξ
= Pu

3γ

32

(
12 − 16γ 2ξ 2 + 7γ 4ξ 4

(1 + γ 2ξ 2)9/2
+ 5γ 2ξ 2

(1 + γ 2ξ 2)7/2

)

dP

dψ
= Pu

3γ

32

(
7

(1 + γ 2ψ2)5/2
+ 5γ 2ψ2

(1 + γ 2ψ2)7/2

)
,

where we have again separated the two modes of polarization inside the large brackets. It is
interesting to note that the projection on the (y, z)-plane dP/dψ has the same expression as
the vertical distribution of frequency-integrated synchrotron radiation from long magnets.
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Fig. 7.8. Projected power distributions for the total radiation and the two modes of polarization.

This is, of course, expected, since the latter represents an integration over the horizontal
angle, which is equivalent to a projection onto the vertical (y, z)-plane. The two projected
distributions are shown in Fig. 7.8.

We calculate the variances of the two distributions:

〈
ξ 2
σ

〉 = 3

14γ 2
,

〈
ξ 2
π

〉 = 3

2γ 2
, 〈ξ 2〉 = 3

8γ 2

and

〈
ψ2

σ

〉 = 1

2γ 2
,

〈
ψ2

π

〉 = 3

2γ 2
, 〈ψ2〉 = 5

8γ 2
.

Summing up the variances of the angles ξ and ψ results in the variance and RMS value of
the angle θ :

〈ξ 2〉 + 〈ψ2〉 = 〈θ2〉 = 1

γ 2
, θRMS = 1

γ
.

We consider now the angular distribution of the radiation at a given particular frequency
ω. We start with the general angular frequency distribution (7.36),

d2 Pu

d� dω
= Puγ

2(Fuσ (φ, θ ) + Fuπ (φ, θ )) fN(�ω)

and replace the frequency ω1 in fN(�ω) by the angle θ ,

ω1 = ω10

1 + γ 2θ2
, (7.40)
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giving

fN(θ, ω) = (1 + γ 2θ2)Nu

ω10

(
sin((ω(1 + γ 2θ2) − ω10)π Nu/ω10)

(ω(1 + γ 2θ2) − ω10)π Nu/ω10

)2

.

For ω < ω10 and Nu � 1, this angular distribution of the monochromatized radiation forms
a cone around the axis with half opening angle θ0 and a conical region of width �θ0:

θ0 =
√

ω10 − ω

ω

1

γ
, �θ0 ≈ 1

γ 2θ Nu

ω10

ω
.

Of special interest is the angular distribution for the frequency ω = ω10, which is often
selected by a monochromator. We can obtain this power distribution directly with the help
of (7.36); however, we will later also need the electric field. In (7.30), we set ω = ω10 and
express ω1 in terms of θ ;

Ẽ⊥(ω10) = eγ 3�u Ku√
2ππε0crp

× [1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

π Nu

ω1

sin(γ 2θ2π Nu)

γ 2θ2π Nu
,

where the negligible z-component is omitted and the remaining two components are
marked with a subscript ‘⊥.’ The last term of the above expression is large only for
γ θ < 1/

√
Nu � 1 and we can neglect γ 2θ2 terms relative to unity in the rest of the

expression. The resulting field has only a horizontal component:

|Ẽ(ω)| = Ẽ x (ω) = eγ 3�u Ku√
2ππε0crp

π Nu

ω10

sin(γ 2θ2π Nu)

γ 2θ2π Nu
. (7.41)

We calculate the spectral angular power density at ω = ω10,

d2 Pu

d� dω
= Puγ

2 3

π

Nu

ω10

(
sin(γ 2θ2π Nu)

γ 2θ2π Nu

)2

, (7.42)

and plot the resulting distribution in Fig. 7.9. It has a diverging variance 〈θ2〉 → ∞. The
unphysical termination of the undulator field at ±Lu/2 creates high frequencies in the
spectrum. As a consequence the selected frequency ω10 is still present at relatively large
angles. In many cases only the central part of the above distribution is of interest, and we
approximate it by an exponential, having at the origin the same value and the same first
non-vanishing derivative, (

sin(γ 2θ2π Nu)

γ 2θ2π Nu

)2

≈ e−(γ 2θ2π Nu)2/3, (7.43)

giving

d2 Pu

d� dω
= Puγ

2 3

π

Nu

ω10
e−(γ 2θ2π Nu)2/3.
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Fig. 7.9. The angular distribution of undulator radiation filtered at ω = ω10.

with the RMS value

θRMS =
4
√

3π

π

1

γ
√

Nu
= 0.5577

γ
√

Nu
, (7.44)

which can be used as an approximation.

7.3.4 The spectral power distribution

We calculate the spectrum of the undulator radiation with respect to the proper frequency
ω1, which consists actually only of a conversion of the observation angle into frequency.
For a large period number, Nu � 1, we observe at a given angle θ a narrow band around
ω1 given by

ω ≈ ω1 = ω10

1 + γ 2θ2
= 2kucγ 2

1 + γ 2θ2

(7.45)

dω1 = − 2ω10γ
2

(1 + γ 2θ2)2
θ dθ = −2ω10γ

2

(
ω1

ω10

)2

θ dθ.

Increasing θ reduces the frequency, which is expressed by the minus sign in the relation
between the differentials. This is of no importance since it will just interchange the limits
of integration. With the above relation we can convert the angular distribution into a power
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density with respect to the nominal frequency ω1 at an angle θ :

dP

dω1
= 1

2ω10γ 2

(
ω10

ω1

)2 dP

θ dθ
= 1

2ω10γ 2

(
ω10

ω1

)2 ∫ 2π

0

dP

d�
dφ

= Pu
1

2ω10

(
ω10

ω1

)2 ∫ 2π

0
Fu(θ, φ) dφ.

We integrate the angular power distribution functions over the azimuthal angle φ,∫ π

−π

Fuσ dφ = 3(2 + γ 4θ4)

(1 + γ 2θ2)5
,

∫ π

−π

Fuπ dφ = 3γ 4θ4

(1 + γ 2θ2)5
,

and obtain for the power distribution in θ

dP

θ dθ
= 3γ 2 Pu

[(2 + γ 4θ4) + (γ 4θ4)]

(1 + γ 2θ2)5
. (7.46)

Using (7.45), this is converted into a distribution with respect to ω1:

dP

dω1
= 3Pu

ω10

ω1

ω10

(
1 − 2

ω1

ω10
+ 2

(
ω1

ω10

)2
)

. (7.47)

We would like to obtain the distribution with respect to the frequency ω, which is a little
different from the above for a finite number of periods:

dP

dω
=

∫ ω10

0

d2 P

dω1 dω
dω1 =

∫ ∞

−∞

dP

dω1
fN(�ω) dω1

= 3Pu

ω10

∫ ω10

0

ω1

ω10

(
1 − 2

ω1

ω10
+ 2

(
ω1

ω10

)2
)

fN(�ω) dω1. (7.48)

We assume now that we have a very large number of undulator periods and approximate
the spectral function by the δ-function;

fN(�ω) → δ(ω − ω1) for Nu → ∞,

whereupon the integral (7.48) vanishes except if ω = ω1. This results in power spectra of
the two modes of polarization and the total radiation:

dPuσ

dω
= 3Pu

ω10

ω

ω10

(
1

2
− ω

ω10
+ 3

2

(
ω

ω10

)2
)

dPuπ

dω
= 3Pu

ω10

ω

ω10

(
1

2
− ω

ω10
+ 1

2

(
ω

ω10

)2
)

(7.49)

dPu

dω
= 3Pu

ω10

ω

ω10

(
1 − 2

ω

ω10
+ 2

(
ω

ω10

)2
)

.
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dṅ

d
E

�
1
/

E
�

1

ω1/ω10

E�1/E�10

total
σ -mode

π-mode

Fig. 7.10. The spectral power density or photon distribution per relative energy band of weak undulator
radiation with Nu � 1.

This spectrum is shown in Fig. 7.10 for the two modes of polarization and the total radiation.
It is interesting to note that, at very small frequencies, ω � ω10, we have

dPuσ

dω1
= dPuπ

dω1
≈ 3Pu

2ω10

ω1

ω10
,

and the two components of the polarization have the same intensity and increase propor-
tionally to ω. It should be noted that this spectrum is obtained by converting angles into
frequency. The full spectrum is therefore observed only if we accept the total solid angle
of the radiation. Replacing the spectral function fN(�ω) by the δ-function is for Nu � 1
a good approximation for the whole spectrum except around ω ≈ ω10. There, we have to
replace (7.49) by the proper convolution (7.48), as shown in the example in Fig. 7.11, where
the sharp drop is rounded off.

For a smaller number of periods the more general expression (7.29) for the spectral
function has to be used. In this case the end fields of the undulators can have a significant
influence on the spectrum and should be included in a numerical computation.

7.4 The photon distribution

7.4.1 The number and energy of photons

We can express the spectrum as the power or the photon flux per frequency band. Each
emitted photon of frequency ω has a certain energy

Eγ = h̄ω (7.50)
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with h̄ = h/(2π ) and h = 6.626 2 × 10−34 being Planck’s constant. If dṅ photons are emit-
ted with energy E� in a band dE� , the power carried by them is dP = E� dṅ. This relation
was used before in (5.44) to convert a spectral power distribution of synchrotron radiation
into one of the photon flux and is applied now to undulators:

dṅ

d�
= 1

E�

dP

d�
= 1

h̄ω

dP

d�

dṅ

dω1
= 1

E�1

dP

dω1
= 1

h̄ω1

dP

dω1
or

dṅ

dω1/ω1
= 1

h̄

dP

dω1
, (7.51)

d2ṅ

d� dω/ω
= 1

h̄

d2 P

d� dω
.

The bottom equation gives the number of photons radiated per unit time into a solid angle
d� and a relative frequency dω/ω or photon-energy increment dω/ω = dE�/E� .

From the power spectrum (7.48) with respect to the proper frequency ω1 we obtain the
photon flux per relative proper frequency or energy band,

dṅ

dω1/ω1
= dṅ

dE�1/E�1
= 3Pu

E�10

E�1

E�10

(
1 − 2

E�1

E�10
+ 2

(
E�1

E�10

)2
)

, (7.52)

with the proper and maximum photon energies

E�1 = h̄ω1, E�10 = h̄ω10. (7.53)

This distribution is shown in Figs. 7.10 and 7.11 and can be given in terms of the photon
energy or frequency E�/E�10 = ω/ω10.
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Fig. 7.11. Details of the total spectral power density or photon distribution per relative energy band
of weak-undulator radiation for a finite number Nu of periods.
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Integrating these spectra (7.53) over all photon energies gives the total number of photons
emitted per unit time, called the photon flux, by an electron traversing the undulator. We
also calculate the average value of the photon energy, its variances for the two modes of
polarization, and the total radiation emitted by one electron:

ṅuσ = 3

2

Pu

Eγ 10
, ṅuπ = 1

2

Pu

E�10
, ṅu = 2

Pu

E�10

〈E�σ 〉 = 7

12
E�10, 〈E�π 〉 = 3

12
E�10, 〈E� 〉 = 6

12
E�10

〈
E2

�σ

〉 = 26

60
E2

�10,
〈
E2

�π

〉 = 6

60
E2

�10,
〈
E2

�

〉 = 21

60
E2

�10.

(7.54)

We refer here to the photon energy E� but could also give the expressions in terms of the
frequency ω = E�/h̄. Of the total number of photons emitted, three quarters correspond to
the horizontal polarization and one quarter to the vertical one. The average photon energy
of the total radiation is just half of the peak energy.

We now express the photon flux ṅu in terms of basic parameters and give also the number
of photons nu radiated by the electron during one traversal and the flux due to a beam current
I , which represents I/e electrons entering the undulator per unit time:

ṅu = 2Pu

E�10
= Pu

h̄ckuγ 2
= r0m0c2ku K 2

u

3h̄
= αfcku K 2

u

3

nu = ṅuLu

c
= 2Uu

E�10
= 2πr0m0c2 K 2

u Nu

3h̄c
= 2παf K 2

u Nu

3
(7.55)

ṅuI = nu I

e
= 2Uu I

eE�10
= 2πr0m0c2 I K 2

u Nu

3eh̄c
= 2παf I K 2

u Nu

3e
.

It is interesting to compare this with the number of photons emitted in ordinary syn-
chrotron radiation presented in (5.48), expressed in a similar way. The two cases have
different γ -dependences. The radiated power in ordinary synchrotron radiation for a fixed
bending radius is proportional to γ 4 while the photon energies are proportional to γ 3.
For a weak undulator we have a fixed magnetic field, making both the total power and
the photon energies proportional to γ 2 and resulting in a number of photons that is in-
dependent of γ . The number of photons emitted by one electron during one undulator
period is

nu

Nu
= 2παf K 2

u

3
.
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This is much smaller than unity, which is of interest for discussing interference for a small
number of photons.

7.4.2 The photon spectrum

For an undulator with many periods, Nu � 1, we can substitute ω ≈ ω1 into (7.52) and
obtain the photon flux per relative observed frequency dω/ω or energy band dE�/E� . We
now give the results also for the two modes of polarization and use the total photon flux
ṅu = 2Pu/E�10 to express the spectrum

dṅσ /ṅu

dω/ω
= dṅσ /ṅu

dE�/E�
= 3

2

ω

ω10

(
1

2
− ω

ω10
+ 3

2

(
ω

ω10

)2
)

dṅπ/ṅu

dω/ω
= dṅπ/ṅu

dE�/E�
= 3

2

ω

ω10

(
1

2
− ω

ω10
+ 1

2

(
ω

ω10

)2
)

(7.56)

dṅ/ṅu

dω/ω
= dṅ/ṅu

dE�/E�
= 3

2

ω

ω10

(
1 − 2

ω

ω10
+ 2

(
ω

ω10

)2
)

,

which is shown in Figs. 7.10 and 7.11.
It is sometimes interesting to give the photon distribution with respect to the absolute

frequency or photon-energy increment dE� = h̄ dω:

dṅ/ṅu

dω1
= 1

ω1

dṅ/ṅu

dω1/ω1
= 3

2ω10

(
1 − 2

ω1

ω10
+ 2

(
ω1

ω10

)2
)

,

which is shown in Fig. 7.12. This distribution looks very different, being large at low frequen-
cies because, for the same power injected into an energy band, more photons are necessary
at low than at large energy. The total distribution is symmetric around ω/ω10 = 0.5, which
is consistent with the average photon energy being half the maximum value.

7.4.3 The angular spectral photon distribution

We obtain the photon-flux distribution in terms of angle and relative frequency or energy
from (7.37) using the relations (7.51),

d2ṅ

d� dω/ω
= Pu

γ 2

h̄
Fu(θ, φ) fN(�ω) = ṅu

ω10

2
Fu(θ, φ) fN(�ω), (7.57)

or with respect to an increment in absolute frequency dω or energy dE�

d2ṅ

d� dω
= ṅuγ

2

2

[Fuσ (θ, φ) + Fuπ (θ, φ)]

ω/ω10
fN(�ω). (7.58)
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Fig. 7.12. The photon distribution per absolute energy band of weak-undulator radiation with Nu � 1.

7.4.4 The undulator radiation on the axis

Undulator radiation is mostly used close to the axis and to the maximum frequency
θ = 0, ω = ω10, which gives, from (7.37) and (7.38),

Fu(0) = Fuσ (0) = 3

π
, fN(�ω) = Nu

ω10

(
sin(π Nu �ω/ω10)

π Nu �ω/ω10

)2

, �ω = ω − ω10.

We obtain for the on-axis angular power and photon flux or photon distribution radiated by
a single electron or a current I

dP

d�
= Pu

3γ 2

π
,

dṅ

d�
= 1

h̄ω10

dP

d�
= Pu

h̄ω10

3γ 2

π
= αfcγ 2ku K 2

u

2π

dn

d�
= dṅ

d�

Nuλu

c
= 3ṅu

2
= αfγ

2 K 2
u Nu,

dṅ I

d�
= αfγ

2 I K 2
u Nu

e
,

where we used the relations (7.51) and nu = ṅu Nuλu/c.
With the relation (7.45) we convert the angular distribution into one with respect to the

proper frequency:

dP

dω1
= Pu

3

ω10
,

dṅ

dω1/ω1
= 1

h̄

dP

dω1
= αfcku K 2

u

2
dn

dω1/ω1
= παf K

2
u Nu,

dṅ I

dω1/ω1
= παf I K 2

u Nu

e
.
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The angular spectral distributions on the axis is

d2 P

d� dω
= Pu

3γ 2 Nu

πω10

(
sin(π Nu �ω/ω10)

π Nu �ω/ω10

)2

d2ṅ

d� dω/ω
= αfcγ 2ku K 2

u Nu

2π

(
sin(π Nu �ω/ω10)

π Nu �ω/ω10

)2

.

If we also select the frequency ω = ω10, we obtain the photon flux due to one electron
traversing the undulator:

d2ṅ

d� dω/ω
= αfcγ 2ku K 2

u Nu

2π
. (7.59)

For practical applications the photon flux emitted by a current I is important:

d2nI

d� dω/ω
= I

e

d2n

d� dω/ω
= αfγ

2 I K 2
u N 2

u

e
.



8

The plane strong undulator

8.1 The trajectory

8.1.1 The trajectory in the laboratory frame

We consider again a plane, harmonic undulator with period length λu = ku/2π , as shown in
Fig. 7.1. However, we allow the maximum deflecting angle ψ0 to be larger than the natural
radiation opening angle of about 1/γ , resulting in a related undulator parameter (7.5),

Ku = eB0

m0cku
, (8.1)

which can be larger than unity. We follow here the method used in [50].
To calculate the trajectory of the particle going along the axis through the undulator, we

generalize the calculation performed before for a weak-field device. It is determined by the
Lorentz force, leading to a pair of differential equations (7.3):

ẍ = d2x

dt ′2 = − eB0

m0γ
cos(kuz) ż, z̈ = d2z

dt ′2 = eB0

m0γ
cos(kuz) ẋ . (8.2)

The first one can be integrated,

ẋ = − eB0

m0γ ku
sin(kuz) = −cKu

γ
sin(kuz),

satisfying the initial conditions (7.2) for our choice of an undulator field that is symmetric
in z. Using the constancy of the velocity,

ẋ2 + ż2 = β2c2,

we obtain for the z-component

ż = βc

√
1 − K 2

u

β2γ 2
sin2(kuz). (8.3)

154
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From the ratio between ẋ and ż we obtain the derivative of x with respect to z:

x ′ = dx

dz
= ẋ

ż
= − Ku sin(kuz)

βγ

√
1 − K 2

u

β2γ 2
sin2(kuz)

. (8.4)

The trajectory x(z) is obtained from the above expression, which leads to an elliptical
integral. This exact solution is of little practical interest. We see already from the above
equation that, for |Ku/βγ | ≥ 1, the trajectory has points with a vertical slope and the particle
might be trapped within a single undulator period.

We discuss now the approximations to be made. First we assume that the maximum angle
of the trajectory stays small relative to unity:

x̂ ′ = tan ψ0 = Ku

βγ

√
1 − K 2

u

β2γ 2

� 1, giving x̂ ′ ≈ ψ0 ≈ Ku

βγ
� 1.

This condition is fulfilled in all practical cases. Synchrotron radiation from electrons is only
of interest in the ultra-relativistic case, for which ψ0 is small even for relatively large values
of the undulator parameter Ku. We will later consider also radiation from protons, which
are not extremely relativistic. However, due to the large mass in the denominator of (8.1),
the parameter Ku is in this case small for fields that can be obtained in practice.

The square of the term Ku/(βγ ) is usually very small but we can not neglect it here. In
calculating the relation between the emission and the observation time it will be compared
with the normalized difference in velocity between the radiation and the particle, 1 − β ≈
1/(2γ 2), which is of the same order as (Ku/γ )2. For other parameters, such as the triple
vector product, we can make further approximations. Therefore, we include here terms
up to order (Ku/βγ )2 at first and see later which terms can be neglected. As a second
approximation we assume that the radiation is observed from a large distance rp, much
bigger than the length Lu of the undulator,

Lu

rp
= 2π Nu

rpku
� 1,

and make the corresponding approximations later in the derivations.
With this we obtain the transverse motion up to square terms in Ku/(βγ ),

x ′(z) = − Ku

βγ
sin(kuz), x(z) = Ku

βγ ku
cos(kuz) = x̂ cos(kuz), (8.5)

where we chose the integration constant to satisfy the initial conditions (7.2) in order
to obtain a symmetric trajectory with respect to z having vanishing average transverse
excursion 〈x〉 = 0. This is an arbitrary choice since we could equally well consider the
antisymmetric trajectory. The amplitude of the trajectory is

x̂ = a = Ku

βγ ku
.
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We would like to know the particle motion as a function of time t ′ and apply our approx-
imation to the expression (8.3):

ż = βc

√
1 − K 2

u

β2γ 2
sin2(kuz) ≈ βc

(
1 − K 2

u

2β2γ 2
sin2(kuz)

)
.

We obtain z(t ′) by integrating the above equation, satisfying our initial condition (7.2). This
integral is listed in standard tables, giving, for K 2

u /(2β2γ 2) < 1,

βct ′ =
∫ z

0

1

1 − K 2
u

2β2γ 2
sin2(kuz)

dz

= 1

ku

√
1 − K 2

u

2β2γ 2

arctan

⎛
⎝
√

1 − K 2
u

2β2γ 2
tan(kuz)

⎞
⎠

or

kuz = arctan

⎛
⎜⎜⎜⎜⎝

1√
1 − K 2

u

2β2γ 2

tan

⎛
⎝
√

1 − K 2
u

2β2γ 2
kuβct ′

⎞
⎠
⎞
⎟⎟⎟⎟⎠.

We take the derivative with respect to t ′, obtaining in the first step

ż(t ′) =

(
1 − K 2

u

β2γ 2

)
βc

1 − K 2
u

2β2γ 2
cos2

⎛
⎝
√

1 − K 2
u

2β2γ 2
kuβct ′

⎞
⎠

,

and develop this with respect to Ku/(
√

2βγ ), neglecting terms higher than the quadratic
ones,

ż(t ′) ≈ βc

⎛
⎝1 − K 2

u

2β2γ 2
sin2

⎛
⎝
√

1 − K 2
u

2β2γ 2
kuβct ′

⎞
⎠
⎞
⎠

≈ βc

(
1 − K 2

u

4β2γ 2
+ K 2

u

4β2γ 2
cos

((
1 − K 2

u

4β2γ 2

)
2kuβct ′

))
, (8.6)

where we used sin2 x = (1 − cos(2x))/2 and approximated the square root.
The motion in the z-direction consists of an average drift velocity

〈ż〉 = βc

(
1 − K 2

u

4β2γ 2

)
= β∗c (8.7)
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and a modulation with frequency 2�u and velocity amplitude ˆ̇z:

�u =
(

1 − K 2
u

4β2γ 2

)
kuβc = kuβ

∗c, ˆ̇z = K 2
u

4β2γ 2
βc.

From (8.7) it is evident that, by neglecting terms of order (Ku/(βγ ku))2, we would miss an
important property of the motion in a strong undulator. We use here the normalized drift
velocity β∗ of the particle motion and also the corresponding Lorentz factor γ ∗,

β∗ = β

(
1 − K 2

u

4β2γ 2

)
, γ ∗ = 1√

1 − β∗2
≈ γ√

1 + K 2
u /2

, (8.8)

which we introduced briefly in the qualitative treatment presented in Chapter 6. As a further
parameter we introduce K ∗

u , which is related to Ku by

K ∗
u = Ku√

1 + K 2
u /2

≈ ψ0γ
∗, Ku = K ∗

u√
1 − K ∗

u
2/2

, (8.9)

which can take a range of values 0 ≤ K ∗
u ≤ √

2. This allows us not only to make some
equations more compact but also to express them in forms similar to the ones for the weak
undulator. In the qualitative treatment, we investigated the undulator radiation in a moving
system with normalized velocity β∗ and Lorentz factor γ ∗. The transformation back to the
laboratory system gives 1/γ ∗ for the typical opening angle of the radiation. The physical
meaning of the reduced undulator parameter K ∗

u is still the ratio between the trajectory
angle ψ0 and the natural opening angle 1/γ ∗ of the strong-undulator radiation.

We can write the longitudinal velocity and position components as functions of t ′

ż(t ′) = β∗c + cK 2
u

4βγ 2
cos(2kuβ

∗ct ′), z(t ′) = β∗ct ′ + K 2
u

8β2γ 2ku
sin(2kuβ

∗ct ′).

With this we can express also the transverse motion (8.5) as a function of time:

ẋ(t ′) = −cKu

γ
sin(kuz) ≈ −cKu

γ
sin(�ut ′), x(t ′) = Ku

βγ ku
cos(�ut ′),

where we neglected again terms of higher than second order in Ku/(βγ ). We summarize
the particle motion in a plane strong harmonic undulator:

ẋ(t ′) = −cKu

γ
sin(�ut ′), ż(t ′) = β∗c + cK 2

u

4βγ 2
cos(2�ut ′)

x(t ′) = Ku

βγ ku
cos(�ut ′), z(t ′) = β∗ct ′ + K 2

u

8β2γ 2ku
sin(2�ut ′).

(8.10)

8.1.2 The trajectory in the moving frame

Many aspects of the particle motion and the radiation emitted in an undulator can be
understood by investigating them in a frame F∗ that moves with the drift velocity β∗c along
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the z-axis. Using the Lorentz transformation

x∗ = x, z∗ = γ ∗(z − β∗ct ′), ct∗ = γ ∗(ct ′ − β∗z) (8.11)

we obtain

x∗(t ′) = a cos(�uct ′), z∗(t ′) = aKu sin(2�ut ′)

8β
√

1 + K 2
u /2

= aK ∗
u

8β
sin(2�ut ′) (8.12)

with

a = Ku

βγ ku
= K ∗

u

βγ ∗ku
.

To obtain the complete motion in the moving frame we should express the coordinates as
functions of the corresponding time t∗ instead of the time t ′ of the laboratory frame. However,
we concentrate here on the form of the trajectory and eliminate the time dependence in (8.12)
to obtain a relation between the components of the motion:

z∗ = aK ∗
u

4β

x∗

a

√
1 − x∗2

a2
. (8.13)

This trajectory z∗(x∗) in the moving frame is shown on the left-hand side of Fig. 8.1,
normalized by βγ ku. It has the form of a ‘figure eight’ which is very thin for small values
of Ku but becomes wider for larger values. The maximum excursion in x∗ is reached at
z∗ = 0 and the largest horizontal excursion is obtained at x∗ = a/

√
2 with values

x∗
max = a, z∗

max = aK ∗
u

8β
. (8.14)

At the origin the trajectory has an angle ψ∗
0 with respect to the x∗-axis given by

tan ψ∗
0 =

∣∣∣∣ dz∗

dx∗

∣∣∣∣ = K ∗
u

4β
= 2z∗

max

a
,

which grows with Ku to reach a maximum of
√

2/(4β) for Ku → ∞. On the right-hand
side of Fig. 8.1 the trajectory is normalized with the maximum transverse amplitude a to
show how the trajectory becomes wider with increasing Ku.

We discuss the nature of the approximation made. The expressions (8.10) for the trajec-
tories x(t ′) and y(t ′) in the laboratory frame were accurate up to second order in Ku/(βγ ).
If this term is neglected there is no z∗-motion in the moving frame and an important part of
the particle trajectory and the resulting radiation from strong undulators would be missed.
The expression (8.13) for the trajectory in the moving frame is now accurate up to first
order in Ku/(βγ ). Because there is a β in the denominator in the equation for z∗(t ′) one
could think that this quantity becomes large for small velocities. Since we assumed at the
beginning Ku/(βγ ) � 1 we also have Ku/β � γ , which is of the order of unity for small
values of β.
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Fig. 8.1. Particle motion in a system moving with the drift velocity through a strong undulator with
parameter Ku = 0.4, 1.0, and 2.0. Left: actual scale; right: normalized with the amplitude a.

8.1.3 The relevant motion in a strong undulator

We calculated the motion in the laboratory frame of a particle moving with velocity v = βc
along the axis through an undulator with period length λu in the laboratory frame, and
introduced the parameters

ku = 2π

λu
, Ku = eB0

m0cku

x̂ = a = Ku

βγ ku
, x̂ ′ = Ku

βγ
= aku ≈ Ku

γ
≈ ψ0

β∗ = β

(
1 − K 2

u

4β2γ 2

)
≈ β, γ ∗ = 1√

1 − β∗2
≈ γ√

1 + K 2
u /2

�u = kuβ
∗c ≈ kuc, K ∗

u = Ku√
1 + K 2

u /2
,

(8.15)

which are used to express the trajectory R(t ′) = [x, y, z] and velocity v(t ′) = [ẋ, ẏ, ż]
given in (8.10).
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We take the ultra-relativistic case γ � 1, but still include terms up to order 1/γ 2. This
is necessary for the relation between the emission time t ′ and the reduced observation time
tp, for which the main term is of the form 1 − β cos θ , being itself of order 1/γ 2. For
calculating the triple vector product in the Liénard–Wiechert equation, fewer terms need to
be included.

The trajectory R(t ′), the normalized velocity βββ = v/c, and its derivative β̇ββ are, within
our approximation,

R(t ′) =
[

Ku

βγ ku
cos(�ut ′), 0, β∗ct ′ + K 2

u

8β2γ 2ku
sin(2�ut ′)

]

βββ(t ′) =
[
− Ku

γ
sin(�ut ′), 0, β∗ + K 2

u

4βγ 2
cos(2�ut ′)

]

β̇ββ(t ′) =
[
−βcku Ku

γ
cos(�ut ′), 0, − K 2

u kuc

2γ 2
sin(2�ut ′)

]
.

To calculate the emitted radiation we need some other parameters that are determined
by the trajectory. First we calculate the vector r pointing from the charge to the observer.
According to Fig. 6.1 we have

r(t ′) = rp − R(t ′),

where rp is the vector pointing from the center of the undulator to the observer,

rp = rp[sin θ cos φ, sin θ sin φ, cos θ ],

and rp is its absolute value. We need r for the relation between the two time scales, ctp =
ct ′ + r − rp, where its difference from rp appears. For this reason we have to carry terms
Lu/rp along. Furthermore, r (t ′) changes with the speed of the particle βc and is, in the
above relation, compared with ct ′ changing with the speed of light. For this reason we take
terms of order 1/γ 2 along but neglect higher powers.

We obtain for the vector r(t ′) and its absolute value

r(t ′)
rp

=
[

sin θ cos φ − Ku cos(�ut ′)
rpβγ ku

, sin θ sin φ, cos θ − β∗ct ′

rp
− K 2

u sin(2�t ′)
8rpγ 2ku

]
(8.16)

r (t ′)
rp

=
[

1 − cos θ β∗ct ′

rp
− Ku sin θ cos φ cos(�ut ′)

rpβγ ku
− K 2

u cos θ sin(2�ut ′)
8rpγ 2ku

]
. (8.17)

From this we obtain the relation between the time t ′ of emission and the time t =
t ′ + r (t ′)/c or tp = t − rp/c of the observation:

tp(t ′) = t ′(1 − β∗ cos θ ) − Ku sin θ cos φ cos(�ut ′)
βcγ ku

− K 2
u cos θ sin(2�ut ′)

8cγ 2ku
. (8.18)
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Using the expressions for �u and K ∗
u and applying the ultra-relativistic approximations

γ � 1, θ � 1, we have

1 − β∗ cos θ = 1 + γ ∗2θ2

2γ ∗2

and

tp(t ′) = 1 + γ ∗2θ2

2γ ∗2�u

(
�ut ′ − 2K ∗

u γ ∗θ cos φ cos(�ut ′)
1 + γ ∗2θ2

− K ∗
u

2 sin(2�ut ′)
4(1 + γ ∗2θ2)

)

= 1

ω1
(�ut ′ − bu cos(�ut ′) − au sin(2�ut ′)) (8.19)

with

ω1 = 2γ ∗2�u

1 + γ ∗2θ2
, au = K ∗

u
2

4(1 + γ ∗2θ2)
, bu = 2K ∗

u γ ∗θ cos φ

1 + γ ∗2θ2
. (8.20)

All three terms in the above equation (8.19) are of the same order with respect to 1/γ ,
whereas all omitted terms contain an extra factor of either 1/γ or Lu/rp. The frequency ω1

was encountered before in the qualitative treatment of strong-undulator radiation (6.7). At
a given angle the emitted radiation contains this frequency and harmonics m of it. It should
be pointed out that, with the above definition, the observation time tp does not vanish for
t ′ = 0. This is caused by the fact that the particle is at the longitudinal coordinate z(0) = 0
at t ′ = 0 but has a transverse excursion x(0) = a, which contributes to its distance r from
the observer.

For the denominator 1 − n ·βββ in the Liénard–Wiechert expression we need the unit vector
n = r/r pointing from the particle to the observer. We calculate it from (8.16) and (8.17),
neglecting terms of order Lu/rp since we are not comparing it with another distance:

n = [sin θ cos φ, sin θ sin φ, cos θ ] ≈ [θ cos φ, φ sin φ, 1 − θ2/2].

However, we retain terms of order 1/γ 2 in the expression for βββ since we compare the
product n ·βββ with unity:

dtp
dt ′ = 1 − n ·βββ = �u

ω1
(1 + bu sin(�ut ′) − 2au cos(2�ut ′)). (8.21)

Next we calculate the triple vector product appearing in the Fourier transformed Liénard–
Wiechert expression for the radiation field (2.44). Since its largest term is of order 1/γ we
neglect higher terms in βββ and β̇ββ. We also assume that the radiation is observed from a large
distance and neglect terms like Lu/rp:

βββ(t ′) = β∗[−aku sin(�ut ′), 0, 1]
(8.22)

β̇ββ(t ′) = β∗2[−ack2
u cos(�ut ′), 0, 0].
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For the triple vector product appearing in the expression (2.44) we find

[n × [n × βββ]] =
[

K ∗
u

γ ∗ (1 − sin2 θ cos2 φ) sin(�ut ′) + β∗ cos θ sin θ cos φ,

− K ∗
u

γ ∗ sin2 θ cos φ sin φ sin(�ut ′) + β∗ cos θ sin θ sin φ,

− K ∗
u

γ ∗ cos θ sin θ cos φ sin(�ut ′) − β∗ sin2 θ

]

and, in the ultra-relativistic approximation,

[n × [n × βββ]] = 1

γ ∗ [γ ∗θ cos φ + K ∗
u sin(�ut ′), γ ∗θ sin φ, 0]. (8.23)

To make the connection to a weak-field undulator we can approximate the above expres-
sions for Ku < 1. We do this in two steps. First we omit terms containing K 2

u but keep the
parameters β∗, γ ∗, and K ∗

u . This leads to approximations that are slightly more accurate
than the weak-undulator expressions derived in Chapter 7. In this form the expressions are
first-order developments in the parameter K ∗

u . In a second step we replace the parameters
β∗, γ ∗, and K ∗

u by the original ones β, γ , and Ku to end up with the expressions for weak
undulators.

8.2 The radiation from a plane strong undulator

8.2.1 The radiation field

We calculate now the radiation from a strong undulator with a large number of periods
Nu in the frequency domain and follow closely the methods used in [50]. While traversing
this undulator, the radiating charge has a periodic velocity with period T0 = 2π/�u. We
investigated this situation in Chapter 2 and found in (2.42) that the radiation is approximately
periodic with period

Tp = T0
1 + γ ∗2θ2

2γ ∗2 = 2π

ω1
. (8.24)

Here we use the reduced observation time tp = t ′ + (r − rp)/c and expand the radiation
field E(tp) into a Fourier series, with coefficients Em given in Chapter 2 by

E(tp) =
∞∑

m=−∞
Emeimω1tp with Em = 1

Tp

∫ Tp

0
E(tp)e−imω1tp dtp. (8.25)

Changing the integration variable from t to t ′ and integrating by parts gives, according to
(2.44),

Em = iemω2
1

8π2ε0crp

∫ T0

0
[n × [n × βββ]] × e−imω1(t ′+(r (t ′)−rp)/c) dt ′. (8.26)
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The expressions for the triple vector product (8.23) and the relation between the two time
scales (8.19) with abbreviations (8.20) are inserted into (8.26), giving

Em = iemω2
1

8π2ε0crp

∫ T0

0

[γ ∗θ cos φ + K ∗
u sin(�ut ′), γ ∗θ sin φ, 0]

γ ∗

× e−im(�ut ′−bu cos(�ut ′)−au sin(2�ut ′)) dt ′.

To solve the integral we expand the exponential of the trigonometric functions into series
of Bessel functions Jn according to (B.21),

eiz sin ξ =
∞∑

n=−∞
Jn(z)einξ ,

which gives for our two cases

eimbu cos(�ut ′) = eimbu sin(�ut ′+π/2) =
∞∑

n=−∞
Jn(mbu)einπ/2ein�ut ′

(8.27)

eimau sin(2�ut ′) = eimau sin(−2�ut ′−π ) =
∞∑

l=−∞
Jl(mau)e−ilπe−il2�ut ′

.

The exponent of the second equation seems unnecessarily complicated but leads to a simpler
expression later on.

The Fourier component of the electric field for the mth harmonic becomes

Em = imeω2
1

8π2ε0crpγ ∗

∫ T0

0
[γ ∗θ cos φ + K ∗

u sin(�ut ′), γ ∗θ sin φ, 0]

×
∞∑

n=−∞

∞∑
l=−∞

eiπ(n−2l)/2 Jn(mbu)Jl(mau)ei�ut ′(−m+n−2l) dt ′. (8.28)

We have two integrals to solve:

I1 =
∫ T0

0
ei�ut ′(−m+n−2l) dt =

{
0 if −m + n − 2l �= 0
T0 if −m + n − 2l = 0

I2 =
∫ T0

0
sin(�ut ′) ei�ut ′(−m+n−2l) dt ′

=
∫ T0

0
sin(�ut ′) [cos(�ut ′(m − n + 2l)) − i sin(�ut ′(m − n + 2l))] dt ′.

The first integral in the lower line of I2 vanishes and the second one gives

I2 = i
T0

2

(
sin(2π (m − n + 2l + 1))

2π (m − n + 2l + 1)
− sin(2π (m − n + 2l − 1))

2π(m − n + 2l − 1)

)
.

Each of the two terms vanishes unless the argument of the sine function is zero, in which
case sin x/x → 1 and |I2| = T0/2 for each case. This gives the conditions for the summing
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indices to obtain non-vanishing values for the integrals,

in I1 m = n − 2l → n = m + 2l → I1 = T0

term 1 in I2 m = n − 2l − 1 → n = m + 2l + 1 → I2 = iT0/2
term 2 in I2 m = n − 2l + 1 → n = m + 2l − 1 → I2 = −iT0/2,

which allows us later to eliminate the sum over n. We split the vector [n × [n × βββ]] into
two parts and obtain from (8.28) the Fourier component Em :

Em = imeω2
1

8π2ε0crpγ ∗ ([γ ∗θ cos φ, γ ∗θ sin φ, 0]I1 + [K ∗
u sin(�ut ′), 0, 0]I2)

×
∞∑

n=−∞

∞∑
l=−∞

eiπ (n−2l)/2 Jn(mbu)Jl(mau). (8.29)

With the above selection rule for the sum index n, we obtain the Fourier component Em

using eimπ/2 = im , omitting the vanishing z-component:

E⊥m = i(1+m)meω2
1T0

8π2ε0crpγ ∗

(
[γ ∗θ cos φ, γ ∗θ sin φ]

∞∑
l=−∞

Jm+2l(mbu)Jl(mau)

+ 1

2
[−K ∗

u , 0]
∞∑

l=−∞
Jl(mau)[Jm+2l+1(mbu) + Jm+2l−1(mbu)]

)
.

To make the expression more compact we introduce abbreviations for the sums:

�m1 =
∞∑

l=−∞
Jl(mau)Jm+2l(mbu)

�m2 =
∞∑

l=−∞
Jl(mau)[Jm+2l+1 (mbu) + Jm+2l−1(mbu)] (8.30)

=
∞∑

l=−∞

2(m + 2l)

mbu
Jl(mau)Jm+2l(mbu).

The alternate expression for �m2 is obtained from the relation (B.2):

Jn−1(z) + Jn+1 = 2n

z
Jn(z).

With this and the expression (8.24) we obtain the Fourier component of the electric field
emitted in strong undulators:

E⊥m = i(1+m)meku

πε0rp

γ ∗3

(1 + γ ∗2θ2)2
[γ ∗θ cos φ�m1 − 1

2 K ∗
u �m2, γ ∗θ sin φ �m1]. (8.31)
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The electric field can now be expressed as a Fourier series of frequencies mω1:

E⊥(tp) =
∞∑

m=−∞
Emeimω1tp = eku

πε0rp

γ ∗3

(1 + γ ∗2θ2)2

×
∞∑

m=−∞
i (m+1)meimω1tp [γ ∗θ cos φ�m1 − 1

2 K ∗
u �m2, γ ∗θ sin φ�m1]. (8.32)

Since this series is presented in complex notation, it contains positive and negative fre-
quencies ±mω1. To obtain a purely real presentation we collect the two terms at each
harmonic and obtain a series expressed in trigonometric functions with positive harmonics,
m > 0 only. The values of the sums (8.30) for negative values can be obtained with the help
of the symmetry relations of Bessel functions (B.5) and (B.6),

J−m(z) = (−1)m Jm(z) and Jm(−z) = (−1)m Jm(z), (8.33)

giving the relation between the sums (8.30) for positive and negative values of m:

�−m1 = �m1 and �−m2 = �m2.

We obtain the radiation field in the time domain expressed as a Fourier series with the
components

E⊥m(tp) = −ekuγ
∗3

πε0rp(1 + γ ∗2θ2)2 sin(mω1tp + mπ/2)

× [2γ ∗θ cos φ �m1 − K ∗
u �m2, 2γ ∗θ sin φ �m1] (8.34)

E⊥(tp) =
∞∑

m=1

E⊥m(tp),

where we have absorbed the factor of two into the square bracket. The two components of
the vector in the sum �m2 give the horizontal and vertical polarizations of the radiation.
For a given harmonic m the two are in phase, indicating that we have linear polarization
without any circular component as in the case of a weak undulator.

We express the oscillatory term separately for even and odd harmonics m:

sin(mω1tp + mπ/2) =
{

(−1)(m−1)/2 cos(mω1tp) for m odd
(−1)m/2 sin(mω1tp) for m even.

The fields of odd and even harmonics are out of phase. This is expected from the qualitative
treatment of this radiation illustrated in Fig. 6.6, and from the particle motion in the moving
frame shown in Fig. 8.1. The transverse acceleration responsible for the odd harmonics has
a maximum when the longitudinal acceleration vanishes.

It is instructive to check the field (8.34) on the axis, θ = 0, and at the central time tp = 0.
According to the time relation (8.18) this field was created at the time t ′ = 0 when the
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charge was in the center of the undulator in the magnetic field B0 = Kum0cku/e. From
(3.12) or (7.31) we know that the field must be

Êu = e2 B0γ
3

πε0m0crp
= eku Kuγ

3

πε0rp
.

To calculate the field also from (8.34), we evaluate first the square bracket, which reduces
in the forward direction to K ∗�m2. Since bu = 0 for θ = 0, the Bessel functions of this
argument vanish except if they are of order zero. Therefore �m2 reduces to two terms with
m + 2l + 1 = 0 and m + 2l − 1 = 0, giving J0(mbu) = 1. This results in

�m2 = (−1)(m−1)/2
(
J(m−1)/2(mau) − J(m+1)/2(mau)

)
, (8.35)

where we used the symmetry relation (8.33). The time-dependent part of (8.34) reduces for
tp = 0 to sin(mπ/2) = (−1)(m−1)/2. At tp = 0 we obtain for the field on the axis

E⊥(0) = eku Kuγ
3

πε0rp

{∑∞
m=1 m

(
J(m−1)/2(mau) − J(m+1)/2(mau)

)
(
1 + K 2

u /2
)2

}
.

It can be shown numerically that the expression in the curly brackets is unity and the field
agrees with the general expression (3.12).

Going back to the general case (8.34), we now take the large but finite number Nu � 1
of periods into account, and calculate the Fourier transform of each harmonic component
m. The time span NuT0 = 2π Nu/�u of emission translates into the observation time

NuTp = NuT0
1 + γ ∗2θ2

2γ ∗2 = 2π Nu

ω1
,

both containing Nu periods.
The time-domain signal (8.34) consists of oscillations at different harmonics m > 0, each

lasting Nu periods. To obtain their Fourier transform we separate out the time-dependent
term

F[sin(mω1tp + mπ/2)] = 1√
2π

∫ π Nu/ω1

−π Nu/ω1

[sin(mω1tp + mπ/2)]e−iωtp dtp

= − i(m+1)

√
2π

π Nu

ω1

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

,

where we used the abbreviation

�ωm = ω − mω1.

With this we obtain from the expression (8.34) the components Em of the strong-undulator
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field harmonics in the frequency domain:

Ẽ⊥m(ω) = i1+m mekuγ
∗3

π
√

2πε0rp

[2γ ∗θ cos φ �m1 − K ∗
u �m2, 2γ ∗θ sin φ �m1]

(1 + γ ∗2θ2)2

×π Nu

ω1

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

. (8.36)

It should be noted that this is a complex Fourier transformation, containing positive and
negative frequencies ω, but only positive harmonics m.

8.3 Properties of strong-undulator radiation

8.3.1 The angular spectral power distribution

The averaged total power and the total energy emitted by a charge e in an undulator are
given by the general expressions (7.32),

Pu = 2r0c3e2〈B2〉E2

3(m0c2)3
= r0cm0c2k2

u K 2
u γ 2

3
(8.37)

Uu = r0m0c2γ 2k2
u K 2

u Lu

3
= e2γ 2ku K 2

u Nu

6ε0
,

which we will use to express the various distributions of the radiation in a compact form.
We assume that the number of undulator periods is sufficiently large that, at a given

angle, the contributions from different harmonics are separated in frequency and there is
no overlap between them. This allows us to calculate the power Pum for each harmonic m
separately and to obtain the total power as a sum, P = ∑

Pum . If the number of periods
were not large enough we might receive at the same angle radiation of the same frequency,
but belonging to different harmonics, which can produce interference effects. We exclude
this possibility here.

We start with the angular spectral power distribution of each harmonic m, obtained with
the relation (7.34), and obtain the total radiation as a sum over the harmonic contributions:

d2 Pm

d� dω
= 2r2

p |Ẽm(ω)|2
µ0Lu

,
d2 P

d� dω
=

∞∑
m=1

d2 Pm

d� dω
.

From the expression for the radiation field (8.36) we obtain the angular spectral power
density for each harmonic m > 0,

d2 Pm

d� dω
= dPm

d�
fN(�ωm) = Puγ

∗2[Fmσ (θ, φ) + Fmπ (θ, φ)] fN(�ωm), (8.38)
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with the normalized angular distribution functions

Fmσ (θ, φ) = 3m2

π
(
1 + K 2

u /2
)2

K ∗
u

2

(2�m1γ
∗θ cos φ − �m2 K ∗

u )2(
1 + γ ∗2θ2

)3

Fmπ (θ, φ) = 3m2

π
(
1 + K 2

u /2
)2

K ∗
u

2

(2�m1γ
∗θ sin φ)2

(1 + γ ∗2θ2)3

(8.39)

containing the sums

�m1 =
∞∑

l=−∞
Jl(mau)Jm+2l(mbu)

�m2 =
∞∑

l=−∞
Jl(mau)(Jm+2l+1(mbu) + Jm+2l−1(mbu)),

(8.40)

which involve the parameters (8.19)

au = K ∗
u

2

4(1 + γ ∗2θ2)
, bu = 2K ∗

u γ ∗θ cos φ

1 + γ ∗2θ2
. (8.41)

The spectral function fN(�ωm) has the same form as (7.38) but is generalized to include
higher harmonics ωm = mω1:

fN(�ωm) = Nu

ω1

⎛
⎜⎜⎝

sin

(
�ωm

ω1
π Nu

)
�ωm

ω1
π Nu

⎞
⎟⎟⎠

2

, ωm = mω1 = m
2γ ∗2�u

1 + γ ∗2θ2

�ωm

ω1
= ω − mω1

ω1
,

∫ ∞

−∞
fN(�ωm) dω = 1. (8.42)

8.3.2 The angular power distribution

Integrating this over the frequency ω gives the angular power distribution of each
harmonic m:

dPm

d�
= Puγ

∗2[Fmσ (θ, φ) + Fmπ (θ, φ)]

= Puγ
∗2 3m2[(2�m1γ

∗θ cos φ − �m2 K ∗
u )2 + (2�m1γ

∗θ sin φ)2]

π
(
1 + K 2

u /2
)2

K ∗
u

2(1 + γ ∗2θ2)3
.

(8.43)

To discuss the above representation of strong-undulator radiation we start by giving
with Fig. 8.2 an overall graphical representation of the angular power density. A value of
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Fig. 8.2. Normalized angular power densities of the horizontal (left) and vertical (right) modes of
polarization for the first three harmonics of the radiation from an undulator with Ku = √

2 (K ∗
u = 1).
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Ku = √
2 (K ∗

u = 1) was chosen, which is still not very large but produces clearly higher
harmonics. The fundamental mode, shown at the top, has the same features as that for weak
undulator radiation shown in Fig. 7.6. The horizontal mode of polarization has a maximum
on the axis with a smooth distribution around it. The vertical polarization vanishes in the
two symmetry planes and has four maxima located close to the two diagonals. The second
harmonic (center) has no intensity on the axis. Its horizontal mode has two maxima located
in the horizontal plane, whereas the vertical polarization has no intensity in this plane but a
group of three maxima below and above it. The pattern becomes even more complicated for
the third harmonic (bottom), which has three maxima lying in the horizontal plane for the
σ -mode and four maxima, each below and above this plane, for the π -mode. We illustrate
the properties of strong-undulator radiation further by considering special cases.

� The angular power density in the horizontal (x, z)-plane. In the horizontal plane φ = 0 the vertical
polarization vanishes. This is a general property of the radiation emitted by a charge moving on a
trajectory lying in the (x, z)-plane, which we found earlier for ordinary synchrotron radiation.

� The angular power density in the vertical (y, z)-plane. In the vertical plane φ = ±π/2 the first
term inside the brackets in (8.43) for the horizontal polarization vanishes. Furthermore, since also
bu = 0, all Bessel functions of this argument vanish except those of zeroth order, as we saw before
(8.35). This reduces the sum �m1 to one term, and the sum �m2 to two terms:

�m1 = 0 for m odd
�m1 = (−1)m/2 Jm/2(mau) for m even
�m2 = (−1)(m−1)/2

(
J(m−1)/2(mau) − J(m+1)/2(mau)

)
for m odd

�m2 = 0 for m even.

We obtain for the angular power distribution in the (y, z)-plane

dPm

d�
= dPmσ

d�
= Pu

3m2γ ∗2

π
(
1 + K 2

u /2
)2

(1 + γ ∗2θ2)3

×
[

J(m−1)/2

(
mK ∗

u
2

4(1 + γ ∗2θ 2)

)
− J(m+1)/2

(
mK ∗

u
2

4(1 + γ ∗2θ 2)

)]2

(8.44)

for m odd, containing only horizontal polarization, and

dPm

d�
= dPmπ

d�
= Pu

3m2γ ∗2

π
(
1 + K 2

u /2
)2

K ∗
u

2(1 + γ ∗2θ 2)3

× γ ∗2
θ 2

[
Jm/2

(
mK ∗

u
2

4(1 + γ ∗2θ 2)

)]2

for m even, containing only vertical polarization.

Later we will discuss in some detail the properties of the radiation emitted on the axis,
θ = 0. Furthermore, we will give some approximations of the expression (8.43) by devel-
oping it into powers of K ∗

u .
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8.3.3 The spectral density of the radiation

At a given angle θ the radiation from a strong undulator has a spectrum containing a set
of narrow bands centered around the harmonic frequencies mω1. It is given by the spectral
function fN(�ωm) (8.42), which we approximate now by a δ-function. Integrating over it
gives, at a given angle θ , a set of single-frequency lines ω = ωm = mω1. We extend the
procedure (7.45) to include higher harmonics and convert the angular power density (8.43)
into a spectral distribution:

ω ≈ ωm = mω1 = mω10

1 + γ ∗2θ2
= 2mkucγ ∗2

1 + γ ∗2θ2

dωm = − 2mω10γ
∗2

(1 + γ ∗2θ2)2
θ dθ = −2mω10γ

∗2
(

ω1

ω10

)2

θ dθ (8.45)

dPm

dωm
= 1 + K 2

u /2

2mω10γ 2

(
ω10

ω1

)2 ∫ 2π

0

dPm

d�
dφ.

The factor 1 + K 2
u /2 reflects the fact that, in a strong undulator, the increment θ �θ cor-

responds to a smaller frequency increment �ω1 than it does in a weak one. This results
in a larger power for the same frequency bin. The above integration over φ has to be
carried out numerically. The resulting spectral power density is shown in Fig. 8.3 with
Ku = √

2 (K ∗
u = 1) for the first three harmonics, each for the total and the two modes of

polarization. The two odd harmonics have sharp peaks at the highest frequencies because
their angular distributions are concentrated around small angles where ω ≈ mω10. The even
harmonics have no intensity on the axis where the highest frequency is emitted. For this
reason their spectra vanish at the top in a smooth way. The third harmonic has a bump below
the top frequency caused by the two secondary maxima of its angular distribution shown in
Fig. 8.2.

8.3.4 The power contained in each harmonic

Integrating the spectral distribution (8.45) over the frequency, or the angular distribution
(8.43) over the solid angle, gives the total power contained in each harmonic. This operation
was carried out numerically and the result is shown in Fig. 8.4, where the Pum in each of
the first five harmonics, divided by the total power Pu, is plotted against the undulator
parameter Ku. With increasing undulator strength more and more harmonics contribute. In
this normalized presentation the fundamental is unity at the origin but decreases rapidly
with increasing Ku, for which the higher harmonics become important. We also plot the
sum of the five harmonics, which approximates the total power quite well at low values of
Ku, but for K = √

2 (K ∗ = 1) misses already about 20% of the power which is emitted
into harmonics m > 5.
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Fig. 8.3. The spectrum of undulator radiation having Ku = √
2.
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Fig. 8.4. The normalized power in each of the first harmonics m versus Ku.

8.3.5 The properties of the radiation on the axis

The properties of the radiation along the axis, θ = 0, are important since this is the main
direction of observation. We will treat it here in more detail and also give the photon
distribution, which we have not done for the general case.

We obtain the angular power distribution on the axis by setting θ = 0 in the expression
(8.44) and have only odd harmonics with horizontal polarization. The angular power density
at θ = 0 is

dPm

d�
= Puγ

2

K 2
u

3m2 K 2
u

π
(
1 + K 2

u /2
)3

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

= r0cm0c2γ 4k2
u

3

3m2 K 2
u

π
(
1 + K 2

u /2
)3

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

.

(8.46)

Since the total power Pu is proportional to K 2
u , we separate out the factor Puγ

2/K 2
u , which is

independent of Ku, and obtain the dependence on the undulator parameter and the harmonic
number in the rest of the equation. This quantity is plotted in Fig. 8.5 for the first three odd
harmonics as a function of Ku. The angular power density of each harmonic increases first
with the undulator parameter, then goes through a maximum, and later decays. The higher
harmonics dominate at large values of Ku. The fundamental m = 1 has its maximum angular
power density around Ku ≈ 0.906 with a value of

(
dP1

d�

)
max

= Puγ
2

K 2
u

0.238.
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However, this optimum can be misleading since, at Ku = 0.906, the fundamental on-axis
frequency has decreased to 71% compared with the weak-undulator value. A complete
optimization should keep this frequency constant and is more complicated since it involves
also a variation of the period length λu of the undulator.

The photon flux per unit solid angle is obtained from the above power distribution with
the relations (7.51) and (8.42):

dṅm

d�
= 1

h̄mω10

dP

d�
= π

(
1 + K 2

u /2
)

mchkuγ 2

dP

d�
.

The factor 1 + K 2
u /2 reflects the fact that the frequency decreases with increasing Ku and

more photons are radiated for the same power increment. We obtain for the angular photon
flux density

dṅm

d�
= mαfcγ 2ku K 2

u

2π
(
1 + K 2

u /2
)2

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

. (8.47)

Its lowest mode m = 1 has a maximum around Ku ≈ 1.2, which is again only part of a real
optimization since the fundamental frequency changes with Ku.

We can convert the above angular distribution into a spectral density using the relation
(8.45). Since there is no φ-dependence on the axis the integration over this angle gives just
a factor of 2π :

dPm

dωm
= π

mω10γ ∗2

dPm

d�
= π

(
1 + K 2

u /2
)

mω10γ 2

dPm

d�
.
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We obtain the spectral power and photon flux density:

dPm

dωm
= Pu

ω10

3m(
1 + K 2

u /2
)2

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

dṅm

dωm/ωm
= mαfcku K 2

u

2
(
1 + K 2

u /2
)
[

J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

.

The angular spectral power density is obtained by multiplying the angular distribution
(8.46) by the spectral function (8.42) adapted to θ = 0,

fN(�ωm) = Nu

ω10

⎛
⎜⎜⎝

sin

(
�ωm

ω1
π Nu

)
�ωm

ω1
π Nu

⎞
⎟⎟⎠

2

,

giving

d2 Pm

d� dω
= Puγ

23m2

π
(
1 + K 2

u /2
)3

[
Jm−1/2

(
m

K ∗
u

2

4

)
− Jm+1/2

(
m

K ∗
u

2

4

)]2

fN(�ωm). (8.48)

We choose now also the central frequency �ω = ω − mω10 = 0, at which the spectral
function takes the value

fN(0) = Nu

ω10
= Nu

(
1 + K 2

u /2
)

2kucγ 2
,

and obtain from (8.47) the angular spectral photon flux distribution at θ = 0, ω = mω10:

d2ṅm

d� dω/ωm
= mαfcγ 2ku K 2

u Nu

2π
(
1 + K 2

u /2
)2

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

. (8.49)

The related angular spectral photon density is plotted in Fig. 8.6 as a function of Ku for
the first three odd harmonics. These curves exhibit a similar behavior to that of the angular
power densities plotted in Fig. 8.5, but decrease slower, for large values of Ku. This is
caused by the fact that, for a fixed absolute frequency increment dω, the relative value
dω/ω = dω/ω10 increases with larger undulator parameter since ω10 becomes smaller. As
a consequence the angular spectral photon density (8.49) is proportional to (1 + K 2

u /2)−2,
whereas the angular power density (8.46) has a cubic dependence. The on-axis photon
spectrum consists of lines at frequencies mω10 = 2ckuγ

∗2, which are shown in Fig. 8.7 for
three different values of the undulator parameter. The number of harmonics increases with
Ku and each one goes through a maximum.
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Of practical interest is the photon flux distribution produced by a beam current I , repre-
senting I/e electrons traversing the undulator per second, giving, for θ = 0, ω = ω10,

d2ṅm I

d� dω/ωm
= αfm2γ 2 I K 2

u N 2
u

e
(
1 + K 2

u /2
)2

[
J(m−1)/2

(
m

K ∗
u

2

4

)
− J(m+1)/2

(
m

K ∗
u

2

4

)]2

(8.50)

8.3.6 The development with respect to K ∗
u

For some applications one likes to operate an undulator at a value of the parameter Ku

slightly above unity. For this condition the intensity at the fundamental m = 1 is still strong
and the higher harmonics not too disturbing. The dependence of the on-axis frequency ωm0

on the undulator parameter Ku allows one to adjust the spectrum:

ωm0 = m�u
2γ 2

1 + K 2
u /2

= kuc2γ ∗2
. (8.51)

For this reason it is useful to give an approximation of the radiation, which is valid for
Ku ≈ 1, although the evaluation of the Bessel functions involved is not a major problem.
In some cases the approximate expressions give some insight into the general behavior of
the radiation.

We apply the power series expansion (B.4) of the Bessel functions and develop some
of the properties of the radiation into a power series in K ∗

u . However, we separate out the
factor

1(
1 + K 2

u /2
)2 = (

1 − K ∗
u

2
/2

)2
,

which makes the expressions slightly more compact.
We start with the angular power density (8.43) and develop its first three harmonics each

up to its lowest relevant order in K ∗
u and give the result (C.1) in Appendix C. A more

complete presentation can be found in [19].
To illustrate this pattern of the radiation we present the angular distributions of the first

three harmonics of undulator radiation in Fig. 8.8, each to its lowest relevant power in K ∗
u ,

as given by (C.1). As expected, the angular distribution of the horizontal polarization has a
maximum on the axis, θ = 0, for the odd harmonics m = 1 and m = 3 where the vertical
polarization vanishes. The even harmonic m = 2 has no intensity on the axis, θ = 0, for
both modes of polarization. The pattern of the distribution becomes more complicated
for the higher harmonics. It should be noted that each harmonic is plotted only to the
lowest order in K ∗

u , and we expect the distributions to become even more complicated
with increasing undulator strength. On comparing this with the exact calculation, shown in
Fig. 8.2 for Ku = √

2, we find that most characteristics of the distribution are contained in
the approximation of Fig. 8.8.

For an undulator with many periods Nu � 1, we obtain the corresponding development
of the spectral density by converting the series expression for the angular density (C.1)
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Fig. 8.8. Normalized angular power densities of the horizontal (left) and vertical (right) modes of
polarization for the first three harmonics, each approximated to the lowest order in K ∗

u .
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Fig. 8.9. Spectral power distributions of the first three harmonics of undulator radiation, each ap-
proximated to the lowest order in K ∗

u .
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with the relations (8.45). This density of the first three harmonics, each to the lowest power
of K ∗

u (apart from the factor 1/(1 + K 2
u /2)2 in front) is given by (C.2) in Appendix C.

These approximate spectral distributions are shown in Fig. 8.9. They represent quite well
the pattern of those obtained by an exact calculation for Ku = √

2 shown in Fig. 8.3.
Integrating these spectral distributions over frequency gives the power in each harmonic,

which is presented by separating the two modes of polarization:

P1

Pu
= 1(

1 + K 2
u /2

)2

[(
7

8
− 1

4
K ∗

u
2 + 681

35840
K ∗

u
4 · · ·

)
+

(
1

8
− 29

35840
K ∗

u
4 · · ·

)]

P2

Pu
= K ∗

u
2(

1 + K 2
u /2

)2

[(
9

8
− 75

140
K ∗

u
2 · · ·

)
+

(
1

8
− 1

140
K ∗

u
2 · · ·

)]

P3

Pu
= K ∗

u
4(

1 + K 2
u /2

)2

[(
42039

35840
· · ·

)
+

(
3645

35840
· · ·

)]
.

The corresponding series for the total power is obtained by summing over the above
contributions from each harmonic m, giving

Pu = Pu(
1 + K 2

u /2
)2

(
1 + K ∗

u
2 + 3

4
K ∗

u
4 · · ·

)(
7

8
+ 1

8

)

= Pu
(
1 + O

(
K ∗

u
6))

,

where Pu is the general expression for the total undulator power. The above developments
are therefore accurate up to terms of order K ∗

u
4 and the errors are of higher order.



9

The helical undulator

9.1 The trajectory

A helical undulator [50, 59] has close to the axis a spatially periodic transverse magnetic
field of constant absolute value and a direction that rotates as a function of the longitudinal
coordinate z. In Cartesian coordinates it is given by

B = [Bx , By, Bz] = B0[−sin(kuz), cos(kuz), 0]

with period length λu and wave number ku = 2π/λu as illustrated in Fig. 9.1.
The motion of a charged particle along the z-axis is determined by the Lorentz force

F = e[v × B], giving

v̇ = [ẍ, ÿ, z̈] = eB0

m0γ
[− cos(kuz)ż, − sin(kuz)ż, (cos(kuz)ẋ + sin(kuz)ẏ)].

The first two components can be integrated,

ẋ(z) = −cKu

γ
sin(kuz) + ẋ(0), ẏ(z) = −cKu

γ
(1 − cos(kuz)) + ẏ(0),

where we used again the undulator parameter

Ku = eB0

m0cku
.

We are seeking a trajectory that is symmetric around the z-axis and select the initial condi-
tions

ẋ(0) = 0, ẏ(0) = cKu/γ,

giving the transverse velocity components as functions of the longitudinal coordinate z:

ẋ = −cKu

γ
sin(kuz), ẏ = cKu

γ
cos(kuz).

181
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Fig. 9.1. The geometry of the trajectory in a helical undulator.

The longitudinal component can be obtained from the fact that the absolute value of the
particle velocity in the magnetic field is constant,

v = βc =
√

ẋ2 + ẏ2 + ż2 =
√

c2 K 2
u

γ 2
+ ż2,

which gives a constant velocity for the z-component:

ż = βc

√
1 − K 2

u

β2γ 2
= β∗

h c and z(t ′) = β∗
h ct ′. (9.1)

The absolute value of the angle between the particle velocity and the z-axis is constant and
given by

tan ψ0 =
√

ẋ2 + ẏ2

ż
= Ku

βγ
√

1 − (Ku/βγ )2
= Ku

β∗
h γ

, ψ0 ≈ Ku

β∗
h γ

.

As in the case of the plane undulator, the character of the radiation is determined by the
ratio between the trajectory angle ψ0 and the natural opening angle 1/γ of the radiation,
which is again determined by the undulator parameter Ku. We distinguish between weak
and strong helical-undulator radiation, depending on Ku being smaller or larger than unity.

Using the relation dz = β∗
h c dt ′, we can integrate the transverse velocity components and

obtain the trajectory of the particle as a function of the longitudinal coordinate z up to
second order in Ku/γ ,

x(z) = Ku

β∗
h γ ku

cos(kuz), y(z) = Ku

β∗
h γ ku

sin(kuz),
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or, as a function of the time t ′,

x(z) = Ku

β∗
h γ ku

cos(kuβ
∗
h ct ′), y(z) = Ku

β∗
h γ ku

sin(kuβ
∗
h ct ′).

The particle moves on a helical trajectory with spatial period λu, frequency �u, and
radius a:

�u = kuβ
∗
h c = kuβc

√
1 − Ku

β2γ 2
, a = Ku

β∗
h γ ku

. (9.2)

In summary, its position, normalized velocity, and acceleration are

R(t ′) = [a cos(�ut ′), a sin(�ut ′), β∗
h ct ′]

βββ(t ′) =
[
− Ku

γ
sin(�ut ′),

Ku

γ
cos(�ut ′), β∗

h

]

β̇ββ(t ′) = Ku�u

γ
[−cos(�ut ′), − sin(�ut ′), 0].

Like in the case of the strong plane undulator, we introduce the reduced values for the
Lorentz factor γ ∗

h of the drift velocity and for the undulator parameter K ∗
uh, giving, in the

ultra-relativistic approximation, the ratio between the trajectory angle ψ0 and the natural
opening angle 1/γ ∗

h of the radiation:

γ ∗
h = 1√

1 − β∗
h

2
≈ γ√

1 + K 2
u

, K ∗
uh = Ku√

1 + K 2
u

≈ γ ∗
h ψ0. (9.3)

It should be noted that these two quantities have different denominators from those of
the corresponding expressions (8.15) for the plane undulator. For this reason we use the
notations γ ∗

h and K ∗
uh for the helical undulator.

The vector r(t ′) pointing from the charge to the observer is

r(t ′) = rp − R(t ′)

= rp

[
sin θ cos φ − a

rp
cos(�ut ′), sin θ sin φ − a

rp
sin(�ut ′), cos θ − β∗

h ct ′

rp

]
(9.4)

and its absolute value, in the far-distance approximation, taking terms of up to first order in
a/rp and βct ′/rp, is

r ≈ rp

(
1 − β∗

h ct ′ cos θ

rp
− a

rp
sin θ cos(�ut ′ − φ)

)
. (9.5)

This is used to calculate the relation between the emission and observation times t ′ and t ,

tp = t ′ + r − rp

c
= t ′(1 − β∗

h cos θ ) − K ∗
uh sin θ

β∗
h γ ∗

h kuc
cos(�ut ′),
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or, in the ultra-relativistic approximation,

tp = t ′ 1 + γ ∗
h

2θ2

2γ ∗
h

2 − K ∗
uhγ

∗
h θ

γ ∗
h

2kuc
cos(�ut ′). (9.6)

The time period of the particle motion in the undulator T0 = 2π/�u leads to a radiation
period in the observation time of Tp = 2π/ω1 and a relation between the frequencies

ω1 = 2γ ∗
h

2

1 + γ ∗
h

2θ2
�u. (9.7)

Like in the case of a plane undulator (7.12), the relation between the two time scales has
a linear term and a harmonic modulation. To estimate the latter we multiply the time tp by
the frequency ω1,

ω1tp = �ut ′ − 2K ∗
uhγ

∗
h θ

1 + γ ∗
h

2θ2
cos(�ut ′) = �ut ′ − cu cos(�ut ′), (9.8)

with

cu = 2K ∗
uhγ

∗
h θ

1 + γ ∗
h

2θ2
. (9.9)

For the typical opening angle sin θ ≈ 1/γ ∗
h or cos θ ≈ β∗

h , we find for the amplitude of the
phase modulation

δ(ω1tp) ≈ 2K ∗
uhγ

∗
h θ

1 + γ ∗
h

2θ2
≤ K ∗

uh.

For a weak helical undulator, K < 1, we can neglect this modulation term, but not for the
strong case.

The unit vector n pointing from the charge to the observer is needed only to lowest order:

n ≈ np = [sin θ cos φ, sin θ sin φ, cos θ ] ≈ [θ cos φ, θ sin φ, 1 − θ2/2].

For the weak helical undulator we will use the Liénard–Wiechert equation to obtain the
radiation in time domain. The corresponding triple vector product in the approximation
Ku < 1 is

[n × [(n − βββ) × β̇ββ]] = cku Ku

2γ 3

× [cos(�ut ′) − γ 2θ2 cos(2φ − �ut ′), sin(�ut ′) − γ 2θ2 sin(2φ − �ut ′), 0].

(9.10)

The strong undulator will be treated directly in the frequency domain using equation (2.44)
containing the triple vector product

[n × [n × βββ]] = 1

γ ∗
h

[γ ∗
h θ cos φ + K ∗

uh sin(�ut ′), γ ∗
h θ sin φ − K ∗

uh cos(�ut ′), 0].
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Considering the special symmetry of the helical motion, spherical coordinates are more
suitable:

[n × [(n − βββ) × β̇ββ]][θ,φ,r ] = cku Ku

2γ 3

× [(1 − γ 2θ2) cos(�ut ′ − φ), (1 + γ 2θ2) sin(�ut ′ − φ), 0] (9.11)

for Ku < 1 and

[n × [n × βββ]][θ,φ,r ] = 1

γ ∗
h

[γ ∗
h θ + K ∗

uh sin(�ut ′ − φ), −K ∗
uh cos(�ut ′ − φ), 0] (9.12)

for an arbitrary Ku but with Ku/γ � 1. The expression in the denominator of the Liénard–
Wiechert expression is obtained from (9.8) but is needed only in the weak-undulator ap-
proximation:

(1 − n ·βββ) = dtp
dt ′ = �u

ω1
(1 + cu sin(�ut ′)) ≈ 1 + γ 2θ2

2γ 2
. (9.13)

9.2 The radiation emitted in a helical weak undulator

9.2.1 The radiation obtained with the Liénard–Wiechert formula

The radiation field in the time domain is given by the second term of the Liénard–Wiechert
equation (2.17) given in Chapter 2:

E(t) = e

4πε0c

{
[n × [(n − βββ) × β̇ββ]]

r (1 − n · βββ)3

}
ret

.

Using (9.11) for the triple vector product and (9.13) for the denominator, and approximat-
ing r ≈ rp, we obtain the field directly in spherical coordinates, omitting the vanishing
r -component. We give it first as a function of the emission time t ′,

E⊥(t ′) = eku Kuγ
3

πε0rp

× [(1 − γ 2θ2) cos(�ut ′ − φ)ηηηθ + (1 + γ 2θ2) sin(�ut ′ − φ)ηηηφ]

(1 + γ 2θ2)3
,

where we introduce in analogy with (5.25) two orthogonal unit vectors in the θ - and
φ-directions:

ηηηθ , ηηηφ, ηηηθ ·ηηηθ = ηηηφ ·ηηηφ = 1 , ηηηθ ·ηηηφ = 0. (9.14)

Owing to the helical motion of the charge, the field has a phase of the form �ut ′ − φ,
containing the azimuthal observation angle φ.

The oscillating field has its maximum value on the axis,

Êu = eku Kuγ
3

πε0rp
,
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which is the same as that emitted in a weak plane undulator, (7.31). However, in the plane
undulator the field is oscillating in time and has a RMS value of Êu/

√
2 on the axis, whereas

for the helical undulator this field has a constant value but rotates.
We have the relation (9.6) between the time scales for K < 1,

tp = t ′ (1 + γ 2θ2)

2γ 2
,

and give this field observed from a large distance rp as a function of the observation time t
or tp,

�ut ′ − φ = −(k1r − ω1t + φ) = ω1tp − φ

E(rp, t) = eku Kuγ
3

πε0rp(1 + γ 2θ2)3

× [(1 − γ 2θ2) cos(k1r − ω1t + φ)ηηηθ − (1 + γ 2θ2) sin(k1r − ω1t + φ)ηηηφ]

(9.15)

with the wave number k1 = ω1c of the radiation. Both components of the field are circular
functions of the phase k1r + ω1t − φ. Their amplitudes are in general different. The field
vector E(rp, t) propagates in the r -direction and rotates at the same time around r, describing
an elliptical helix. The radiation therefore has elliptical polarization. On the axis, θ = 0,
there is perfect circular polarization. On a coneγ θ = 1 the field component in the θ -direction
vanishes with only the φ-component left, resulting in linear polarization in the φ-direction.
At very large angles γ ∗

h θ � 1 a circular polarization of opposite sign is approached. For
other angles of observation the polarization is elliptical.

We now describe the field in terms of the reduced observation time tp,

E(tp) = Êu
[(1 − γ 2θ2) cos(ω1tp − φ)ηηηθ + (1 + γ 2θ2) sin(ω1tp − φ)ηηηφ]

(1 + γ 2θ2)3
, (9.16)

and arrange this equation differently in such a way as to separate the two circular modes of
polarization and bring them into a form equivalent to (5.28):

E(tp) = Êu

√
2

(1 + γ 2θ2)3

[
cos(ω1tp − φ)ηηηθ + sin(ω1tp − φ)ηηηφ√

2

− γ 2θ2 cos(ω1tp − φ)ηηηθ − sin(ω1tp − φ)ηηηφ√
2

]
. (9.17)

We assume that there is a large but finite number Nu � 1 of undulator periods and
calculate the radiation field in the frequency domain by using the Fourier transform of
(9.17),

Ẽ(ω) = 1√
2π

∫ π Nu/ω1

−π Nu/ω1

E(tp)e−iωtp dtp,
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giving from (9.16) the presentation in terms of θ - and φ-components:

Ẽ(ω) = Êu√
2π

π Nu

ω1

sin(π Nu �ω/ω1)

π Nu�ω/ω1

[(1 − γ 2θ2)ηηηθ + i(1 + γ 2θ2)ηηηφ]

(1 + γ 2θ2)3
. (9.18)

With (5.32) we separate positive and negative helicities, which are defined for positive
frequencies,

Ẽ⊥(ω) = [Ẽ+, Ẽ−] = Êu

√
2√

2π

π Nu

ω1

sin(π Nu �ω/ω1)

π Nu �ω/ω1

[1, −γ 2θ2]

(1 + γ 2θ2)3
. (9.19)

with �ω = ω − ω1 and using the approximation valid for Nu � 1 as for the case of a plane
undulator in an earlier section.

9.3 Properties of weak-helical-undulator radiation

9.3.1 The total power

The helical-undulator field B has a constant absolute value and only its direction changes.
For this reason the total power emitted by one electron in the helical undulator is the same
as the power Ps of synchrotron radiation in long magnets (5.3). However, since we express
it here as a function of undulator parameters, we write the power Ph = Ps and the energy
Uh = Us = PhLu/c, radiated by one electron:

Ph = 2r0c3e2 E2
e B2

0

3(m0c2)3
= 2r0cm0c2γ 2k2

u K 2
u

3
= e2cγ 2k2

u K 2
u

6πε0

(9.20)
Uh = 2r0c2e2 E2

e B2
0 Lu

3(m0c2)3
= 2r0m0c2γ 2k2

u K 2
u Lu

3
= e2γ 2ku K 2

u Nu

3ε0
.

These expressions have the same form but, due to the constant value of the field, they are a
factor of 2 larger than those for a plane undulator, (7.32). The instantaneous power emitted
by the particle is constant, but the direction of polarization rotates.

9.3.2 The angular spectral power distribution

We obtain the angular spectral distribution of the emitted power from (7.34),

d2 P

d� dω
= 2r2

p |Ẽ(ω)|2
µ0Lu

,

using (9.18) to split it into the linear modes of polarization,

d2 P

d� dω
= r0cm0c2k2

u K 2
u γ 4

π

[(1 − γ 2θ2)2 + (1 + γ 2θ2)2]

(1 + γ 2θ2)5
fN(�ω)

= Phγ
2[Fhθ + Fhφ], (9.21)
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or, by splitting the terms in the square brackets, into circular modes of polarization. We
introduce the corresponding normalized distribution functions to present the angular spectral
power distribution in the form

d2 P

d� dω
= Phγ

2[Fhθ + Fhφ] fN(�ω)

d2 P

d� dω
= Phγ

2[Fh+ + Fh−] fN(�ω)

(9.22)

with

Fhθ (θ ) = 3

2π

(1 − γ 2θ2)2

(1 + γ 2θ2)5
, Fhφ(θ ) = 3

2π

(1 + γ 2θ2)2

(1 + γ 2θ2)5

Fh+(θ ) = 3

π

1

(1 + γ 2θ2)5
, Fh−(θ ) = 3

π

γ 4θ4

(1 + γ 2θ2)5
,

which satisfy the sum rules

Fhθ + Fhφ = Fh+ + Fh− = Fu

and the same spectral function (7.38) as that used for the plane undulator:

fN(�ω) = Nu

ω1

(
sin(π Nu �ω/ω1)

π Nu �ω/ω1

)2

,

∫ ∞

−∞
fN(�ω) dω = 1. (9.23)

9.3.3 The angular power distribution

We assume that there is a large number Nu of periods, giving a very narrow frequency band
at a given angle θ . Integrating the expression (9.22) over the frequency ω gives the angular
power distributions expressed in terms of the linear or circular modes of polarization,

dP

d�
= Phγ

2[Fuθ + Fuφ] = Ph
3γ 2

2π

[(1 − γ 2θ2)2 + (1 + γ 2θ2)2]

(1 + γ 2θ2)5

= Phγ
2[Fu+ + Fu−] = Ph

3γ 2

π

[
1 + γ 4θ4

]
(1 + γ 2θ2)5

,

(9.24)

which are shown in Fig. 9.2.
Since the angular power distribution is independent of the azimuthal angle, it makes

sense to integrate over φ, which is just a multiplication by 2π , and we obtain the power as
a function of θ ,

dP

θ dθ
= 2π

dP

d�
,

which is shown later.
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Fig. 9.2. Angular distributions of the total and the two circular modes of polarization of the radiation
from a helical undulator after integration over frequency.

9.3.4 The spectral power distribution

For the case of a very large number Nu of periods we observe, at a given angle θ , a very
narrow frequency band around ω1, described by fN(�ω) ≈ δ(ω − ω1). On integrating over
ω and using the same relation, (7.45), as for the plane undulator to convert angle to frequency,
we find

ω ≈ ω1 = ω10

1 + γ 2θ2
= 2kucγ 2

1 + γ 2θ2

dω1 = −2ω10γ
2

(
ω1

ω10

)2

θ dθ

dP

dω
= 1

2ω10γ2

(
ω10

ω1

)2 ∫ 2π

0

dP

d�
dφ = π

ω10γ2

(
ω10

ω1

)2 dP

d�
.

We obtain the spectral power density with respect to the proper frequency, split into the
two linear or circular modes of polarization:

dP

dω1
= dPhθ

dω1
+ dPhφ

dω1
= Ph

3

ω10

ω1

ω10

[(
1

2
− 2

ω1

ω10
+ 2

(
ω1

ω10

)2
)

+ 1

2

]

(9.25)dP

dω1
= dPh+

dω1
+ dPh−

dω1
= Ph

3

ω10

ω1

ω10

[(
ω1

ω10

)2

+
(

1 − ω1

ω10

)2
]
.

The latter is shown in Fig. 9.3.
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Fig. 9.3. The spectrum of helical-undulator radiation.

9.3.5 The total radiation

By integrating the spectral distribution (9.25) over frequency or the angular distribution
(9.24) over the solid angle we recover the total power (9.20) and its distribution between
the two linear or circular modes of polarization:

Ph = Phθ + Phφ = Ph

(
1

4
+ 3

4

)
, Ph = Ph+ + Ph− = Ph

(
3

4
+ 1

4

)
. (9.26)

9.3.6 The degree of circular polarization

The degree of circular polarization of the angular spectral distribution (9.22) is given as a
function of the angle θ by

Fh+ − Fh−
Fh+ + Fh−

= 1 − γ 4θ4

1 + γ 4θ4
.

It is plotted in Fig. 9.4 as a function of γ θ . Since in some applications this might have to
be weighted with the angular power distribution, also (dP/Ph)/d(γ θ ) is shown in Fig. 9.4.

The degree of polarization of the spectral power distribution is obtained from (9.25) and
shown in Fig. 9.5:

dPh+/dω1 − dPh−/dω1

dPh+/dω1 + dPh−/dω1
= 2ω/ω10 − 1

2(ω/ω10)2 − 2ω/ω10 + 1
.
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It is positive for ω/ω10 > 1/2 and negative below. The frequency ω = ω10/2 is observed
at the angle θ = 1/γ where the polarization is linear.

9.3.7 The on-axis radiation

Like for the plane undulator, the radiation emitted on the axis, θ = 0, at frequency ω = ω10

is most important for users of the radiation. The distribution functions are

Fhθ (0) = Fhφ(0) = 3

2π
, Fh+(0) = 3

π
, Fh−(0) = 0.

On the axis the radiation has perfect circular polarization. According to (9.24) and (7.51),
we have the following angular power and photon flux distributions:

dP

d�
= Phγ

2 3

π
,

dṅ

d�
= αfcγ 2ku K 2

u

π
.

These can be converted into spectral distributions (9.22) with respect to the proper frequency
ω1:

dP

dω1
= Ph

3

ω10
,

dṅ

dω1/ω10
= αfcku K 2

u .

For the angular spectral distribution we select again the fundamental frequency ω10, which
gives for the spectral function and the power

fN(0) = Nu

ω10
,

d2 P

d� dω
= Ph

3γ 2 Nu

πω10

and for the photon flux and number of photons emitted by one electron

d2ṅ

d� dω/ω10
= Ph

h̄ω10

3γ 2 Nu

π
= e2γ 2ku K 3

u Nu

2πε0h
= 2αfγ

2cku K 2
u Nu

2π

d2n

d� dω/ω10
= Uh

h̄ω10

3γ 2 Nu

π
= e2γ 2 K 3

u N 2
u

2πε0ch̄
= 2αfγ

2 K 2
u N 2

u ,

where Ph and Uh are expressed by using (9.20). Finally, we consider a beam current I and
give the photon flux per unit solid angle and relative frequency band at θ = 0, ω = ω10:

d2ṅ I

d� dω/ω
= 2αfγ

2 I K 2
u N 2

u

e
. (9.27)

On comparing this with the corresponding expression for the plane weak undulator (7.59),
we find that the two expressions have the same form but the helical undulator has twice the
flux. This is not astonishing. A helical weak undulator can be regarded as a combination
of two plane weak undulators rotated by 90◦ and phase shifted with respect to each other.
Apart from the polarization, each of the two gives the same spectrum, which results in twice
the power.
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9.4 The radiation field from a strong helical undulator

For the strong helical undulator we follow closely [50] and include higher terms in the
relation between the emission and observation times t ′ and tp given in the ultra-relativistic
approximation by (9.8):

ω1tp = �ut ′ − cu cos(�ut ′), ω1 = 2γ ∗
h

2

1 + γ ∗
h

2θ2
�u, cu = 2K ∗

uhγ
∗
h θ

1 + γ ∗
h

2θ2
.

The particle motion in this undulator has a periodic velocity. The emitted radiation is also
periodic with frequency ω1, but now contains higher harmonics. Following the treatment of
plane strong undulators, we develop its field Em(t) into a Fourier series with components
Em given in (8.25) and (8.26) :

E(t) =
∞∑

m=−∞
Emeimω1t , Em = imeω2

1

8π2ε0crp

∫ T0

0
[n × [n × βββ]]e−imω1tp(t ′) dt ′.

With the expression (9.12) for the second triple vector product in spherical coordinates and
(9.6) for the exponential, we obtain

E⊥m(θ,φ) = iemω2
1

8π2ε0crp

∫ T0

0

[γ ∗
h θ + K ∗

uh sin(�ut ′ − φ), −K ∗
uh cos(�ut ′ − φ)]

γ ∗
h

× e−im(�ut ′−cu cos(�ut ′−φ)) dt ′,

where the vanishing r -component of the field has been omitted.
As for the strong plane undulator, we express the exponential of a trigonometric function

in terms of a series of Bessel functions, (B.21),

eiz sin ξ =
∞∑

n=−∞
Jn(z)einξ ,

and obtain

e−iω1tp = e−im(�ut ′−cu cos(�ut ′−φ)) = e−im�ut ′
eimcu sin(�ut ′−φ+π/2)

= e−im�ut ′
∞∑

n=−∞
Jn(mcu)ein(�ut ′−φ)einπ/2

= e−imφ
∞∑

n=−∞
in Jn(mcu)ei(n−m)(�ut ′−φ).

The Fourier component of the field in spherical coordinates becomes

E⊥m(θ, φ) = imeω2
1

8π2ε0crp

∫ T0

0

[γ ∗
h θ + K ∗

uh sin(�ut ′ − φ), −K ∗
uh cos(�ut ′ − φ)]

γ ∗
h

× e−imφ
∞∑

−∞
in Jn(mcu)ei(n−m)(�ut ′−φ) dt ′.
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This expression contains the following three integrals,

I1 =
∫ T0

0
ei(n−m)(�ut ′−φ)dt ′ =

{
0 if −m + n �= 0
T0 if −m + n = 0

I2 =
∫ T0

0
sin(�ut ′ − φ) sin((n − m)(�ut ′ − φ)) dt ′

I3 =
∫ T0

0
cos(�ut ′ − φ) cos((n − m)(�ut ′ − φ)) dt ′

giving for the last two

I2 =
⎧⎨
⎩

T0/2 if n − m = 1
−T0/2 if n − m = −1
0 otherwise

I3 =
⎧⎨
⎩

T0/2 if n − m = 1
T0/2 if n − m = −1
0 otherwise.

We obtain for the Fourier components in the two directions of the field

Emθ = − ekuγ
∗
h

3

πε0rp(1 + γ ∗
h

2θ2)2
im+1me−imφ

×
(

K ∗
uh

2
(Jm−1(mcu) + Jm+1(mcu)) − γ ∗

h θ Jm(mcu)

)
,

(9.28)

Emφ = − iekuγ
∗
h

3

πε0rp(1 + γ ∗
h

2θ2)2
im+1me−imφ K ∗

uh

2
(Jm−1(mcu) − Jm+1(mcu)),

where we used the relation ω1 = �u2γ ∗
h

2/(1 + γ ∗
h

2θ2), �u = β∗
h cku ≈ cku.

The field as a function of the reduced observation time tp is given by the complex Fourier
series obtained from (9.28), containing positive and negative frequencies,

E(tp) =
∞∑

m=−∞
Emeimω1tp

= − ekuγ
∗
h

3

πε0rp(1 + γ ∗
h

2θ2)2

∞∑
m=−∞

im+1meim(ω1tp−φ)

×
[(

K ∗
uh

2
(Jm−1(mcu) + Jm+1(mcu)) − γ ∗

h θ Jm(mcu)

)
ηηηθ

+ i
K ∗

uh

2
(Jm−1(mcu) − Jm+1(mcu))ηηηφ

]
(9.29)

where we used the unit vectors ηηηθ and ηηηφ introduced before in (9.14).
Using the symmetry relations (B.5) and (B.6) of Bessel functions,

J−n(x) = (−1)n Jn(x) , Jn(−x) = (−1)n Jn(x),



9.4 The radiation field from a strong helical undulator 195

we combine terms with±m and express the Fourier series in terms of trigonometric functions
of positive harmonics m > 0 only,

E(tp) = ekuγ
∗
h

3

πε0rp
(
1 + γ ∗

h
2θ2

)2

∞∑
m=1

m

× [(K ∗
uh(Jm−1(mcu) + Jm+1(mcu)) − 2γ ∗

h θ Jm(mcu))

× sin(m(ω1tp − φ + π/2))ηηηθ

+ K ∗
uh(Jm−1(mcu) − Jm+1(mcu))

× cos(m(ω1tp − φ + π/2))ηηηφ], (9.30)

and, by a different arrangement, in circular polarization components:

E(tp) =
√

2ekuγ
∗
h

3

πε0rp

(
1 + γ ∗

h
2θ2

)2

×
∞∑

m=1

m

[
(K ∗

uh Jm−1(mcu) − γ ∗
h θ Jm(mcu))

× cos(m(ω1tp − φ + π/2) − π/2)ηηηθ + sin(m(ω1tp − φ + π/2) − π/2)ηηηφ√
2

+ (K ∗
uh Jm+1(mcu) − γ ∗

h θ Jm(mcu))

× cos(m(ω1tp − φ + π/2) − π/2)ηηηθ − sin(m(ω1tp − φ + π/2) − π/2)ηηηφ√
2

]
. (9.31)

For a finite length Lu of an undulator containing many periods Nu � 1 of length λu, the
radiation at a given angle θ is no longer monochromatic but has the spectrum

Ẽ(ω) = 1√
2π

∫ π Nuω1

−π Nu/ω1

E(tp)e−iωtp dtp.

From (9.30) we obtain the Fourier transform of the mth harmonic expressed in terms of the
two linear modes of polarization,

Ẽ⊥(ω) = [Ẽθ (ω), Ẽφ(ω)]

= −ekuγ
∗
h

3

π
√

2πε0rp
(
1 + γ ∗

h
2θ2

)2

×
∞∑

m=1

im+1me−imφ[(K ∗
uh(Jm−1(mcu) + Jm+1(mcu)) − 2γ ∗

h θ Jm(mcu)),

+ iK ∗
uh(Jm−1(mcu) − Jm+1(mcu))]

π Nu

ω1

sin(π Nu �ω/ω1)

π Nu �ω/ω1
, (9.32)
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and, with (9.16), in terms of the two circular modes of polarization,

Ẽ⊥(ω) = [Ẽ+(ω), Ẽ−(ω)] = −ekuγ
∗
h

3

π
√

2πε0rp(1 + γ ∗
h

2θ2)2

×
∞∑

m=1

im+1me−imφ[(K ∗
uh Jm−1(mcu) − γ ∗

h θ Jm(mcu))(ηηηθ + iηηηφ)

+ (K ∗
uh Jm+1(mcu) − γ ∗

h θ Jm(mcu))(ηηηθ − iηηηφ)]

× π Nu

ω1

sin(π Nu �ω/ω1)

π Nu �ω/ω1
(9.33)

with

�ω = ω − mω1.

It should be noted that these are complex presentations of the above Fourier-transformed
field containing positive and negative frequencies ω but only positive harmonics m > 0.

For later discussions of the strong-helical-undulator radiation we need some properties
of the field which we derive from the above real Fourier series.

� m = 1. We write the fundamental component explicitly:

E1θ (tp) = ekuγ
∗
h

3

πε0rp(1 + γ ∗
h

2θ 2)2
cos(ω1tp − φ)

× (
K ∗

uh(J0(cu) + J2(cu)) − 2γ ∗
h θ J1(cu)

)
E1φ(tp) = ekuγ

∗
h

3

πε0rp

(
1 + γ ∗

h
2θ 2

)2 sin(ω1tp − φ) (9.34)

× K ∗
uh (J0(cu) − J2(cu)) .

� θ = 0. On the axis all Fourier components vanish except the fundamental m = 1, which becomes

E1θ=0(tp) = eku K ∗
uhγ

∗
h

3

πε0rp
[cos(ω1tp − φ), sin(ω1t − φ), 0],

giving circularly polarized radiation.
� γ ∗

h θ = 1. We investigate the field on this cone γ ∗
h θ = 1. Using the expressions for the sum and

difference between two Bessel functions two orders apart,

Jn−1(z) + Jn+1(z) = 2n

z
Jn(z), Jn−1(z) − Jn+1(z) = 2

dJn(z)

dz
,

we find cu = K ∗
uh and obtain for the radiation field (9.30)

Eθ (tp) = 0 (9.35)

Eφ(tp) = ekuγ
∗
h

3

2πε0rp

∞∑
m=1

cos(m(ω1tp − φ + π/2)) 2K ∗
uh

dJm(mcu)

d(mcu)
(mcu).

For γ ∗
h θ = 1 the θ -component vanishes and we are left with linear polarization in the φ-direction.
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9.5 Properties of strong-helical-undulator radiation

9.5.1 The total power

The total radiated power and energy are the same as those for the weak helical undulator
(9.20).

9.5.2 The angular spectral power distribution

We calculate the angular spectral power distribution of the radiation from a strong undulator
with a large number of periods Nu � 1:

d2 P

d� dω
= 2r2

p |Ẽ(ω)2|
µ0Lu

.

With the Fourier-transformed field given by (9.32) and the general expression (9.20) for the
total Ph, we obtain the angular spectral power distribution in terms of linear and circular
components of the polarization,

d2 Ph

d� dω
= d2(Puθ + Puφ)

d� dω
= Phγ

∗
h

2
∞∑

m=1

(Fhmθ + Fhmφ) fN(�ωm)

d2 Ph

d� dω
= d2(Pu+ + Pu−)

d� dω
= Phγ

∗
h

2
∞∑

m=1

(Fhm+ + Fhm−) fN(�ωm),

(9.36)

with the same spectral function as that found before, (8.42), for the strong plane undulator,

fN(�ωm) = Nu

ω1

⎛
⎜⎜⎝

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

⎞
⎟⎟⎠

2

, ωm = mω1 = m
2γ ∗

h
2�u

1 + γ ∗
h

2θ2

�ωm

ω1
= ω − mω1

ω1
,

∫ ∞

−∞
fN(�ωm) dω = 1,

and the normalized angular distribution functions separated according to the two linear and
the two circular modes of polarization,

Fhmθ (θ ) = 3m2(K ∗
uh(Jm−1(mcu) + Jm+1(mcu)) − 2γ ∗

h θ Jm(mcu))2

2π K ∗
uh

2(1 + K 2
u

)2
(1 + γ ∗

h
2θ2)3

Fhmφ(θ ) = 3m2(K ∗
uh(Jm−1(mcu) − Jm+1(mcu)))2

2π K ∗
uh

2(1 + K 2
u

)2
(1 + γ ∗

h
2θ2)3

(9.37)

Fhm+(θ ) = 6m2(K ∗
uh Jm−1(mcu) − γ ∗

h θ Jm(mcu))2

2π K ∗
uh

2(1 + K 2
u

)2
(1 + γ ∗

h
2θ2)3

Fhm−(θ ) = 6m2(K ∗
uh Jm+1(mcu) − γ ∗

h θ Jm(mcu))2

2π K ∗
uh

2(1 + K 2
u

)2
(1 + γ ∗

h
2θ2)3
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with the parameter

cu = 2K ∗
uhγ

∗
h θ

1 + γ ∗
h

2θ2
.

Since helical undulators are mainly used to produce radiation with circular polarization, we
will from now on give only the two components of the helicity and omit the expressions for
the two linear modes (Fig. 9.6).

9.5.3 The angular power distribution

For a large number of undulator periods Nu � 1, we have at a given angle a very narrow
band of frequencies. Integrating (9.36) over ω gives the angular distribution of the radiated
power:

dP

d�
= Phγ

∗
h

2[Fhm+(θ ) + Fhm−(θ )]. (9.38)

Most interesting is the radiation on the axis, which has perfect circular polarization and
will be discussed in detail later. We showed that the field Eθ vanishes on the cone γ ∗

h θ = 1,
and we are left with linear polarization in the φ-direction.

9.5.4 The spectral density of helical-undulator radiation

Like for the strong plane undulator, we assume that there is a large number of undulator
periods, giving at a given angle a very narrow spectral width, and approximate the spectral
function fN(�ωm) by the δ-function. This results in a relation between θ and frequency
ω ≈ ωm , as for the plane undulator, (8.45), which we can use to convert angle into frequency,

ω ≈ ωm = mω1 = m�u2γ ∗2

1 + γ ∗
h

2θ2
, dω = −2mω10γ

∗
h

2
(

ω1

ω10

)2

θ dθ,

which is used to convert the angular power distribution (9.38) into a spectral density. Owing
to the axial symmetry of the helical undulator, the integration of dP/d� over the angle φ
gives just a factor of 2π . We obtain for the spectral power density

dPm

dω
= (1 + γ ∗

h
2θ2)2

2mω10γ
∗
h

2

∫ 2π

0

dPm

d�
dφ = π(1 + γ ∗

h
2θ2)2

mω10γ
∗
h

2

dPm

d�
.

With the expression (9.38) for the angular distribution, we obtain the spectral power density

dPm

dω
= Ph

π

mω10

(
ω10

ω1

)2

(Fhm+ + Fhm−). (9.39)

With the relation

1

1 + γ ∗
h

2θ2
= ω1

ω10
= mω1

mω10
= ωm

ωm0
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Fig. 9.6. Cuts through the angular power distributions of the first three harmonics for Ku = 1/
√

2
(K ∗

uh = 1/
√

3).

we express the angular distribution functions in terms of frequency:

Fhm+(ω1/ω10) =
(

ω1

ω10

)3 6m2(K ∗
uh Jm−1(mcu) − γ ∗

h θ Jm(mcu))2

2π K ∗
uh

2(1 + K 2
u

)2

Fhm−(ω1/ω10) =
(

ω1

ω10

)3 6m2(Ku Jm+1(mcu) − γ ∗
h θ Jm(mcu))2

2π K ∗
uh

2(1 + K 2
u

)2 .
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The parameter mcu appearing as argument in the Bessel functions is also expressed in terms
of the frequency ratio

mcu = m
2K ∗

uhγ
∗
h θ

1 + γ ∗
h

2θ2
= 2mK ∗

uh

√
ω1

ω10

(
1 − ω1

ω10

)
.

We now express the spectral density in a compact form,

dPm

dωm
= Ph

mω10
[Shm+ + Shm−] = Ph

mω10
Shm, (9.40)

with the normalized spectral power functions (Fig. 9.7)

Shm+ = 3m
ωm

ω10

(K ∗
uh Jm−1(mcu) − γ ∗

h θ Jm(mcu))2

K ∗
uh

2(1 + K 2
u

)2

Shm− = 3m
ωm

ω10

(K ∗
uh Jm+1(mcu) − γ ∗

h θ Jm(mcu))2

K ∗
uh

2(1 + K 2
u

)2 .

9.5.5 The on-axis radiation

On the axis, θ = 0, the parameter cu vanishes. As a consequence, all the Bessel functions
in the normalized angular distribution functions (9.37) vanish also, except the one of order
(m − 1)/2 = 0, which gives J0(0) = 1. This also means that only the lowest harmonic
m = 1 contributes to the on-axis radiation. We have

cu = 2K ∗
uhγ

∗
h θ

1 + γ ∗
h

2θ2
= 0, Fh1+ = 3

π (1 + Kuh)3
, Fh1− = 0.

The angular power density (9.38) on the axis becomes

dP

d�
= Ph

3γ 2

π
(
1 + K 2

u

)3 = 2r0cm0c2k2
u K 2

u γ 4

π
(
1 + K 2

u

)3 .

It has a maximum value for Ku = 1/
√

2 or K ∗
uh = 1/

√
3 of

(
dP

d�

)
max

= 8r0cm0c2k2
uγ

4

27π
.

Since the optimum undulator parameter Ku is relatively small and higher harmonics vanish
on the axis, very strong helical undulators are of limited interest.

We assume that the radiation is observed also at the fundamental frequency ω = ω10, for
which the spectral function is

fN(�ωm) = Nu

ω10
= Nu

(
1 + K 2

u

)
2ckuγ 2

,
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and obtain for the angular spectral power distribution

d2 P

d� dω
= dP

d�
fN(�ωm) = Ph

3γ 2 Nu

π
(
1 + K 2

u

)3
ω10

= r0m0c2γ 2ku K 2
u Nu

π
(
1 + K 2

u

)2 .

This can again be expressed in terms of the photon flux,

d2ṅ

d� dω/ω
= 1

h̄

d2 P

d� dω
,

giving

d2ṅ

d� dω/ω
= r0m0c2γ 2ku K 2

u Nu

π h̄
(
1 + K 2

u

)2 = αfcγ 2ku K 2
u Nu

π
(
1 + K 2

u

)2 .

We also calculate the angular frequency distribution of the photons emitted by one electron
during one traversal,

d2n

d�ω/ω
= 2αfγ

2ku K 2
u N 2

u(
1 + K 2

u

)2 ,

and the photon flux per unit solid angle and relative frequency band radiated by an electron
current I ,

d2ṅ I

d� dω/ω
= 2αfγ

2 I K 2
u N 2

u

e
(
1 + K 2

u

)2 . (9.41)

This quantity has a maximum for Ku = 1, K ∗
uh = 1/

√
2 of(

d2ṅ I

d� dω/ω

)
max

= αfγ
2 I N 2

u

2e
.

As already discussed for the plane strong undulator, this optimization can be misleading
since the emitted frequency decreases with increasing Ku.

9.5.6 The development with respect to K ∗
uh

We develop now the angular power distribution with respect to K ∗
uh and approximate the first

three harmonics, each to the lowest power of this quantity but leaving the factor 1/(1 + K 2
u )2

in front unchanged. We present the two contributions to the helicity as two terms inside
the square brackets. Since the expressions are lengthy, the results are given in (C.3) in
Appendix C.

This approximation of the angular power distribution is shown in Fig. 9.8 for the
first three harmonics for the total radiation and the two modes of circular polarization.
Figure 9.8 clearly shows that the higher harmonics have vanishing intensity on the axis but
are distributed around it.
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Integrating the angular distribution (C.3) over φ and converting angles into frequencies
with the relation (9.39) gives the approximation for the spectral power distribution (C.4)
presented in Appendix C.

These approximated spectra are plotted in Fig. 9.9. The basic harmonic m = 1 has a sharp
edge at the highest frequency, which is due to the fact that the power is large on the axis,
θ = 0. The other harmonics vanish on the axis, resulting in a power spectrum that goes to
zero at the top frequency.

By integrating the above spectral power densities over frequency ω from 0 to mω10 or
the angular power density over solid angle, we find a development of the power contained
in the first three harmonics for the total and the two components of the helicity presented
in (C.5) in Appendix C.

We add up all three harmonics and obtain the emitted power, developed up to the fourth
power of K ∗

uh, for the two helicities and their sum:

P+ = Ph
1(

1 + K 2
u

)2

(
3

4
+ 27

20
K ∗2

uh + 1079

560
K ∗4

uh + · · ·
)

P− = Ph
1(

1 + K 2
u

)2

(
1

4
+ 13

20
K ∗2

uh + 601

560
K ∗4

uh + · · ·
)

P = Ph
1(

1 + K 2
u

)2

(
1 + 2K ∗2

uh + 3K ∗4
uh + · · ·) = Ph

(
1 + O(K ∗6

uh )
)
.

The errors in the above developments are therefore of order K ∗
uh

6 and higher.
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Wiggler magnets

10.1 Introduction

A wiggler is a set of dipole magnets located in a straight section that has a different field
strength Bw from that of the bending magnets of the ring. They are arranged and powered
in such a way that the overall bending and displacement of the electron orbit vanishes, a
condition that is also realized in undulators. For this reason undulators and wigglers are often
referred to as insertion devices since they are located in a straight section and can be powered
at different field levels without disturbing the orbit in the rest of the machine. However,
they provide some focusing of the electron beam, which might have to be corrected.

We distinguish basically between two types of wigglers: wavelength shifters, having only
one period, and multipole wigglers with many periods. The wavelength shifter has a short
and strong dipole magnet in the center, which is used as the main source of radiation, with
longer and weaker magnets on each side to make the overall bending vanish, as illustrated
in Fig. 10.1. Varying the field strength changes the critical energy and the radiated power.
Usually the central field is much larger than that of the lattice bending magnets and has
the purpose of providing very-short-wavelength radiation. For this reason it is called a
wavelength shifter. Apart from the different total power and critical frequency, the properties
of the emitted radiation are the same as those of that emitted in the bending magnets of the
ring.

Multipole wigglers have several periods and resemble strong undulators. They are op-
timized to provide a large flux with every pole serving as a source. Interference effects,
which lead to some quasi-monochromatic peaks in the spectrum, are present but are not
an important part of the optimization. Such wigglers are often used also to influence the
properties of the beam rather than being sources of radiation. This will be discussed in
Chapter 14.

10.2 The wavelength shifter

The wavelength shifter is a wiggler magnet consisting of a center dipole with a high field in
between two weaker dipoles, Fig. 10.1. This magnet arrangement should be a true insertion
device causing no overall deflection or displacement of the orbit in the rest of the machine.
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Fig. 10.1. A wavelength shifter consisting of one strong and two weak dipoles.

This can be achieved with∫
Bw(s) ds = 0 and Bw(s) = Bw(−s),

as in the case of undulators. This allows one to vary the field and change the spectrum
for one experiment without disturbing others. Only the high-frequency radiation emitted in
the center part is used. Owing to its much higher field and the geometrical separation, the
radiation from other magnets gives a small contamination to the spectrum. The properties of
the emitted radiation are therefore given by the expressions describing normal synchrotron
radiation given in Chapter 5. Compared with the ring bending magnets, the high wiggler
field Bw shifts the spectrum to higher frequencies characterized by the critical frequency
ωcw, which is usually higher than ωc of the lattice:

ωcw = 3cγ 3

2ρ
= 3ec2 Bwγ 2

2m0c2
,

ωcw

ωc
= Bw

B
.

10.3 The multipole wiggler

Multipole wigglers have several periods with the main purpose of increasing the intensity
of the radiation and obtaining a high flux. The interference effect between radiation from
different periods, which leads to quasi-monochromatic peaks in undulators, is of secondary
importance for wigglers. Being an insertion device with no overall bending of the orbit, the
field of a wiggler can be set to optimize the spectrum and the photon flux.

In many cases such wigglers can be treated, within some limitations, as strong undulators.
For this the amplitude of the trajectory in the wiggler should not be too large such that the
radiation emitted in the field of both polarities will reach the observer. A wiggler is often built
up of single-dipole magnets instead of a field with a harmonic dependence in the longitudinal
direction. This gives a slightly different particle trajectory and spectrum and is discussed
in [50]. For this reason we refer here to the radiated energy Uw rather than the power. The
number Nu of periods in such wigglers is often not very large. Some approximations used
for undulators are based on Nu � 1, and their validity for wigglers has to be checked and
the spectral function fN(�ω) adapted to a smaller number of periods if necessary. Finally,
we assumed for the undulators that, at a given observation point and frequency, only one
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harmonic m contributes significantly to the field. For the high harmonics observed and the
smaller number of periods this might not be satisfied in wigglers.

Keeping these restrictions in mind, we can calculate the angular spectral energy density
of the radiation at the mth harmonic emitted in a plane wiggler with reasonable accuracy
using the following expression for strong undulators given in Chapter 8 by (8.38),

d2 Pm

d� dω
= Puγ

∗2[Fmσ (θ, φ) + Fmπ (θ, φ)] fN(�ω),

with the distribution functions (8.40),

Fmσ (θ, φ) = 3m2

π
(
1 + K 2

u /2
)2

K ∗
u

2

(2�m1γ
∗θ cos φ − �m2 K ∗

u )2

(1 + γ ∗2θ2)3

Fmπ (θ, φ) = 3m2

π
(
1 + K 2

u /2
)2

K ∗
u

2

(2�m1γ
∗θ sin φ)2

(1 + γ ∗2θ2)3
,

containing the sums �m1 and �m2 given by (8.30). The spectral function fN(�ω) given
by (8.42) was derived for Nu � 1 but we can give a version that is more accurate for few
periods:

fN(�ω) = Nu

ω1

⎛
⎜⎜⎝

sin

(
�ω

ω1
π Nu

)
�ω

ω1
π Nu

⎞
⎟⎟⎠

2(
1 + �ω/ω1

2 + �ω/ω1

)2

.

For the total energy Uw radiated by a particle traversing the undulator we had better use
here the general expression

Uw = 2r0c2e2 E2
e

3(m0c2)3

∫
B2

w(s) ds

instead of one specialized to a harmonic trajectory.
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Weak magnets – a generalized weak undulator

11.1 Properties of weak-magnet radiation

11.1.1 Introduction

We consider a magnet with a symmetry plane z, x in which a charged particle moves mainly
in the z-direction. The geometry is the same as the one given in Fig. 6.1 but the undulator
is replaced by a magnet with a more general field of the form By(z). We make the same
approximations as for the weak undulator and assume that we have an ultra-relativistic
motion and that the magnetic field is sufficiently weak that the maximum angle of the
particle trajectory with respect to some suitable axis is smaller than the natural opening
angle of the emitted radiation:

x̂ ′ ≈ ψ0 ≈ β̂x < 1/γ.

This justifies a paraxial approximation:

1

ρ(z)
= eBy(z)c

m0c2γ
= d2x/dz2

(1 + (dx/dz)2)3/2
≈ 1

c2

d2x

dt ′2 = β̇x

c
.

Furthermore, we assume the radiation to be observed from a distance rp much larger than
the length Lu of the generalized undulator:

rp � Lu.

Finally, this magnet is an insertion device and thus should not affect the orbit elsewhere in
the ring, giving the condition for the trajectory x(z) and its derivative x ′(z) at its entry and
exit:

x(Lu/2) = x(−Lu/2) = 0, x ′(Lu/2) = x ′(−Lu/2) = 0.

This is fulfilled for a field with a vanishing integral and symmetry around the center z = 0:∫
Bz(z) dz = 0, Bz(z) = Bz(−z).

The second condition is sufficient but not necessary and it simplifies some other aspects, so
we will use it in all examples.

209
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The field of a weak magnet can be presented directly as By(z) or in terms of spatial
Fourier transform B̃ y(kg). They are related by

B̃ y(kg) = 1√
2π

∫ ∞

−∞
By(z)e−ikgz dz

By(z) = 1√
2π

∫ ∞

−∞
B̃ y(kg)eikgz dkg. (11.1)

The second expression represents a decomposition of the field By(z) into infinitely long
weak undulators with wave numbers kg = 2π/λg. We can calculate the radiation field due
to each component using the undulator equation. Integrating all these contributions over kg

with the proper phase and weighted with the field strength B̃ y(kg) gives the total radiation
field emitted in this weak magnet.

11.1.2 The trajectory

In the notation used here the magnet has spatial Fourier components with wave number
kg that replace ku used for a harmonic undulator. Each component represents a very long
undulator, which radiates at a given angle a very sharp line with frequency

ω ≈ ω1 = 2ckgγ
2

1 + γ 2θ2
.

The spectrum of the final radiation field is made up of the contributions by each of these
components.

We determine the particle trajectory using the same approximation as for weak undulators
(7.15):

n ≈ np ≈ [θ cos φ, θ sin φ, 1 − θ2/2]

βββ = [βx , 0, βz] ≈ β[0, 0, 1]

β̇ββ = [β̇, 0, 0] = −ec2 By(z)

m0c2γ
[1, 0, 0]

1 − n ·βββ = 1 − β cos θ = 1 + γ 2θ2

2γ 2

[n × [(n − βββ) × β̇ββ]] = c2eBy(z)

2m0c2γ 3
[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)].

11.1.3 The radiation from weak magnets

We get the radiation field from the Liénard–Wiechert expression,

E(t) = e

4πε0

{
[n × [(n − βββ) × β̇ββ]]

cr (1 − n ·βββ)3

}
ret

,
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taking only the lowest order of the field strength and using again the classical electron radius
r0 = e2/(4πε0m0c2):

E⊥(t) = 4r0cγ 3

rp

{
B(z)

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

}
ret

.

To express this field in terms of the observation time t , or tp = t − rp/c, and frequency
ω we use the relations

z = βct ′ ≈ ct ′ = 2γ 2

1 + γ 2θ2
ctp, kg = 1 + γ 2θ2

2cγ 2
ω, kgz = ωtp (11.2)

and obtain the radiation field emitted in this weak-field undulator in the time domain:

E⊥(tp) = 4r0cγ 3

rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3
B

(
2γ 2

1 + γ 2θ2
ctp

)
. (11.3)

We obtain this field in the frequency domain [60] by taking a Fourier transform:

Ẽ⊥(ω) = 4r0cγ 3

rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

× 1√
2π

∫ ∞

−∞
B

(
2γ 2

1 + γ 2θ2
ctp

)
e−iωtp dtp.

With the relations (11.2) we can express the Fourier integral appearing above:

1√
2π

∫ ∞

−∞
B

(
2γ 2

1 + γ 2θ2
ctp

)
e−iωtp dtp = 1 + γ 2θ2

2cγ 2

1√
2π

∫ ∞

−∞
B(z)e−ikgz dz

= 1 + γ 2θ2

2cγ 2
B̃(kg).

With (11.2) we express the wave number kg in terms of the frequency ω and obtain the
radiation field in the frequency domain directly from B̃ y(kg):

Ẽ⊥(ω) = 2r0γ

rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)2
B̃

(
1 + γ 2θ2

2cγ 2
ω

)
. (11.4)

However, in many cases it is easier to calculate first the radiation field Ẽ(tp) and Fourier
transform it afterwards. At a fixed angle θ , the time dependence of this field has the same
form as the spatial dependence of the magnetic field and, as a consequence, the frequency-
domain field has the same form as the spatial Fourier transform of the magnetic field with
the scaling ratios

ctp = 1 + γ 2θ2

2γ 2
z, ω = 2γ 2

1 + γ 2θ2
ckg.



212 Weak magnets – a generalized weak undulator

The total energy radiated by a charge e in this weak magnet and its angular spectral
distribution are given by the general expressions

U0 = 2r0e2c2 E2
e

3(m0c2)3

∫ ∞

−∞
B2(z) dz,

d2U

d� dω
= 2r2

p |Ẽ(ω)|2
µ0c

. (11.5)

From the latter and (11.4) we obtain

d2U

d� dω
= 4r0ce2 E2

e γ
2

3(m0c2)3
(Fuσ + Fuπ )

1 + γ 2θ2

2γ 2

∣∣∣∣B̃
(

1 + γ 2θ2

2cγ 2
ω

)∣∣∣∣
2

= U0
Fuσ + Fuπ

c
∫ ∞
−∞ B2

y (z) dz
(1 + γ 2θ2)

∣∣∣∣B̃
(

1 + γ 2θ2

2cγ 2
ω

)∣∣∣∣
2

, (11.6)

where we use the particle energy Ee = m0c2γ and the angular distribution functions (7.37)
introduced before, Fuσ , Fuπ , and Fu = Fuσ + Fuπ for the horizontal and vertical polariza-
tions and for the total undulator radiation. The above angular spectral energy distribution
contains positive frequencies only:

Fuσ (θ, φ) = 3

π

(1 − γ 2θ2 cos(2φ))2

(1 + γ 2θ2)5
, Fuπ (θ, φ) = 3

π

sin2(2φ)

(1 + γ 2θ2)5
.

On the basis of Parseval’s equation∫ ∞

−∞
B2(z) dz =

∫ ∞

−∞

∣∣B̃∣∣2(kg) dkg = 2
∫ ∞

0

∣∣B̃∣∣2(kg) dkg

we included the necessary factor of 2. The above expression gives the spectral angular
energy distribution of the radiation emitted in a general weak magnet in which the angle of
the particle trajectory nowhere exceeds the natural emission angle 1/γ . Since the magnetic
field By(z) can have strong variations it is more suitable to give the energy rather than the
power distribution of the radiation.

The angular energy density is obtained by integrating (11.6) over the frequency ω. With
the relation (11.2) and Parseval’s equation we obtain

∫ ∞

−∞

1 + γ 2θ2

2cγ 2

∣∣∣∣B̃
(

1 + γ 2θ2

2cγ 2
ω

)∣∣∣∣
2

dω =
∫ ∞

−∞

∣∣B̃(kg)
∣∣2 dkg =

∫ ∞

−∞
B2(z) dz

and

dU

d�
= U0γ

2(Fuσ + Fuπ ).

This angular energy distribution of the total radiation is the same for all generalized plane
weak undulators. However, the spectral distribution depends on the particular shape of the
magnetic field. Furthermore, the angular distribution of the radiation selected at a certain
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frequency ω depends also on the shape of the field. This makes it possible to obtain a desired
spectrum or a certain angular distribution at a given frequency by a suitable choice of the
undulator field.

In the following we distinguish between weak magnets of relatively limited length, called
short magnets, and generalized weak undulators in which the fundamental harmonic field
is modulated by a slowly varying function. Both magnets should be weak such that the
maximum angle ψ0 of the particle trajectory is smaller than the typical opening angle of
the emitted radiation ψ0 < 1/γ .

11.2 Short magnets

11.2.1 Introduction

These magnets are short and do not have a quasi-periodic structure. Their use has been con-
sidered in order to obtain a large opening angle or a shorter wavelength [60] under some
conditions. We assume that we have plane magnets with a (x, z)-symmetry plane where the
magnetic field has only a y-component. The condition for vanishing overall deflection and
displacement of the particle trajectory is satisfied with∫ ∞

−∞
By(z) dz = 0, By(−z) = By(z),

as for undulators. The condition ψ0 ≈ x̂ ′ < 1/γ limits the strength of the magnetic field
for a given length of the magnet.

11.2.2 Qualitative properties of the short-magnet radiation

As in Chapter 6, we use qualitative arguments to estimate some properties of the radiation.
We start with the emitted pulse length or frequency and consider a magnet of length L with
an observer located about at the extension of the particle trajectory as shown in Fig. 11.1.

By repeating the calculations that we performed in the first chapter, we calculate the
length of the radiation pulse received by the observer. The first detected photon was emitted
at the entrance of the magnet and the last one originated at its exit. The full length of the
pulse is given by the difference in time which the radiation and the electron take to traverse
the magnet of length L . We neglect the increase in length of the trajectory due to the small
deviation from a straight line of the electron trajectory in this weak magnet and obtain for
the pulse length

�tsm = te − t� ≈ L

βc
− L

c
≈ L

βc
(1 − β) ≈ L

2cγ 2

and for the typical wavelength and frequency

λsm ≈ L

2γ 2
, ωsm ≈ 2π

�tsm
= 4πcγ 2

L
. (11.7)
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Fig. 11.1. The pulse length and the typical frequency emitted in a short magnet.
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Fig. 11.2. The typical opening angle of short-magnet radiation at a frequency ω.

The result of this calculation is similar to that obtained for weak undulators with L repre-
senting the period length. However, in contrast to undulator radiation, the spectrum emitted
in a short magnet is very broad and different frequencies can be received at the same
angle.

Next we estimate the opening angle θsm of the radiation emitted at a given frequency ω.
We consider a short magnet and ask at what angle the radiation contributions emitted at the
entrance and exit of this magnet cancel out for a certain wavelength. From Fig. 11.2 we find
the time difference between these two contributions to the wave emitted at an angle θ ,

�t = L

βc
− L cos θ

c
= 1

βc
(1 − β cos θ ) ≈ L

c

1 + γ 2θ2

2γ 2
=

(
n + 1

2

)
λ

c
,
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where we take for the order n the lowest value which gives a positive value for γ 2θ2. We
choose a typical wavelength λ = L/(2γ 2) and find with n = 1 an opening angle of

θsm ≈ 1√
2γ

. (11.8)

Since the spectrum is broad, we can choose a longer wavelength and obtain a larger opening
angle.

Short magnets are sometimes used to obtain radiation of relatively high frequency having
a large opening angle. In this case we might choose ω � ωsm and get γ 2θ2 � 1. Using the
corresponding approximation, we find

θ ≈ 1

γ

√
ωsm

2ω
≈

√
2λ

L
, (11.9)

where we used the expression (11.7) for the typical frequency ωsm of short-magnet radiation.
This opening angle is an appropriate description of the distribution of short-magnet

radiation and is valid for the horizontal plane of deflection as well as for the perpendicular
direction. Its dependence on the length of the magnet is given by the same physical principles
as those relevant for a long array of antennas that can confine emitted radio waves to a small
opening angle.

11.3 The modulated undulator radiation

11.3.1 Introduction

We consider a weak magnetic field with a basic period of length λu and a slow superimposed
modulation [61, 62]. Assuming that we have a symmetry condition By(−z) = By(z), the
field is of the form

By(z) = B0 fm(z)g(z) = B0 fm(z) cos(kuz),

where the modulation function fm(z) is assumed to change little over a period length λu.
We calculate the Fourier transform of the periodic part, assuming first that we have a

finite length Lu = Nuλu:

g̃(kg) = 1√
2π

∫ Lu/a

−Lu/2
cos(kuz) cos(kgz) dz

= 1√
2π

(
sin((kg − ku)π Nu/ku)

kg − ku
+ sin((kg + ku)π Nu/ku)

kg + ku

)
.

For the interesting case of kg ≈ ku and a large number of periods Nu � 1, we can neglect
the second term and use the form

g̃(kg) ≈ 1√
2π

π Nu

ku

sin((kg − ku)π Nu/ku)

(kg − ku)π Nu/ku
with

∫ ∞

−∞
g̃(kg) dkg =

√
π

2
.
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Fig. 11.3. An undulator field By(z) with sharp termination at finite length ±Lu/2.

For Nu � 1 the above expression is very large around kg ≈ ku but quite small elsewhere.
We can approximate the Fourier transform of g(t) by a Dirac δ-function:

g̃(kg) = π√
2π

δ(kg − ku).

To calculate the Fourier transform B̃(kg) of the field we use the convolution theorem,

B̃ y(kg) = B0√
2π

∫ ∞

−∞
fm(z)g(kg)e−ikgz dz = B0√

2π

∫ ∞

−∞
f̃ m(kd)g̃(kg − kd) dkd,

giving

B̃ y(kg) = B0

2

∫ ∞

−∞
f̃ m(kd)δ(kg − ku − kd) dkd = B0

2
f̃ m(kg − ku). (11.10)

This expression gives directly the Fourier transform of the modulated undulator field. How-
ever, this method does not present a significant advantage over calculating the Fourier
transformation of the product between the two functions in the standard way.

11.3.2 The undulator of finite length

We have already treated an undulator of finite length. We do it again as an example of the
weak-magnet formalism. We take a harmonic undulator with a large number of periods,
Nu � 1, of length λu, and total length Lu = Nuλu. The magnet field, shown in Fig. 11.3,
has the form

By(z) = B0 cos(kuz) for − Nuλu ≤ z ≤ Nuλu; otherwise By(z) = 0.

The modulating function fm(z) and its Fourier transform are

fm(z) =
{

1 for |z| < Lu/2
0 for |z| > Lu/2

f̃ (kg) = 2√
2π

π Nu

ku

sin((kg − ku)π Nu/ku)

(kg − ku)π Nu/ku
,
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where we used Lu = Nuλu = 2π Nu/ku. With (11.10) this gives for the Fourier-transformed
field

B̃ y(kg) = 1√
2π

∫ ∞

−∞
By(z)e−ikgz dz ≈ B0√

2π

Nuπ

ku

sin((kg − ku)Nuπ/ku)

(kg − ku)Nuπ/ku
.

We calculate the total and maximum deflection angles of an ultra-relativistic charge e of
energy Ee traversing the undulator and the integral over the square of the magnetic field:

ψ0 = ec

Ee

∫ λu/4

0
B(z) dz = eB0

m0cγ ku
= Ku

γ
<

1

γ
� 1

φ0 = ec

Ee

∫ ∞

−∞
By(z) dz = 0

∫ Lu/2

−Lu/2
B2

y (z) dz = B2
0

Lu

2
.

We use the relations (11.2) and

ku = ω1
1 + γ 2θ2

2cγ 2
, �ω = ω − ω1, Ku = eB0

m0cku
< 1.

We obtain the radiation field from (11.3) in time for |ω1tp| ≤ π Nu and from (11.4) in the
frequency domain,

E⊥(tp) = 4r0cγ 3 B0

rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3
cos(ω1tp)

Ẽ⊥(ω) = 4r0cγ 3 B0√
2πrp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

π Nu

ω1

sin(�ω π Nu/ω1)

�ω π Nu/ω1
,

which agrees with the expression (7.30) obtained before directly.
The total radiated energy is (11.5)

U0 = 2r0e2c2 E2
e

3(m0c2)3

∫ ∞

−∞
B2(z) dz = r0e2c2 E2

e B2
0 Lu

3(m0c2)3
= 2πr0m0c2γ 2ku K 2

u Nu

3

and its angular spectral distribution is

d2U

d� dω
= U0γ

2[Fuσ (θ, φ) + Fuπ (θ, φ)] fN(�ω) (11.11)

with fN(�ω) being the normalized spectrum function (7.38):

∫
Nu

ω1

(
sin(π Nu �ω/ω1)

π Nu �ω/ω1

)2

d�ω = 1.
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The angular spectral energy density of the radiation at the fundamental frequency is
obtained by setting ω = ω10 in the general expression (11.11) and expressing the relative
frequency deviation by

�ω

ω1
= ω10 − ω1

ω1
= γ 2θ2.

For a large number of periods Nu � 1 the square of the normalized opening angle of the
filtered radiation is small, γ 2θ2 � 1, and the angular distribution can be approximated as
Fu ≈ Fuσ ≈ 3/π . We obtain for the angular spectral energy distribution at the fundamental
frequency

d2U

d� dω
(ω10) = U0

3γ 2

π

Nu

ω10

(
sin(π Nuγ

2θ2)

π Nuγ 2θ2

)2

. (11.12)

This distribution was discussed earlier in (7.41) and is plotted here on the left-hand side
of Fig. 11.4 against

√
π Nuγ θ . Integration over the solid angle gives the spectral energy

density at ω10,

dU

dω
(ω10) = U0

3

2ω10
,

which agrees with the earlier results.
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Fig. 11.4. The normalized angular spectral energy density of the radiation from a weak undulator of
finite length having Nu periods: left; at the fundamental frequency ω10 as a function of angle θ , and
right; on the axis, θ = 0, as a function of the frequency deviation �ω = ω − ω10.
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The variance of the angular distribution at ω10,

〈θ2〉 =

∫ ∞

0
θ2 d2U

d� dω
θ dθ dφ

dU
dω

→ ∞,

diverges, as we have discussed already in Chapter 7. This is caused by the unrealistic sharp
termination of the undulator field at ±Lu/2. This leads to an excessive amount of radiation
at high frequencies, which in turn gives a wide angular distribution after filtering at ω10. A
realistic undulator has a smooth field termination at the end and does not produce such a
high-frequency tail. We have fitted the distribution (11.12) with the function (7.43) having
at the center the same value and the same first non-vanishing derivative in order to obtain
an approximate value (7.44) for θRMS.

The spectral energy density on the axis is obtained by setting θ = 0, giving Fu = Fuσ =
3/π and ω1 = ω10 in (11.11),

d2U

d� dω
(ω10) = U0

3γ 2

π

Nu

ω10

(
sin(π Nu /�ω/ω10)

π Nu �ω/ω10

)2

with �ω = ω − ω10. This distribution is shown on the right-hand side of Fig. 11.4.

11.3.3 The undulator radiation with amplitude modulation

We consider an undulator field, shown in Fig. 11.5, of the form

By(z) = B0 cos(k0z) (1 + a cos(kmz)) for |z| ≤ Lu/2.

This represents a harmonic field with the fundamental wave number k0 = 2π/λ0, which is
amplitude modulated by a relative magnitude a and wave number km = 2π/λm. We assume
that this undulator of length Lu contains a large integer number of both wavelengths:

Lu

λ0
= N0 � 1,

Lu

λm
= Nm � 1, N0 − Nm � 1.
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Fig. 11.5. The field of a finite-length undulator with a harmonic field modulation.
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The field can be expressed as a function of z of the form

By(z) = B0

(
cos(k0z) + a

2
(cos((k0 − km)z) + cos((k0 + km)z))

)
= B0

(
cos(k0z) + a

2
(cos(k−z) + cos(k+z))

)
for |z| ≤ Lu/2

with

k− = k0 − km, k+ = k0 + km, N− = N0 − Nm, N+ = N0 + Nm.

The Fourier-transformed magnetic field as a function of ku is

B̃ y(ku) ≈ B0

√
π

2

(
N0

k0

sin((ku − k0)π N0/k0)

(ku − k0)π N0/k0

+ a

2

(
N−
k−

sin((ku − k−)π N−/k−)

(ku − k−)π N−/k−
+ N+

k+

sin((ku − k+)π N+/k+)

(ku − k+)π N+/k+

))
.

It consists of a carrier with wave number around k0 and two side bands spaced by ±km

around it, all having a certain width.
Using the relations

z = 2γ 2

1 + γ 2θ2
ctp ≤ Lu

2
, ck0 = 2γ 2

1 + γ 2θ2
ω1, ckm = 2γ 2

1 + γ 2θ2
ωm

and ω− = ω1 − ωm, ω+ = ω1 + ωm, we obtain the radiation field from (11.3) in the time
domain,

E⊥(tp) = 4r0cγ 3 B0

rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3
cos(ω1tp)(1 + a cos(ωm1tp)),

and from (11.4) in the frequency domain,

Ẽ⊥(ω) = 4πr0cγ 3 B0√
2πrp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

×

⎛
⎜⎜⎝ N0

ω1

sin

(
ω − ω1

ω1
π N0

)
ω − ω1

ω1
π N0

+ a

2

⎛
⎜⎜⎝ N−

ω−

sin

(
ω − ω−

ω−
π N−

)
ω − ω−

ω−
π N−

+ N+
ω+

sin

(
ω − ω+

ω+
π N+

)
ω − ω+

ω+
π N+

⎞
⎟⎟⎠
⎞
⎟⎟⎠.

From (11.5) we obtain the total radiated energy,

U0 = 2r0e2c2 E2
e

3(m0c2)3

∫ ∞

−∞
B2(z) dz = r0e2c2 E2

e B2
0 Lu

3(m0c2)3

(
1 + a2

2

)
,
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Fig. 11.6. The spectral angular energy distribution on the axis, θ = 0, of the radiation from an
undulator with N0 = 96 periods having a harmonic modulation of index a = 0.2 and Nm = 16 periods.

and its angular spectral distribution,

d2U

d� dω
= U0γ

2(Fuσ + Fuπ )
1

1 + a2/2

×

⎛
⎜⎜⎜⎝ N0

ω1

⎛
⎜⎜⎝

sin

(
ω − ω1

ω1
π N0

)
ω − ω1

ω1
π N0

⎞
⎟⎟⎠

2

+ a2

4

⎛
⎜⎜⎜⎝ N−

ω−

⎛
⎜⎜⎝

sin

(
ω − ω−

ω−
π N−

)
ω − ω−

ω− π N−

⎞
⎟⎟⎠

2

+ N+
ω+

⎛
⎜⎜⎝

sin

(
ω − ω+

ω+
π N+

)
ω − ω+

ω+ π N+

⎞
⎟⎟⎠

2⎞⎟⎟⎟⎠
⎞
⎟⎟⎟⎠.

The spectrum of the amplitude-modulated undulator has a carrier at ω1 and two side bands
as illustrated in Fig. 11.6.

11.3.4 The undulator radiation with Lorentzian modulation

As another example of interest we consider a weak harmonic undulator with period length
λu having a slow modulation with a Lorentzian function [63], which is shown in Fig. 11.7,

B(z) = B0
cos(kuz)

1 + (z/z0)2
.

The number Nu of periods within the characteristic length 2z0 should be large. We obtain
from (11.10)

B̃(kg) =
√

π

2

B0z0

2
e−|kg−ku|π Nu/ku . (11.13)
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Fig. 11.7. An undulator field By(z) having a Lorentzian modulation.

We use the undulator parameter K0 = eB0/(m0cku) < 1 in the center, assume that we have
a weak undulator, and obtain the maximum and total deflecting angles ψ0 and φ0, and the
integral over the square of the magnetic field:

ψ0 = ec

Ee

∫ λu/4

0
By(z) dz ≈ eB0

m0cγ ku
≈ Ku

γ
<

1

γ

φ0 = ec

Ee

∫ ∞

−∞
By(z) dz = π2 K0 Nu

γ
e−π Nu

∫ ∞

−∞
B2

y (z) dz = π B2
0 z0

4
(1 + (1 + 2kuz0)e−2kuz0 ) ≈ π B2

0 z0

4
.

We use the relations (11.2) and

cku = 1 + γ 2θ2

2γ 2
ω1, z0 = 2γ 2

1 + γ 2θ2
ct0

to obtain, with (11.13), the radiation field, from (11.3) in time, and from (11.4) in the
frequency domain:

E⊥(tp) = eγ 3ku K0

πε0rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

cos(ω1tp)

1 + t2
p /t2

0

Ẽ⊥(ω) = eγ 3ku K0

πε0rp

[1 − γ 2θ2 cos(2φ), −γ 2θ2 sin(2φ)]

(1 + γ 2θ2)3

√
π

2

π Nu

2ω1
exp

(
−
∣∣∣∣ω − ω1

ω1

∣∣∣∣π Nu

)
.

The total energy radiated by an electron of energy Ee = m0c2γ traversing this undulator
is, according to (11.5),

U0 = 2r0e2c2 E2
e B2

0 z0

3(m0c2)3

π

4
= π2r0m0c2γ 2ku K 2

0 Nu

6
,

and its angular spectral energy distribution is, according to (11.5),

d2U

d� dω
= U0γ

2(Fuσ + Fuπ )
π Nu

ω1
e−2π Nu|ω−ω1)|/ω1 . (11.14)
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Fig. 11.8. The normalized angular spectral energy density of the radiation from a weak harmonic
undulator with a Lorentzian modulation: left; at the fundamental frequency ω10 as a function of the
angle θ ; and right; on the axis, θ = 0, as a function of the frequency deviation �ω = ω − ω10.

Integrating over frequency gives the normalization

π Nu

ω1

∫
e−2π Nu|ω−ω1|/ω1 dω = π Nu

ω1

(∫ ω1

0
e2π Nu(ω−ω1)/ω1 dω +

∫ ∞

ω1

e−2π Nu(ω−ω1)/ω1 dω

)
= 1.

At a fixed angle θ the spectrum decays exponentially above and below the proper frequency
ω1 with a full width at 1/e of the maximum height of �ω/ω1 = 1/(π Nu).

We filter the radiation at the fundamental frequency by setting ω = ω10 in (11.14) and
approximate for N0 � 1, resulting in γ 2θ2 � 1. We are left with the σ -mode only, which
has the field and energy distributions

Ẽx (ω10) =
√

2πeγ 3ku K0 Nu

4ε0rpω10
e−π Nuγ

2θ2

(11.15)
d2U

d� dω
(ω10) = U0

3γ 2 Nu

ω10
e−2π Nuγ

2θ2
.

The radiation emitted by an undulator with a Lorentzian modulation selected at the fun-
damental frequency has a Gaussian angular distribution, as shown on the left-hand side of
Fig. 11.8. Integrating over the solid angle gives the spectral energy density at the funda-
mental frequency

dU

dω
(ω10) = U0

3

2ω10
. (11.16)
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The RMS opening angle and its projections are

σθ = 1√
2π N0γ

, σx ′ = σy′ = 1

2
√

π N0γ
.

The angular spectral energy distribution on the axis is obtained by setting θ = 0 and
ω1 = ω10 in (11.14), giving ω1 = ω10:

d2U

d� dω
(ω10) = U0

3γ 2 Nu

ω10
e−2π Nu|ω−ω10|/ω10 .

This spectrum decays exponentially on both sides of the fundamental frequency with an
RMS width of

σω

ω10
= 1√

2π N0

.

It is shown on the right-hand side of Fig. 11.8. This example illustrates the interconnection
between the spectrum of the radiation and the angular distribution at a given frequency.

11.4 The Compton back scattering and quantum correction

In some experiments a laser beam collides head-on with electrons circulating in a storage
ring, Fig. 11.9. The laser is an electromagnetic wave having magnetic and electric fields per-
pendicular to each other and to the direction of propagation. To make later the connection to
undulators, we call the laser wavelength λ�, its wave number k� = 2π/λ�, and its frequency
ω� = k�c. For the electron the field of this wave resembles that of an undulator, with two
differences: the laser beam has an E-Field and a B-field both deflecting the electron, and
the laser beam moves against electrons, which makes them oscillate at a frequency �u that
is about twice the frequency of the light. While the electron advances λ�/2 the light wave
moves by the same amount against the electron and the two have the same relative phase
as at the beginning:

�u = (1 + β)k�c ≈ 2k�c.

The emitted radiation therefore has twice the frequency compared with that for a static
undulator of the same period length λu = λ�.

Since the electromagnetic field of the laser represents a deflecting force for the electron,
very similar to the static magnetic field of an undulator, we could calculate the resulting
radiation the same way in both cases. However, we will consider the laser field as a stream
of photons of energy h̄ω� = h̄ck� and investigate the kinematics of the Compton scattering
between photons and electrons.

We assume that we have an ultra-relativistic electron beam with γ � 1 moving in the
z-direction and colliding head-on with the laser wave moving in the −z-direction, Fig. 11.9.

The electron has energy and momentum

Ee = m0c2γ, p = p0[0, 0, 1]
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Fig. 11.9. Compton scattering between a laser and an electron beam.

with p0 = m0cβγ ≈ m0cγ . For the photon these parameters are

E� = h̄ω�, p� = h̄ω�

c
[0, 0, −1].

We calculate the radiation as Compton scattering under conservation of energy and
momentum with γ, γ ′ � 1,

m0c2γ + h̄ω� = m0c2γ ′ + h̄ω1

m0cβγ − h̄ω�

c
= m0cβ ′γ ′ cos ξ + h̄ω1

c
cos θ

0 = −m0cβ ′γ ′ sin ξ + h̄ω1

c
sin θ,

where ω1, γ ′, and β ′ are the values after scattering. For given initial parameters ω� and γ

we can select a scattering angle θ of the photon and calculate its frequency ω1 as well as
the angle ξ and Lorentz factor γ ′ of the electron after scattering. We find for the frequency

ω1 = ω�

4γ 2

1 + γ 2θ2 + 4 h̄ω�γ /(m0c2)
, ω10 = ω�

4γ 2

1 + 4 h̄ω�γ /(m0c2)
(11.17)

with ω10 being the highest frequency which is observed in the forward direction θ = 0.
This equation has a similar form to that giving the frequency of the radiation emitted in an
undulator of wave number and wavelength given by ku = 2π/λu:

ω1 = 2πc

λu

2γ 2

1 + K 2
u /2 + γ 2θ2

. (11.18)

On comparing the two we find three important differences.

� The emitted frequency for Compton scattering is a factor of two higher than that for undulator
radiation. This is expected since the photon and ultra-relativistic electron beam move against each
other as discussed before.



226 Weak magnets – a generalized weak undulator

� Compton scattering has an extra term in the denominator,

4h̄ω�

m0c2
= 4h̄ω�γ

2

m0c2γ
= h̄ω10

m0c2γ
, (11.19)

which gives the ratio between the energy of the photon emitted in the forward direction and the
energy of the electron. We express (11.17) for emission in the forward direction, multiply it by h̄
and arrange it differently,

h̄ω10 = m0c2γ
4γ 2h̄ω�

m0c2γ + 4γ 2h̄ω�

,

which now gives the photon energy h̄ω emitted in the forward direction as a function of the laser
photon energy h̄ω�. As long as 4γ 2h̄ω� � m0c2γ the energy of the emitted photons increases about
linearly with that of the laser photons. However, as the latter becomes larger this increase becomes
slower and approaches in the extreme case h̄ω10 → m0c2γ . This is of course expected since the
electron is not able to emit a photon of higher energy than it has itself.
However, in the expression (11.18) for undulators there is no such limitation and, for an extremely
small period length λu, the radiated photon could have a larger energy than that of the electron.
Quantum effects were neglected in deriving the undulator-radiation spectrum. The relation E� = h̄ω

was applied only at the end in order to convert the frequency spectrum into a photon distribution. In
this process the recoil momentum acting on the electron was ignored, but it is included in Compton
scattering. The extra term (11.19) is often called the quantum correction. Such a modification should
be included for undulator and synchrotron radiation. A proper quantum-mechanical treatment is
not covered here but given in many publications [36].
In a qualitative approach to understanding undulator radiation we went into a system that moves
with the drift velocity of the electron as illustrated in Figs. 6.5 and 6.6. In this frame the undulator
represents a periodic field, moving against the electron with nearly the speed of light, which greatly
resembles the situation in Compton scattering. However, there is a fundamental difference between
the two. For the moving undulator there exists a frame, the laboratory frame, in which it becomes
a static magnetic field. Such a frame does not exist for the laser beam used in Compton scattering.

� The undulator-radiation frequency contains a term K 2
u /2 in the denominator that corrects for strong-

field effects. This term is missing from the Compton effect since it is usually negligible. Laser back
scattering is done with visible radiation, which has a small wavelength λ�. Unless the field is
extremely large, the corresponding undulator parameter is very small. Since we obtain deflection
from the magnetic and electric fields, we have to include a factor of 2 in the deflecting force but a
shorter period seen by the electron:

K� = 2
eB̂

m0ck�

= eÊ

m0c2k�

= 2
eB̂λ�

2πm0c
.

For green light with a wavelength λ� = 500 nm we need a field of B̂ = 21.4 T or Ê = 6.4 ×
1012 V/m−1 in order to reach K� = 1 and observe some of the strong-undulator effects. This field
is very large but not impossible to reach in the focus of a strong laser beam. This experiment has
been carried out and the higher harmonics were observed in Compton scattering [64].



Part IV
Applications





12

Optics of SR – imaging

12.1 Imaging with SR – a qualitative treatment

12.1.1 The limitation on resolution caused by diffraction and the depth-of-field effect

Synchrotron radiation is often used to form an image of the cross section of the beam with
the arrangement shown in Fig. 12.1. For simplicity we take a single lens of focal length
f = rp/2 at the distance rp from the source to form a 1 : 1 image at the same distance rp

beyond the lens. This is no restriction since an image of a different magnification can be
projected back to the source to obtain the resolution in terms of the size of the beam. With
the small opening angle σ ′

� of the radiation, only the central part of the lens is illuminated.
The situation is therefore similar to that of optical imaging with a lens of small size, which
leads to a resolution that is limited by diffraction [65–68]. For a circular full lens aperture
D this resolution is

d ≈ 1.22λ

D/rp
≈ 1.22λ

4σ ′
�

, (12.1)

where d is defined as the distance from the center of the image to the first minimum of
the diffraction pattern. In normal light optics this aperture has a sharp edge, whereas for
synchrotron radiation the angular distribution is smooth and determined by the nature of
the source itself. We use here a typical opening angle σ ′

� = D/(4rp) to relate the case of
synchrotron radiation to that of diffraction by an aperture-limited lens.

Synchrotron-radiation sources have a finite longitudinal extension �r, which leads to a
limitation of resolution by the depth-of-field effect in forming an image, as illustrated in
Fig. 12.2. We consider three point sources A, B, and C along the longitudinal extent of the
source. Point B is located at the nominal distance rp = 2 f from the lens and its image point
is at the same distance rp at the other side. The other point sources A and C have their image
points at approximate distances ±�r/2 from the first one and form a spot of finite size df in
the image plane. Using again ±2σ ′

� for the maximum angle, we find the resolution due to
the depth-of-field effect:

df ≈ σ ′
��r

2
. (12.2)

229
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Fig. 12.1. Imaging the cross section of the beam with synchrotron radiation.
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Fig. 12.2. The depth-of-field effect.

We will now investigate these two limitations to the image formed with synchrotron, undu-
lator, and weak-magnet radiation.

12.1.2 Diffraction and the depth-of-field effect for SR from long magnets

Synchrotron radiation emitted in a long magnet of bending radius ρ is often used to form
an image of the cross section of the beam. For most radiation sources the main part of
the spectrum lies in the ultraviolet or x-ray region while for practical reasons the image is
formed with visible light. Therefore we consider here the lower part of the spectrum, which
has an opening angle for the horizontal polarization (5.21) and a resulting source length
given by

σ ′
� ≈ 0.41(λ/ρ)1/3 , �r ≈ 4σ ′

�ρ = 1.64
(
λρ2

)1/3
.

The resolution due to diffraction becomes, according to (12.1),

d = 1.22λ

4σ ′
�

= 0.74
(
λ2ρ

)1/3
.

We find that the resolution improves with shorter wavelength and with smaller radius of
curvature. Because of the latter dependence, synchrotron-radiation monitors have poor
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resolution in large machines. Using as short a wavelength as possible can help improve
the resolution. Using special magnets with strong curvature could help too, but the weak
dependence of the resolution on ρ makes this approach less attractive.

For the depth-of-field effect we obtain from (12.2) the resolution

df ≈ 2σ ′
�

2
ρ = 0.34

(
λ2ρ

)1/3
.

It is interesting to note that the depth-of-field effect leads to a resolution that has the same
parameter dependence as and a similar magnitude to that for diffraction. This connection
will be discussed later.

12.1.3 Diffraction and the depth-of-field effect for undulator radiation

We consider the radiation from a weak undulator of length Lu having Nu periods of length λu

and filter out the fundamental frequency ω10. This results in the distribution (7.41) derived in
Chapter 7 and plotted in Fig. 7.9. Since its RMS angle diverges due to the high frequencies
produced by the assumed sharp termination of the undulator field, we made a fit (7.43)
through the central part of the angular distribution. Its RMS angle is given by (7.44), which
we use now as an approximation:

σ ′
� ≈ 0.56

1

γ
√

N u
.

We obtain from (12.1) the resolution due to diffraction,

d = 1.22λ

4σ ′
�

= 0.54λ10γ
√

N u = 0.39
√

λ10Lu,

where we used the relation λu = 2γ 2λ10.
For the depth-of-field effect we find from (12.2)

df ≈ σ ′
� Lu

2
≈ 0.28

Lu

γ
√

N u
= 0.40

√
λ10Lu,

which is again of the same form and magnitude as the limit on resolution for diffraction.
Since the resolution is proportional to

√
Lu we would like to work with a short undulator.

However, we obtained the above expression with the assumption N u � 1. A more detailed
calculation is necessary in order to treat the more general case of an undulator having few
periods and to optimize the resolution.

12.1.4 Diffraction and the depth-of-field effect for short-magnet radiation

We consider a short magnet of length Ls that radiates, according to (11.7) and (11.8), a
broad spectrum with a typical wavelength and opening angle of

λsm ≈ Ls

2γ 2
, σ ′

� ≈ θsm ≈ 1√
2γ

.
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We obtain from (12.1) the resolution due to diffraction:

d = 1.22λ

4σ ′
�

= 0.43λsmγ ≈ 0.31
√

λsmLs.

The depth-of-field effect gives, according to (12.2),

df ≈ σ ′
� Ls

2
≈ 0.36

Ls

γ
= 0.5

√
λsmLs.

These results are similar to the ones obtained for the undulator.

12.1.5 Discussion

In large storage rings the image of the cross section of the beam formed with synchrotron
radiation has a limitation on its resolution due to diffraction. Sometimes the question of
whether a large angular spread of the particles in the beam helps the resolution since a larger
part of the lens is now illuminated arises. However, this is not the case since the diffraction
results in a finite-sized image of each particle. In most cases the waves emitted by different
particles have no systematic phase relation and do not interfere to form a diffraction pattern.
An exception to this can occur if the electrons are grouped together into a length smaller
than the emitted wavelength, which will be discussed later.

The depth-of-field effect is due to the longitudinal extent of the radiation source. At first
sight it seems astonishing that the resolution due to diffraction and that due to the depth-of-
field effect have the same parameter dependence and are of similar magnitude. The reason
for this lies in the relation between the length of the source and the opening angle. For
synchrotron radiation from long magnets the opening angle ≈1/γ determines the length of
the source, as illustrated in Fig. 1.2 of Chapter 1. For undulator and weak-magnet radiation
we have similar relations. Since these two effects are so closely related, they should be
treated not as two separate effects but rather as a single one. It is therefore sufficient to
consider just diffraction and the depth-of-field effect will implicitly be included.

Synchrotron radiation is often used as a diagnostic tool to measure the size and/or angular
spread of the electron beam from which it originates. The finite opening angle and image
resolution represent a limitation to this measurement. The product of the two contributions
is a quantitative measure of this effect and is often called the emittance of the photon beam
in analogy with the emittance defined for electron beams. This will be discussed later in
more detail.

12.2 Imaging with SR – a quantitative treatment

12.2.1 The Fraunhofer diffraction

We now treat the diffraction in a quantitative way and consider a 1 : 1 image formed with
synchrotron radiation by a single lens as illustrated in Fig. 12.3. Since we consider only
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Fig. 12.3. Fraunhofer diffraction in imaging with synchrotron radiation.

very small emission angles with respect to the z-axis, we treat the radiation field in this
chapter as a two-component vector. The emitted Fourier-transformed components of the
field have horizontal and vertical angular distributions of the forms

Ẽ x = Ẽ x (x ′
� , y′

� ), Ẽ y = Ẽ y(x ′
� , y′

� ).

At the lens these are transformed into spatial distributions:

Ẽ x (x, y) = Ẽ x (rpx ′
� , rp y′

� ), Ẽ y(x, y) = Ẽ x (rpx ′
� , rp y′

� ).

The point source in Fig. 12.3 is projected onto the image point at the distance rp from the
lens. In this case all rays between source and image points have the same optical length,
i.e. all photons take the same time to go from the source to the image. The dashed circular
arc with radius rp around the image point represents therefore a cut through an equi-phase
surface. The physics would be clearer if a focusing mirror were used to form a 1 : 1 image
right back at the source. In this case the surface of the mirror itself would represent an
equi-phase surface. However, this situation would be difficult to realize and to present in a
drawing.

To calculate the image we use Huygens’s principle [65], which considers each point on
the equi-phase surface at the lens as a source of a radiation field of strength proportional
to [Ẽ x (x, y), Ẽ y(x, y)]. This is explained in most books on optics and only the results
are given here. We restrict ourselves to a scalar field E , which can stand for either the
horizontal or the vertical component of the field. The field contribution emitted by each
secondary source point [x, y, z] on the equi-phase surface propagates towards the image
plane [X, Y ] in the form of a wave

�Ẽ(X, Y ) ei(kr−ωt) = − i

λr
Ẽ(x, y)ei(kr−ωt) dx dy, (12.3)

where k = 2π/λ is the wave number of the radiation. The factor i indicates a phase change of
π/2, which is of no interest for our application, and r is the distance between the secondary
source and the observation point in the image plane:

r2 = (rp − z)2 + (x − X )2 + (y − Y )2.
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On the equi-phase surface we have (rp − z)2 = r2
p − (x2 + y2), which gives

r =
√

r2
p − 2(x X + yY ) + X2 + Y 2

= rp

(
1 − x X + yY

r2
p

+ X2 + Y 2

2r2
p

− (x X + yY )2

2r4
p

· · ·
)

≈ rp − x X + yY

rp
.

Since the opening angle of synchrotron radiation and the extent of the image are small,
we make the above approximation and neglect from now on higher-order terms in (X/rp)
and (Y/rp). This corresponds to the Fraunhofer approximation in optics. Furthermore, we
approximate r in the denominator of (12.3) by rp.

We obtain the field in the image plane by integrating the contributions (12.3) from each
surface element of the secondary source,

Ẽ(X, Y )e−iωt = − i

λ
e−iωt

∫ ∞

−∞

∫ ∞

−∞

Ẽ(x, y, ω)

rp
exp

[
i

(
krp − kx X

rp
− kyY

rp

)]
dx dy

= − irp

λ
e−iωt

∫ ∞

−∞

∫ ∞

−∞
Ẽ(x, y)e−ik(x ′k X+y′kY) dx ′dy′. (12.4)

In the second step we omitted the unimportant phase factor exp (ikrp) and replaced the

coordinates (x, y) at the lens by the emission angles (x ′, y′) at the source:

x ≈ x ′rp ≈ rpθ cos φ, y ≈ y′rp ≈ rpθ sin φ.

This integral represents a Fourier transform. In other words, the field distribution Ẽ(X, Y )
in the image plane is just proportional to the two-dimensional Fourier transform of the field
distribution on the equi-phase surface at the lens, or of the angular distribution of the emitted
radiation,

Ẽ(X, Y ) ∝ F Ẽ(x ′, y′).

Sometimes it is convenient to give the emission angles in spherical coordinates θ and φ

and to replace the image coordinates (X, Y ) by polar ones (R, �) with the relations

X = R cos �, Y = R sin �, (12.5)

which yields

Ẽ(R, �) = − irp

λ

∫ ∞

0

∫ 2π

0
Ẽ(θ, φ)e−ikθR cos(φ−�)θ dθ dφ.

If the emitted electric field has a harmonic φ-dependence of the form

Ẽ(θ, φ) = Ẽ1(θ ) cos(2nφ) or Ẽ(θ, φ) = Ẽ1(θ ) sin(2nφ),
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we can use the integral representation of Bessel functions given in (9.1.21) of [41],

Jn(z) = i−n

π

∫ π

0
eiz cos φ cos(nφ) dφ,

to express the integral over φ:∫ 2π

0
eikθR cos(φ−�) cos(2nφ) dφ = (−1)n2π J2n(kθR) cos(2n�)

or ∫ 2π

0
eikθR cos(φ−�) sin(2nφ) dφ = (−1)n2π J2n(kθR) sin(2n�).

This gives an image with the same azimuthal dependence and symmetry as the emitted
radiation. If it is independent of φ, we obtain an image that is a function of R only:

Ẽ(R) = −irpk
∫ ∞

0
Ẽ(θ )J0(kθR) θ dθ. (12.6)

In all these calculations of the diffraction we assumed that we have a point source located at
the distance rp from the lens. This is an approximation for the case of synchrotron radiation.
In the treatment of the depth-of-field effect we said that the length of the source is ±2σ ′

�ρ

and used for the RMS opening angle σ ′
� ≈ 0.41(λ/ρ). If we take the finite longitudinal

extent of the source into account, the sphere of radius rp around the image center is no
longer an equi-phase surface. The calculation becomes more complicated and the exponent
in the integral (12.4) will contain quadratic terms of coordinates x and y at the lens. This
leads to the case of Fresnel diffraction, which rarely has a closed solution and will not be
covered here but can be found in more extended treatments [69–71]. We expect the improved
treatment to make a sizable correction if the observation of the radiation accepts a relatively
large opening angle and is done from not too far a distance. However, in the following we
will still use the Fraunhofer diffraction to illustrate some of the underlying physics.

12.2.2 The emittance of a photon beam

We consider now a general photon beam emitted from a point source with a symmetric
Gaussian distribution with respect to the horizontal angle x ′ at frequency ω. A lens at a
distance rp focuses the source onto a plane with coordinates (X, Y ) at the distance rp from
the lens, as illustrated in Fig. 12.3. The angular field distribution between the source and
the lens is

Ẽ(x) ∝ exp

(
− x ′2

4σ ′2

)

and the energy distribution is

dU

dx ′ ∝ exp

(
− x ′2

2σ ′2

)
,
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which has the RMS opening angle √
〈x ′2〉 = σ ′.

The field in the image plane is obtained from (12.4),

Ẽ(X ) ∝
∫ ∞

−∞
exp

(
− x ′2

4σ ′2

)
e−ikx ′ X dx ′ = 2

√
πσ ′e−k2 X2σ ′2

,

and the energy distribution is

dU

dX
∝ e−2k2σ ′2 X2

with the RMS width √
〈X2〉 = σ = 1

2kσ ′ .

We call the product of the RMS emission angle and the RMS image size of the radiated
energy the emittance ε� of the photon beam

εγ = σ ′σ = 1

2k
= λ

4π
. (12.7)

The emittance depends only on the wavelength, not on the opening angle. However, for
a distribution different from the Gaussian our result will be multiplied by a factor larger
than unity. In other words, a photon beam with a Gaussian distribution has the minimum
emittance ε� = λ/(4π ).

For a two-dimensional distribution the minimum-emittance condition applies to each
direction:

ε� x ≥ λ

4π
, ε� y ≥ λ

4π
, ε�θ ≥ ε� x + ε� y ≥ λ

2π
.

For a photon beam with rotational symmetry we have

〈θ2〉 = 2〈x ′2〉 = 2〈y′2〉, 〈R2〉 = 2〈X2〉 = 2〈Y 2〉, ε�θ = 2ε� x = 2ε� y .

12.2.3 The diffraction of synchrotron radiation emitted in long magnets

We now use synchrotron radiation from a long magnet to image the cross section of the
beam. The radiation depends only on the vertical emission angle y′, which we used to call
ψ . As mentioned before, this imaging is usually done with visible light having a frequency
much smaller than ωc and we can use an approximation. The Fourier-transformed electric
field in the approximation of small frequencies ω � ωc, (5.11), is

Ẽ(ψ, λ) = e√
2πε0cr

(πρ

λ

)1/3
[

Ai′
((πρ

λ

)2/3
ψ2

)
, iψ

(πρ

λ

)1/3
Ai

((πρ

λ

)2/3
ψ2

)]
(12.8)
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Fig. 12.4. The vertical distribution of synchrotron radiation from long magnets.

and the angular spectral power distribution is (5.12)

d2 Pσ

d� dω
= 2r0m0c2

πρ

(
ω

2ω0

)2/3

Ai′2
((

ω

2ω0

)2/3

ψ2

)

d2 Pπ

d� dω
= 2r0m0c2

πρ

(
ω

2ω0

)4/3

ψ2 Ai2
((

ω

2ω0

)2/3
)

.

The latter is plotted in Fig. 12.4. It has the RMS opening angles (5.21)

√
〈ψ2〉σ = 0.41

(
λ

ρ

)1/3

,
√

〈ψ2〉π = 0.55

(
λ

ρ

)1/3

,
√

〈ψ2〉 = 0.45

(
λ

ρ

)1/3

.

(12.9)

The vertical image given by Fraunhofer diffraction is obtained by applying the transforma-
tion (12.4) to the vertical field distribution (12.8):

Ẽ(Y, λ) ∝
∫ ∞

−∞
Ẽ(ψ, λ)e−i(ψkY ) dψ.

This integration has to be done numerically. The corresponding power density of the image
is proportional to |Ẽ(Y, λ)|2 and is plotted in Fig. 12.5 for the horizontal and vertical
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Fig. 12.5. Fraunhofer diffraction for synchrotron radiation from long magnets.

polarizations as well as for the total radiation. The RMS values of the image power are

σYσ = 0.206(λ2ρ)1/3, σYπ = 0.429(λ2ρ)1/3, σY total = 0.279(λ2ρ)1/3. (12.10)

From Fig. 12.5 it is evident that the image is narrowest for the σ -mode of the radiation.
Using a horizontal polarizing filter will therefore improve the resolution of the image by
about 25%.

The product of the RMS image size (12.10) and the RMS opening angle (12.9) gives the
emittances of the two modes of polarization and the total radiation:

ε�σ = 1.06
λ

4π
, ε�π = 2.96

λ

4π
, ε� total = 1.57

λ

4π
.

Later we will also need the ratio between the size of the image and the opening angle:√
〈Y 2〉σ
〈ψ2〉σ = 0.504(λρ2)1/3,

√
〈Y 2〉π
〈ψ2〉π = 0.780(λρ2)1/3

√
〈Y 2〉total
〈ψ2〉total

= 0.622(λρ2)1/3.
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So far we have investigated only the vertical angular distribution and the resulting image.
In the horizontal direction the field distribution is uniform in nature and will be determined
by some aperture limitation due to a slit or lens. Since this aperture will determine the
horizontal diffraction, we do not want to make it too small. On the other hand, by making
it too large we will increase the magnitude of the depth-of-field effect. As a compromise
we make the horizontal angular acceptance comparable to the natural vertical distribution.
Considering that the horizontal limitation has a sharp edge, a value of the order |x ′| ≤ 2σ ′

�

is a reasonable compromise.

12.2.4 The diffraction of undulator radiation

We derived the radiation from a weak undulator in the frequency domain as

Ẽ(ω) = 4r0cB0γ
3

√
2πrp

(1 − γ 2θ2 cos(2φ), γ 2θ2 sin(2φ))

(1 + γ 2θ2)3

π N u

ω1

sin

(
(ω − ω1)π N u

ω1

)
(ω − ω1)π N u

ω1

,

(12.11)
with

ω1 = ω10

1 + γ 2θ2
= 2γ 2kuc

1 + γ 2θ2
.

We filter out the frequency ω = ω10 to use it for imaging the cross section of the beam and
obtain from (7.41) the field containing only an x-component,

Ẽ x (ω10) ≈ 4r0cB0γ
3

√
2πrp

π N u

ω10

sin(γ 2θ2π N u)

γ 2θ2π N u
, (12.12)

and, from the angular spectral power distribution (7.42),

d2 P(ω10)

d� dω
= P0γ

2 3

π

N u

ω10

(
sin(γ 2θ2π N u)

γ 2θ2π N u

)2

.

This function is plotted in Fig. 12.6. Integrating it over the solid angle gives the spectral
power density at the fundamental frequency:

dP

dω
(ω10) = Pu

3

2ω10
. (12.13)

As discussed before, this angular distribution at ω10 has a diverging variance caused by
the unphysical abrupt termination of the magnetic field at ±Lu/2 which enhances the high-
frequency spectrum. Since a realistic undulator has a smooth field termination this problem
is an artifact of our simplified description of the field. To avoid it, we fit the central part of
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Fig. 12.6. The angular power distribution of undulator radiation at ω10.

the distribution with an exponential, (7.44), as shown in Fig. 7.9,

d2 P(ω10)

d� dω
≈ Puγ

2 3

π

N u

ω10
e−(π N uγ

2θ2)2/3,

which is also plotted in Fig. 12.6. It has the RMS value, (7.44),

〈γ 2θ2〉 =
√

3π

π2 N u
= 0.31

1

N u
, (12.14)

which we will use as an approximation for the actual distribution.
The field in the focal plane is obtained from (12.12) with (12.6),

Ẽ x (R, ω10) = i

√
2π

λ

2r0cB0γ

ω10
si

(
k2

uR2

π N uγ 2

)
,

where we used the sine integral function si z and the integral [72]

∫ ∞

0

sin(bz2)

z
J0(cz) dz = −1

2
si

(
c2

4b

)
.
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Fig. 12.7. Fraunhofer diffraction for imaging with undulator radiation at ω10.

The spatial spectral power distribution of the image at the central frequency ω10 is

d3 P

R dR d� dω
(ω10) = Pu

3k2
uγ

2

π3 N uω10
si2

(
k2

uR2

π N uγ 2

)
.

Integrating it over the area gives the same spectral density (12.13) as that which we found
for the emitted radiation.

Since the above distribution has also a diverging variance, we perform again an expo-
nential fit at the center:

d3 P

R dR d� dω
(ω10) ≈ Pu

3k2
uγ

2

π3 N uω10
exp

(
− 4R2

λ2γ 2 N u

)
,

which is plotted in Fig. 12.7. Its variance

〈R2〉 = γ 2λ2 N u

4
(12.15)

will be used as an approximation. With the RMS angle (12.14) and beam size (12.15) we
find the emittance and the ratio:

ε� x = ε� y
≈ 4

√
3π

λ

4π
= 1.75

λ

4π
,

√
〈Y 2〉σ
〈ψ2〉σ ≈ π

4 4
√

3π
Lu = 0.448Lu.
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12.2.5 The diffraction for the undulator with a Lorentzian profile

In the previous chapter we discussed an undulator with a Lorentzian modulation of the
magnetic field,

B(z) = B0
cos(kuz)

1 + (z/z0)2
,

giving a radiation field at the central frequency ω10 that has, for a large number of periods,
only an x-component, (11.15),

Ẽ x (ω) =
√

2πeγ 3ku K0 Nu

4ε0rpω10
e−π Nuγ 2θ2

.

Owing to the variation of the amplitude of the field the radiated power also changes and the
radiated energy is a better quantity to discuss. For this undulator we obtained the angular
spectral energy distribution (11.15),

d2U

d� dω
(ω10) ≈ U0

3γ 2 Nu

ω10
e−2π Nuγ

2θ2
,

the spectral energy density at the fundamental frequency (11.16),

dU

dω
(ω10) = U0

3

2ω10
,

and the RMS opening angle

θRMS = 1

γ
√

2π N u
. (12.16)

To calculate the diffraction for the field distribution we make use of its azimuthal sym-
metry and use the relation (12.6):

Ẽ(R, �, ω10) = − i

4
√

2π

eγ 3kku K0 Nu

ε0ω10
2π

∫ ∞

0
e−π Nuγ 2θ2

J0(kRθ )θ dθ

= − i

4
√

2π

eγ kku K0

ε0ω10
exp

(
− k2R2

4γ 2π Nu

)
.

The integral appearing above can be found as 11.4.29 in [41]. The spatial energy distribution
of the diffraction pattern has the form

dU

R dR d� dω
(ω10) = 2

µ0c
|Ẽ x (R, �, ω10)|2 = U0

3k2

4πγ 2 Nuω10
exp

(
− k2R2

2γ 2π Nu

)
.

Since it is the Fourier transform of the original Gaussian angular distribution of the radiation,
the diffraction pattern at the fundamental frequency is also Gaussian. It has the RMS width

σR =
√

2π N uγ λ

2π
, σX = σY =

√
π N uγ λ

2π
. (12.17)
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Table 12.1. RMS values of the emission angle and diffraction pattern,
emittance and size-to-angle ratio of a 1 : 1 image formed with the

σ -mode for various sources

Source Direction σ ′
� σ� ε�

4π

λ

σ�

σ ′
�

Long magnet,
y 0.41 3

√
λ/ρ 0.21 3

√
ρλ2 1.06 0.50 3

√
λρ2

ω � ωc

Hard-edge
undulator, x, y ≈ 0.40

γ
√

N u
≈γ λ

√
N u

2
≈2 ≈0.5Lu

ω = ω10

Lorentzian
undulator, x, y

1

2γ
√

π Nu

γ λ
√

π N u

2π
1.0 z0

ω = ω10

Integrating this over the area gives the spectral energy distribution,

dU

dω
(ω10) = U0

3

2ω10
,

which is the same as that of the original radiation.
From the RMS angle (12.16) and image size (12.17) we obtain the emittance

ε� x = ε� y = λ

4π
,

which is the minimum possible value because we have a Gaussian distribution. For the ratio
of the size and the angle we have√

〈R2〉σ
〈θ2〉σ = z0 = Nuλu

2
.

12.2.6 A comparison of the properties of beams from various sources

In Table 12.1 we list the types of radiation from the various sources we investigated and
give the RMS opening angle σ ′ and the 1 : 1 image size σ as well as the emittance ε� .
Furthermore, we list the ratio of the image size and opening angle σ�/σ ′

� , which we will
need later. The quality of a photon beam is higher the closer its emittance approaches the
minimum value λ/(4π ).
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Electron-storage rings

13.1 Introduction

An electron-storage ring consists of an assembly of deflecting bending magnets and focusing
quadrupole magnets, called a lattice (Fig. 13.1). The bending magnets determine a closed
equilibrium orbit for a particle having the nominal values for energy, initial position, and
angle. Particles with small deviations from these nominal parameters are kept in the vicinity
of the nominal orbit by the focusing quadrupoles. In addition a storage ring has magnet-free
straight sections. These contain an acceleration system, which is usually called the radio-
frequency system or just the RF system. It is used to replace the energy lost by the particles
due to the emission of synchrotron radiation or to accelerate the electron beam to higher
energy.

The straight sections also house insertion devices (undulator and wiggler magnets) and
other equipment such as instruments necessary for the operation of the storage ring. The
particles are made to circulate inside a vacuum chamber with a very low pressure of a few
nTorr (0.13 �Pa) in order to minimize the interaction between the particles and the residual
gas.

We restrict ourselves to a plane storage ring and describe the beam dynamics in a coor-
dinate system that follows the nominal equilibrium orbit as shown in Fig. 13.2. The longi-
tudinal coordinate s is the path-length along this nominal equilibrium orbit. The horizontal
x-coordinate is perpendicular to the nominal orbit and points to the outside while the verti-
cal y-coordinate is perpendicular to the (x, z) orbit plane and points upwards. Furthermore,
to describe the emitted synchrotron radiation we use z as the coordinate along the tangent
from a source point s. We also use the local curvature ρ, which is positive if it bends the
particle to the inside. The nominal energy and momentum of the particles are Ee and p0

with the deviations �E and �p.
The derivatives with respect to s are indicated with a prime, e.g. the vertical angle of

the trajectory is y′. Sometimes also the derivative with respect to the relative momentum is
indicated in the same way, e.g. ν ′ = dν/d(�p/p0). We assume that there are small deviations
from the nominal conditions and use paraxial approximations with

x

ρ
� 1, x ′ � 1,

y

ρ
� 1, y′ � 1,

1

ρ
= x ′′

√
1 + x ′2 ≈ x ′′,

�E

Ee
� 1.
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Fig. 13.1. Storage rings consisting of deflecting, bending, and focusing quadrupole lenses.
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Fig. 13.2. Coordinates of a particle in a storage ring.

We will take these quantities only to first order. We deal with ultra-relativistic particles and
approximate

γ = Ee

m0c2
� 1, β ≈ 1,

�p

p0
= 1

β2

�E

Ee
≈ �E

Ee
.

Many aspects of the beam dynamics are completely symmetric in the horizontal x- and
vertical y-directions and we use the letter w to represent either of them:

w = x or w = y. (13.1)

Storage rings are described in many books and numerous reports. Many emphasize their
application as sources of synchrotron radiation [14, 15, 18, 24] and cover in more detail the
material presented here.

13.1.1 Lattice magnets

To describe the elements which make up the lattice we start with the bending magnets,
which usually have a homogeneous dipole field B as shown in Fig. 13.3, but in some cases
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Fig. 13.3. A dipole bending magnet.

may also include a transverse gradient. The dipole magnet is characterized by the curvature
1/ρ, the deflecting angle ϕB, and length ρϕB. A charged particle of momentum p = βγ m0c
traverses the magnet on a circular orbit with curvature

1

ρ
= eB

p
≈ eBc

γ m0c2
, (13.2)

where we use the ultra-relativistic approximation, which is usually justified for electrons.
These bending magnets determine the nominal equilibrium orbit. In most machines they
are homogenous dipole magnets. If they all have the same field strength, the ring is called
isomagnetic.

The quadrupole magnets, often called ‘quads,’ provide focusing and deflect particles
with deviations in position back towards the nominal orbit. Furthermore, they provide a
bending correction for particles that have a positive or negative momentum deviation and
whose paths are bent less or more in the dipole magnets. Such particles are on a different
equilibrium orbit, which is displaced to the outside or inside with respect to the nominal
orbit. They traverse the quadrupoles off center and acquire some additional bending to the
inside or outside.

A quadrupole has a transverse magnetic field with a linear gradient, resulting in a field
strength proportional to the distance from the axis as indicated in Fig. 13.4:

Bx = ∂ Bx

∂y
y = ky, By = ∂ By

∂x
x = kx

B2 = k2(x2 + y2) with k = ∂ Bx

∂y
= ∂ By

∂x
.

The constant k gives the two cross gradients of the field, which are both the same due to
the condition curl B = [∇ × B] = 0. In the horizontal median plane the field is vertical,
resulting in a horizontal deflection proportional to ±kx , whereas in the vertical median
plane the deflection is proportional to ∓ky. In each of these two planes the quadrupole
provides the same focusing strength but of opposite sign. The deflection of a particle with
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Fig. 13.4. Quadrupole magnets with deflecting forces for a positive charge moving out of the plane
of the figure indicated. The magnet on the left-hand side is horizontally focusing and vertically
defocusing, whereas the one on the right-hand side has the opposite focusing properties.

momentum p0 traversing the quadrupole on a paraxial trajectory is given by

1

ρx
≈ −d2x

ds2
= −x ′′ = −eBy

p
= ek

p
x = Kfx, y′′ = Kf y.

The focusing parameter

Kf = ek

p
= e

p

∂ By

∂x
≈ ec

γ m0c2

∂ By

∂x
= 1

ρB0

∂ By

∂x
(13.3)

is by convention positive in a horizontally focusing quadrupole, called an F-quad, and
negative in a horizontally defocusing D-quad. The particle trajectory for Kf > 0 is given by

x ′′ + Kfx = 0, y′′ − Kf y = 0

with solutions

x = x̂ cos(
√

|Kf|s − ϕ0), y = ŷ cosh(
√

|Kf|s − ϕ0).

In many cases the quadrupole length � is relatively short, resulting in an angular deflection
but negligible change in excursion, and we can use a so-called short-lens approximation
and obtain for the change in trajectory

�x = 0, �x ′ ≈ −Kf�x = − x

f
and �y = 0, �y′ ≈ Kf�y = y

f

with f being the focal length of the short lens replacing the quadrupole.
To provide overall focusing in both planes we have to use focusing and defocusing

quadrupoles in combinations similar to that of the two lenses shown in Fig. 13.5. This is
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Fig. 13.5. The overall focusing provided by an F-quad and a D-quad.

based on the principle that the particles have a larger transverse excursion in the F-quads
and acquire a stronger deflection towards the axis, whereas in the D-quads the excursion is
smaller, resulting in a weaker deflection away from the axis. This principle is well known
in light optics.

13.2 The transverse particle dynamics in a storage ring

13.2.1 The particle dynamics over many revolutions

To study the transverse particle dynamics in a ring, we carry out a thought experiment. We
start a single particle through the storage ring and observe its position and angle xk and x ′

k

during successive turns k at selected locations, see Fig. 13.6. Since the focusing is linear, the
observed points lie on an ellipse in this phase-space (x, x ′). At any location around the ring
the area of this ellipse is the same (Liouville’s theorem), but its shape and orientation can be
different. In simple lattices the centers of the quadrupoles are often symmetry points where
the beam is neither converging nor diverging but about parallel. As a result the phase-space
ellipse is upright. In the F-quads the excursions xk are large but the angles x ′

k small, which
gives an ellipse with a large horizontal–vertical aspect ratio. In a D-quad the situation is
reversed, with an ellipse being narrow and high. In between quads, there is a correlation
between displacement and angle that is negative, or positive at locations where the beam is
converging or diverging. The corresponding phase-space ellipses are tilted forwards after a
D-quad and backwards following an F-quad.

Since these magnets are linear, the beam coordinates (x1, x ′
1) at the exit from the magnet

are linear functions of the input parameters (x0, x ′
0) which we can express by writing a

matrix equation:

x1 = m11x0 + m12x ′
0

x ′
1 = m21x0 + m22x ′

0
→

(
x1

x ′
1

)
=

(
m11 m12

m21 m22

)(
x0

x ′
0

)
= Mx

(
x0

x ′
0

)
.
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Fig. 13.6. The trajectory of a single particle making many revolutions in a storage ring.

This gives, for a straight section with length L , a short bending magnet of length ρϕB,
and a short horizontally focusing quadrupole of focal length f , the following expressions:

straight section:
x1 = x0 + Lx ′

0

x ′
1 = x ′

0
→ Mx = My =

(
1 L
0 1

)

dipole:
x1 = x0 + ρϕBx ′

0

x ′
1 = x ′

0
→ Mx = My =

(
1 ρϕB

0 1

)

x1 = x0

x ′
1 = −x0/ f + x ′

0
→ Mx =

(
1 0

−1/ f 1

)
quadrupole:

y1 = y0

y′
1 = y0/ f + y′

0
→ My =

(
1 0

1/ f 1

)
.

(13.4)

The matrices of these elements have some general common properties.

� The determinant is unity, |M | = m11m22 − m12m21 = 1.
� The term m12 gives an indication for the length of the element.
� The element m21 indicates the dependence of the deflection on the initial displacement, which is

characteristic for focusing if m21 < 0 and defocusing if m21 > 0.

The following investigation of the transverse beam dynamics is equivalent for the hori-
zontal and vertical planes and hence we use the letter w to stand for x or y.

The calculation of the trajectory around the whole ring is complicated and can rarely be
done in a closed form. However, the transfer through individual elements can be built up
to form the whole ring. The transport of the particle through two elements is obtained by
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Fig. 13.7. The position and angle of a single particle making many revolutions observed at a given
location in a storage ring.

multiplying the matrices of the individual elements in inverse order(
w1

w′
1

)
= M1

(
w0

w′
0

)
,

(
w2

w′
2

)
= M2

(
w1

w′
1

)
= M2 · M1

(
w0

w′
0

)
.

By going through all the elements of a ring, we can find the one-turn matrix which gives
the position and angle after one revolution as a linear expression of the initial value:

w1 = m11w0 + m12w
′
0

w′
1 = m21w0 + m22w

′
0

→
(

w1

w′
1

)
=

(
m11 m12

m21 m22

)(
w0

w′
0

)
.

This one-turn matrix has a unit determinant and represents a linear mapping like the individ-
ual element matrices. The values (xk, x ′

k) after k turns are obtained from the multiplication
(Fig. 13.7)

(
w1

w′
1

)
=

(
m11 m12

m21 m22

)k (
w0

w′
0

)
.

With all elements being linear, the one-turn matrix represents a linear mapping of (w0, w
′
0)

onto points wk, w
′
k after k turns, which lie on an ellipse as will become clear later.

In the first step we assume that the particle is observed at a symmetry point where the
ellipse is upright. We take a location with a straight ellipse, giving orthogonal mapping over
k turns as shown in Fig. 13.8.

For a pair (u, v) of variables that are measured in the same units the general transformation
matrix over one turn, (

u1

v1

)(
cos µ sin µ

− sin µ cos µ

)(
u0

v0

)
,
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Fig. 13.8. A phase-space ellipse obtained by mapping a circulating particle at a symmetry point over
many turns.

or a number n of turns,(
un

vn

)
=

(
cos µ sin µ

− sin µ cos µ

)n(
u0

v0

)
=

(
cos(nµ) sin(nµ)

− sin(nµ) cos(nµ)

)(
u0

v0

)
,

represents a rotation of the vector [u, v] by an angle of µw each turn with the points un, vn

lying on a circle u2
n + v2

n = u2
0 + v2

0.
Since w and w′ have different units, we need a scaling factor βw having the dimension

of a length, giving for the matrix(
w1

w′
1

)
=

(
cos µw βw sin µw

− sin µw/βw cos µw

)(
w0

w′
0

)
.

To illustrate the meaning of µw and βw we consider k turns:(
cos µw βw sin µw

− sin µw/βw cos µw

)k

=
(

cos(kµw) βw sin(kµw)
− sin(kµw)/βw cos(kµw)

)
.

The points wk, w
′
k now lie on an ellipse and the parameter µw = 2πν represents a phase

advance per turn of the trajectory. The particle motion observed each turn represents an
oscillation around the nominal value called betatron oscillation. Correspondingly µw is
the betatron phase advance per turn and νw is the betatron tune. We start the particle with
w0 = 0, w′

0 �= 0 and obtain after k turns wk = sin(kµw) βww′
0. Therefore, βw = ŵ/ŵ′

gives the ratio between the maximum displacement and the angle at a given location. The area
of the phase-space ellipse mapped by a particle is the same everywhere, A = πεw = πŵŵ′,
where εw is called the emittance of a trajectory. We have

εw = ŵŵ′ = ŵ2

βw

= ŵ′2βw, ŵ =
√

εwβw, ŵ′ =
√

εw

βw

. (13.5)

The equation for the phase-space ellipse is

w2

βw

+ βww′2 = εw.
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Fig. 13.9. The phase-space ellipse for the general case.

We can now express the mapping over many turns for a symmetry point with the phase
advance per turn µw and the amplitude function βw,

wk = cos(kµw) w0 + βw sin(kµw) w′
0 = C cos(kµw − ϕ0)

C =
√

w2
0 + β2

ww′2
0 =

√
βwεw, tan ϕ0 = βww′

0

w0

wk =
√

εwβw cos(kµw − ϕ0), w′
k = −

√
ε

βw

sin(kµw − ϕ0)

with φ0 being a constant phase given by the initial conditions.
In the general case the particle is not observed at a symmetry point but at a location where

the beam is converging or diverging. The resulting phase-space ellipse is tilted (Fig. 13.9).
However, since the one-turn matrix still has Det M = 1, the area of the ellipse stays the
same.

To understand the general situation, we consider a location at −�s upstream of the
symmetry point with coordinates w̄, w̄′. The optical properties of the structure between the
two locations are described by a matrix T with elements ti j , giving the relations(

w0

w′
0

)
=

(
t11 t12

t21 t22

)(
w̄0

w̄′
0

)
,

(
w1

w′
1

)
=

(
t11 t12

t21 t22

)(
w̄1

w̄′
1

)
,

which we use to transform the one-turn matrix for the symmetry point,(
w1

w′
1

)
=

(
m11 m12

m21 m22

)(
w0

w′
0

)
,

into one for a general location:(
t11 t12

t21 t22

)(
w̄1

w̄′
1

)
=

(
m11 m12

m21 m22

)(
t11 t12

t21 t22

)(
w̄0

w̄′
0

)
.
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We multiply this by the inverse matrix

T −1 =
(

t22 −t12

−t21 t11

)
(13.6)

and obtain the desired one-turn matrix:

(
w̄1

w̄′
1

)
=

(
t22 −t12

−t21 t11

)(
m11 m12

m21 m22

)(
t11 t12

t21 t22

)(
w̄0

w̄′
0

)
.

Using the one-turn matrix with βwc for a symmetry point,

Ms =
(

cos µw βwc sin µw

− sin µw/βwc cos µw

)
,

we find for the new one-turn matrix for a general location

M = T −1 Ms T

=

⎛
⎜⎜⎜⎝

cos µw +
(

t11t12

βwc
+ t21t22βwc

)
sin µw

(
t2
12

βwc
+ t2

22βwc

)
sin µw

−
(

t2
11

βwc
+ t2

21βwc

)
sin µw cos µw −

(
t11t12

βwc
+ t21t22βwc

)
sin µw

⎞
⎟⎟⎟⎠.

To express this in a more compact form, we introduce the so-called Twiss parameters :

βw = t2
12

βwc
+ t2

22βwc

αw = t11t12

βwc
+ t21t22βwc (13.7)

γw = t2
11

βwc
+ t2

21βwc = 1 + α2
w

βw

.

They can be calculated from the lattice elements and their physical meanings will become
clear later. From the fact that all our matrices have unit determinants we obtain the relation

βwγw = 1 + α2
w.

We obtain the general one-turn matrix starting at a point with βx , αw, γw,

M =
(

cos µw + αw sin µw βw sin µw

−γw sin µw cos µw − αw sin µw

)
=

(
m11 m12

m21 m22

)
,

and the matrix describing k turns,

Mk = Mk =
(

cos(kµw) + αw sin(kµw) βw sin(kµw)
−γ sin(kµw) cos(kµw) − αw sin(kµw)

)
. (13.8)
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This illustrates that µw still has the meaning of a phase advance per turn. It can be calculated
from the trace of the matrix:

cos µw = 1

2
Trace M = m11 + m22

2
.

From the computed matrix element we can calculate the Twiss parameters:

β2
w = m2

12

1 −
(

m11 + m22

2

)2 , α2
w =

(
m11 − m22

2

)2

1 −
(

m11 + m22

2

)2 .

The general phase-space ellipse is given by

γww2 + 2αwww′ + βww′2 = 1

βw

(w2 + (αww + βww′)2) = εw.

Compared with the orthogonal case, the relations between maximum excursions and
emittance are the same for ŵ but different for ŵ′:

ŵ =
√

εwβw, ŵ′ = √
εwγw, εw = ŵ2

βw

= ŵ′2

γw

= ŵŵ′
√

βwγw

= ŵŵ′√
1 + α2

w

.

Using (13.8), we can write the coordinates turn by turn in the forms

wk = (cos(kµw) + αw sin(kµw))w0 + βw sin(kµw)w′
0 = C cos(kµw − ϕ0)

C =
√

w2
0 + (αww0 + βww′

0)2 = √
εwβw

and

w′
k = −γw sin(kµw) w0 + (cos(kµw) − αw sin(kµw))w′

0 = C ′ cos(kµw − ϕ′
0)

C ′ =
√

(γww0 + αww′
0)2 + w′2

0 = √
εwγw,

giving

wk =
√

εwβw cos(kµw − ϕ0), w′
k = √

εwγw sin(kµw − ϕ1). (13.9)

To obtain the lattice functions βw and αw at a certain location s around the ring, we have
to start at this point and multiply the matrices of the elements of the ring. To obtain these
functions for another location s1 (Fig. 13.10) it is useful to find their dependences on s
directly. This is particularly important for a straight section, where the coordinates (w0, w

′
0)

at s = 0 change as follows:

w1 = w0 + w′
0s, w′

1 = w′
0.

We introduce this relation into the expression for the phase-space ellipse:

εw = γw0w
2
0 + 2αw0w0w

′
0 + βw0w

′2
0

εw = γw0w
2
1 + 2(αw0 − γw0s)w1w

′
1 + (βw0 − 2αw0s + γw0s2)w′2

1 . (13.10)
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Fig. 13.10. Transfer between two points along the ring.

From this we obtain the propagation of the lattice functions in a straight section:

βw(s) = βw(0) − 2αw(0)s + γw(0)s2 (13.11)

αw(s) = αw(0) − γw(0)s, γw(s) = γw(0).

This equation becomes especially simple if we express it around the location s0 where
βw(s0) has a minimum, i.e. α(s0) = 0:

βw(s − s0) = βw(s0)

(
1 +

(
s − s0

βw(s0)

)2
)
.

Next we investigate the effect of a short lens of focusing strength 1/ f on the Twiss
parameters. The change in trajectory at the lens is

w1 = w0, w′
1 = w′

0 − w0

f
,

which we use to substitute for (w0, w
′
0) in (13.10), giving

εw = w2
1

(
γw0 + 2αw0

f
+ βw0

f 2

)
+ 2w1w

′
1

(
αw0 + βw0

f

)
+ w′2

1 βw0,

which gives the changes of the Twiss parameter in a short focusing lens:

�βw = 0, �αw = βw

f
, �γw = 2αw

f
+ βw

f 2
. (13.12)

Finally we consider continuous focusing in a long quadrupole with focusing parameter
Kf and take a short element of length ds and focusing strength K ds, (13.3), which makes
the first-order trajectory changes

w1 = w0 + w′
0 ds, w′

1 = w′
0 − w0 Kf ds
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or

w0 = w1 − w′
1 ds, w′

0 = w′
1 + w1 Kf ds,

which we use to substitute for (w0, w
′
0) in (13.10):

εw = w2
1(γw0 + 2αw0 Kf ds) + 2w1w

′
1(αw0 − γw0 ds + βw0 Kf ds) + w′2

1 (βw0 − 2αw0 ds).

This gives for the derivatives of the Twiss parameter in a general linearly focusing section

γ ′
w = 2αw Kf, α′

w = βw Kf − γw, β ′
w = −2αw.

On making the substitutions α = −β ′
w/2 and γw = (1 + α2

w)/βw we obtain a non-linear
differential equation for βw(s):

1
2βwβ ′′

w − 1
4β ′2

w + β2
w Kf = 1.

This general equation rarely has an analytic solution and the Twiss parameters are usually
computed by matrix multiplication.

We try to find a convenient expression for the trajectory as a function of the longitudinal
coordinate s within one revolution similar to the expression (13.9) which gives the trajectory
coordinates for each turn k at a certain location s0. It can be shown that the latter expression
can be generalized by replacing the phase kµw per turn (13.4) by the continuous betatron
phase ϕw(s), leading to the expressions

w(s) =
√

εwβw(s) cos(ϕw(s) − ϕ0)

w′(s) = −
√

εw/βw(s) (αw(s) cos(ϕw(s) − ϕ0) + sin(ϕw(s) − ϕ0))

= −√
εwγw cos(ϕw(s) − ϕ′

0)

and the betatron phase is related to the beta function by

dϕw(s)

ds
= 1

βw(s)
. (13.13)

The phase ϕw(s) advances fast where βw is small and slowly where it is large.
It is interesting to form the variances of the coordinates at a location s by averaging over

many turns:

〈w2〉 = 1
2εβw, 〈ww′〉 = − 1

2εαw, 〈w′2〉 = 1
2εγw. (13.14)

The envelope of the multi-turn trajectory is proportional to
√

βw (Fig. 13.11).

13.2.2 The beam with many particles

The large number of particles in a beam execute betatron oscillations of different phases and
amplitudes. They describe ellipses that have different areas but, at a given location, have
the same orientation and aspect ratio. Therefore, the beam as a whole covers a phase-space
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Fig. 13.11. The multi-turn trajectory and its envelope ∝ √
εwβw(s).
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Fig. 13.12. The phase-space ellipses of different particles have the same orientation and aspect ratio
but different sizes.

distribution � of the same form as the particles, with the beam emittance being the average
of the individual particle ellipses Ew = 〈εw〉 (Fig. 13.12).

The phase-space distribution �(w, w′) is shown in Fig. 13.13. Usually it can not be
observed directly; however, we can measure its projections f (w) and g(w′) on the planes
of position or angle,

f (w) =
∫

�(w, w′) dw′, g(w′) =
∫

�(w, w′) dw,

the average (center-of-charge) position and angle,

〈w〉 =

∫
f (w)w dw∫
f (w) dw

, 〈w′〉 =

∫
g(w′)w′ dw′

∫
g(w′) dw′

,
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Fig. 13.13. The phase-space distribution and projections of a beam with many particles.

and its variances in position and angle,

σ 2
w =

∫
f (w)w2 dw∫

f (w) dw

, σ ′2
w =

∫
g(w′)w′2 dw′

∫
g(w) dw′

. (13.15)

The emittance of the beam containing many particles is

〈εw〉 = σwσ ′
w.

In electron machines the horizontal emittance of a single particle is given by the quantum
excitation due to emission of synchrotron radiation, as will be shown in Chapter 14. Since
this is the case for each particle, the emittance of the whole beam is usually the same.
However, instabilities or scattering between particles can lead to a blow-up of this natural
emittance at high intensities.

13.2.3 The dispersion

A particle with a momentum deviation �p/p0 has a different bending angle in a dipole
magnet. For a plane ring this results in a new equilibrium orbit at a distance �x = Dx �p/p0
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and angle �x ′ = D′
x �p/p0 with respect to the nominal orbit, as indicated in Fig. 13.1. This

deviation, normalized by �p/p0, is called the dispersion Dx and the derivative is denoted
by D′

x . The curvature 1/ρ of the particle trajectory in a bending magnet of field B depends
on the momentum p:

1

ρ
= eB

p
≈ eBc

m0c2γ
.

The angular deflection in a bending element of length ds is therefore

�ϕB = ds

ρ
= ds

ρ0(1 + �p/p0)
≈ ds

ρ0
(1 − �p/p0)

with ρ0 being the bending radius of the particle with nominal energy. A particle with an
excess of energy is deflected less and will obtain a positive angular deviation to the outside:

dx ′ = ds

ρ0

�p

p0
, dD′

x = dx ′

�p/p0
= ds

ρ0
.

In a bending magnet the dispersion will therefore propagate like

D′
x (s) = D′

x (0) + s

ρ0
, Dx (s) = Dx (0) + D′

x (0)s + s2

2ρ0
. (13.16)

Since the off-momentum orbit is displaced with respect to the nominal one, the particle
goes off center through the quadrupoles and acquires some extra deflection. For a short
quadrupole lens of focusing strength 1/ f this leads to an angular deflection of

�x ′ = − x

f
, �D′

x = − Dx

f
, �Dx = 0. (13.17)

For a long quadrupole lens with focusing parameter K we obtain

D′′
x = −Dx K ,

which indicates the focusing effects of the quadrupoles on the off-energy orbit. Finally, in
a straight section the dispersion propagates like

D′
x (s) = D′

x (0), Dx (s) = Dx (0) + D′
x (0)s. (13.18)

With the above relations we can evaluate the dispersion function Dx (s) and its derivative
D′

x (s).

13.2.4 The chromatic aberrations and their correction with sextupoles

The focusing strength of a quadrupole depends on the momentum of the particle, 1/ f ∝ 1/p.
As a result the tune depends on the momentum deviation, which is expressed as the chro-
maticity, in terms of either the absolute tune ν ′

x or the ratio ξx of the relative changes
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Fig. 13.14. Chromatic correction with sextupole magnets.

in tune and momentum

ν ′
x = �νx

�p/p0
, ξx = �νy/νy

�p/p0
and ν ′

y = �νy

�p/p0
, ξy = �νy/νy

�p/p0
.

This can be corrected with sextupole magnets located at finite dispersion. They have the
geometry shown in Fig. 13.14 and a field of the form

Bx = ∂2 By

∂x2
xy, By = 1

2

∂2 By

∂x2
(x2 − y2), |B| = 1

2

∣∣∣∣∂2 By

∂x2

∣∣∣∣(x2 + y2).

Developing this field around a point x = x0, y = 0 on the horizontal axis,

Bx = ∂2 By

∂x2
x0 �y, By = ∂2 By

∂x2

(
x2

0

2
+ x0 �x

)
,

results in a dipole field combined with a quadrupole field of a strength proportional to the
displacement x0.

A horizontally focusing sextupole is placed close to an F-quad where particles with excess
energy have an orbit displaced to the outside and receive some extra focusing, as shown
in Fig. 13.14. Conversely, vertically focusing sextupoles located close to D-quads provide
correction in the vertical plane.

We develop the sextupole field around a point x = 0, y = y0 on the vertical axis,

Bx = ∂2 By

∂x2
y0 �x, By = −∂2 By

∂x2

(
y2

0

2
+ y0 �y

)
,

and obtain a field consisting of a dipole and a rotated quadrupole component, which cre-
ates coupling between the horizontal and vertical motions. The strength of the latter is
proportional to the vertical distance y0.

Sextupoles are non-linear elements that can not be treated with simple matrices. They have
to be rather strong in highly focusing lattices and can have adverse effects, e.g. they often
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limit the so-called dynamic aperture which is the maximum betatron amplitude accepted
by the ring.

In the absence of sextupoles the horizontal and vertical chromaticities have the ‘natural’
values, which are always negative. With uncorrected chromaticities the betatron tune νx and
νy depend on the momentum of the particle, which may result in a large tune spread. It can
lead also to beam instabilities.

13.2.5 Coupling and vertical dispersion

Rotated elements and misalignment of magnets can lead to a situation in which horizontal
and vertical betatron oscillations are coupled. In storage rings mainly rotated quadrupole
fields cause coupling. A small rotation of a quadrupole magnet can be regarded as a normal
quadrupole field with a weaker one that is rotated by 45◦. The latter is of the form

Bx = ∂ Bx

∂y
x, By = ∂ Bx

∂y
y

and results in a vertical deflection for a particle traversing it with a horizontal displacement
from the axis. Vertical displacements in sextupole magnets also result in a rotated quadrupole
field acting as a source of coupling. As will be seen in the next chapter, the horizontal
emittance of an electron beam has a finite size due to emission of synchrotron radiation,
while the natural vertical emittance is much smaller. Coupling will usually determine the
vertical beam size.

In an ideal plane storage ring there is only a horizontal dispersion Dx while the vertical one
vanishes, Dy = 0. However, errors such as rotational misalignment of bending magnets or
of quadrupoles at locations of horizontal dispersion can produce vertical dispersion. Owing
to quantum excitation during emission of synchrotron radiation, this will lead to a larger
vertical emittance, as will be discussed in Chapter 14.

The vertical emittance is mainly caused by coupling or vertical dispersion. To keep it
small, we have to keep rotational misalignment of dipoles and quadrupoles small, reduce
vertical orbit distortion in quadrupoles and sextupoles, and avoid vertical position errors of
these elements.

13.2.6 An example: The FODO lattice

To illustrate the calculation of the lattice parameters we take as an example a storage ring
with N identical cells of length L , each having only a thin F-quad and a D-quad of equal
strength, with bending magnets filling the space between them, as shown in Fig. 13.15. This
beam optics is called the FODO lattice and is used in many machines. To calculate the beta
function we start from a symmetry point in the center of the F-quad. Since each cell has
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Fig. 13.15. A FODO lattice consisting of equidistant F- and D-quads.

the same configuration and the same lattice functions at both ends, we can treat it as a ring
with a single cell of phase advance µx . Later we take the Ncth power of the transfer matrix
for a cell in order to obtain the full ring. We obtain the horizontal matrices of the elements
from (13.4) and multiply them:

Mx =

⎛
⎜⎜⎝

1 0

− 1

2 f
1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
L

2

0 1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1 0

1

f
1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
L

2

0 1

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1 0

− 1

2 f
1

⎞
⎟⎟⎠

=

⎛
⎜⎜⎜⎝

1 − L2

8 f 2
L

(
1 + L

4 f

)

− L

4 f 2

(
1 − L

4 f

)
1 − L2

8 f 2

⎞
⎟⎟⎟⎠ =

⎛
⎝ cos µx βxF sin µx

− 1

βxF
sin µx cos µx

⎞
⎠.

On comparing the two matrices in the lower line, we obtain

cos µx = 1 − 2 sin2(µx/2) = 1 − L2

8 f 2
→ sin(µx/2) = L

4 f

β2
xF = −m12

m21
= L2

(
2 f

L

)2 1 + L

4 f

1 − L

4 f

→ βxF = L
1 + sin(µx/2)

2 cos(µx/2) sin(µx/2)
.

For the vertical matrix the starting quadrupole is defocusing and we could again multiply
the corresponding matrices. However, we can just change the sign of 1/ f in the horizontal
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expression and obtain

cos µy = 1 − 2 sin2(µy/2) = 1 − L2

8 f 2
= sin µx → sin(µy/2) = L

4 f

β2
yF = −m12

m21
= L2

(
2 f

L

)2 1 − L

4 f

1 + L

4 f

→ βyF = L
1 − sin(µy/2)

2 cos(µy/2) sin(µy/2)
.

The FODO lattice has perfect symmetry between horizontal focusing and vertical defo-
cusing and vice versa, resulting in the same phase advance per cell, and a horizontal beta
function at the D-quad that is equal to the vertical one at the F-quad:

µx = µy, βxF = βyD, βxD = βyF.

The beta functions are largest at the centers of the quadrupoles. The maximum value depends
on the length L and the phase advance µ of the cell and is smallest around µx ≈ 76◦. It is
interesting to note that βx diverges as the phase advance per cell µx approaches π , where
the lattice becomes unstable.

Next we calculate αxF+ at the exit of the F-quad and αxD− at the entrance of the
D-quad. Using the fact that α = 0 at the symmetry points represented by the centers of
the quadrupoles and the relation (13.12) for the change of αx in the half quads:

αxF+ = βxF

2 f
= 1 + sin(µx/2)

cos(µx/2)
, αxD− = βxD

2 f
= 1 − sin(µx/2)

cos(µx/2)
.

Using (13.11), we obtain the lattice functions between the F- and D-quads:

βx (s) = βxF

(
1 − 2 sin(µx/2)

2s

L
+ 2 sin2(µx/2)

1 + sin(µx/2)

(
2s

L

)2
)

αx (s) = αxF+

(
1 − 2 sin(µx/2)

1 + sin(µx/2)

2s

L

)
(13.19)

γx (s) = 4 tan(µx/2)

L
= constant

with

βxF = L
1 + sin(µx/2)

2 cos(µx/2) sin(µx/2)
, αxF+ = 1 + sin(µx/2)

cos(µx/2)
. (13.20)

To calculate the dispersion we start in the center of the F-quad, where D′
x = 0 and the

dispersion has the unknown value DxF. Using (13.17), we obtain the derivative at the exit
of the F-quad,

D′
xF+ = − DxF

2 f
,
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and we use (13.16) to propagate this to the entrance of the D-quad:

D′
xD− = − DxF

2 f
+ L

2ρ
, DxD = DxF − DxF

2 f

L

2
+ L2

8ρ
.

Finally, going through the half D-quad must lead to a vanishing dispersion for symmetry
reasons,

D′
xD = D′

xD− + DxD

2 f
= 0,

which gives

DxF = 4 f 2

ρ

(
1 + L

8 f

)
= L2

4ρ sin2(µx/2)

(
1 + 1

2
sin(µx/2)

)

DxD = 4 f 2

ρ

(
1 − L

8 f

)
= L2

4ρ sin2(µx/2)

(
1 − 1

2
sin(µx/2)

)
.

The propagation of the dispersion between the quads is, according to (13.16),

Dx (s) = DxF

⎛
⎜⎜⎝1 − sin(µx/2)

2s

L
+ sin2(µx/2)

2

(
1 + 1

2
sin(µx/2)

)(
2s

L

)2

⎞
⎟⎟⎠

D′
x (s) = DxF+

⎛
⎜⎝1 − sin(µx/2)

1 + 1

2
sin(µx/2)

2s

L

⎞
⎟⎠

(13.21)

with

DxF = L2

ρ

1 + 1

2
sin(µx/2)

4 sin2(µx/2)
, D′

xF+ = − L

ρ

1 + 1

2
sin(µx/2)

2 sin(µx/2)
. (13.22)

In Fig. 13.16 the beta functions and the dispersion are plotted as functions of s for a
FODO lattice with µx = 90◦. Figure 13.16 shows also the emittance function H, which
will be discussed later.

13.3 The longitudinal particle dynamics

13.3.1 Introduction

A particle with a momentum deviation moves on a new equilibrium orbit that differs from
the nominal one by a distance �x = Dx �p/p0 and angle �x ′ = D′

x �p/p0 as shown
in Fig. 13.1, where Dx (s) is the dispersion and D′

x (s) its derivative. As a consequence
this new orbit has also a different circumference C . These deviations are normalized and
described in a linear approximation by the dispersion Dx and the so-called momentum
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Fig. 13.16. Beta functions, dispersion, and H in a FODO lattice with µx = 90◦.

compaction αc:

�x = Dx
�p

p0
,

�C

C0
= αc

�p

p0
, αc = 1

C0

∮
Dx (s)

ρ
ds. (13.23)

In general both have to be computed for a given beam optics. For the FODO lattice, consisting
of thin lenses with bending magnets filling the space between them, we have calculated the
dispersion (13.21) and integrate over it to obtain the momentum compaction:

αc(FODO) =
(

L

ρ

)2 1 − 1

12
sin2(µx/2)

4 sin2(µx/2)
.

The different path lengths and velocities of an off-momentum particle lead to changes in
revolution time Trev and frequency ωrev. In most rings αc > 0, which results in a longer orbit
for particles of higher energy:

�T

Trev
=

(
αc − 1

γ 2

)
�p

p0
= ηc

�p

p0
≈ αc

�p

p0
,

�ωrev

ωrev
≈ −αc

�p

p0
.

For ultra-relativistic electrons usually 1/γ 2 � αc. Particles of higher energy take longer to
complete a turn. Hence their frequencies of revolution are smaller than that of a nominal
particle. However, proton rings do not always operate in an ultra-relativistic regime and
there exists an energy with Lorentz factor γT = 1/

√
αc for which these two terms cancel

out, which is called the transition energy.
To replace the energy Us lost by a circulating particle due to the emission of syn-

chrotron radiation, one uses a longitudinal field provided by an RF (radio-frequency) system
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Fig. 13.17. An RF system.

consisting of one or several cavities oscillating at a harmonic h of the revolution frequency
ωRF = hωrev as shown on the left-hand side in Fig. 13.17.

The cavity voltage is shown on the right-hand side in Fig. 13.17 as a function of the
traversal time ts + τ . A nominal particle with the correct momentum p0 goes through
the cavity at the synchronous time ts with respect to the zero crossing of the voltage.
It receives a gain in energy that compensates for the loss due to synchrotron radiation
�E = Us = eV̂ sin(ωRFts).

A particle arriving later than the synchronous time receives a smaller gain in energy. As
a result the energy will become too small and the related revolution time shorter, which
corrects the original delay. For an early particle the situation is reversed. A particle with
too much energy takes longer to go around and arrives late next time when it receives less
energy and vice versa. This creates longitudinal focusing and leads to an oscillation with
frequency ωs around the synchronous arrival time and the nominal energy, which is called
the synchrotron or phase oscillation and also energy oscillation.

13.3.2 The longitudinal focusing – small amplitudes

We consider a particle of nominal momentum p0 ≈ Ee/c, revolution frequency ωrev, syn-
chronous arrival time ts, and phase ϕs = hωrevts. The deviations from these values are

�T

Trev
= αc

�p

p0
≈ αc

�E

Ee
= αcε, τ = t − ts.

The change in energy per turn �E is

�E = eV̂ sin(hωrev(ts + τ )) − Us ≈ eV̂ (sin ϕs + cos ϕs hωrevτ ) − Us, (13.24)

where we assumed that there is a small deviation hωτ � 1 and developed the trigonometric
functions. We call the relative energy deviation ε = �E/Ee, assume that there are small
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changes per turn, and make a smooth approximation,

d(�E/Ee)

dt
= ε̇ ≈ ωrev

2π

�E

Ee
, τ̇ ≈ �T

Trev
= αcε,

giving

ε̇ ≈ ωreveV̂

2π Ee
(sin ϕs + cos ϕs hωrevτ ) − ωrev

2π

Us(ε)

Ee
.

The energy loss Us due to the emission of synchrotron radiation depends on the particle
energy. We linearize this dependence and determine the synchronous phase for the nominal
energy:

Us = Us 0 + dUs

dE
�E, eV̂ sin ϕs = Us 0.

This leads to the two first-order differential equations

ε̇ = ω2
rev

heV̂ cos ϕs

2π Ee
τ − ωrev

2π

dUs

dE
ε, τ̇ = αcε,

which can be combined in

ε̈ + ωrev

2π

dUs

dE
ε̇ − ω2

rev
hαceV̂ cos ϕs

2π Ee
ε = 0.

The solution is a damped oscillation of the form

ε(t) = ε̂e−αε t cos
(√

ω2
s − α2

ε t + ϕ0
) ≈ e−αε t cos(ωst + ϕ0).

Here, ωs is the synchrotron frequency without damping, which we assume to be much larger
than the damping rate αε :

ωs = ωrev

√
hαceV̂ cos ϕs

2π Ee
, αε = 1

2

ωrev

2π

dUs

dE
.

For αε > 0 the emission of synchrotron radiation provides damping for the longitudinal
oscillation.

To have a gain in energy and longitudinal focusing the synchronous phase has to satisfy
π/2 < ϕs < π for αc > 0 and 0 < ϕs < π/2 for the more exotic case of αc < 0.

The damping of the synchrotron oscillations is weak and can be neglected for certain
investigations, giving

ε(t) = ε̂ cos(ωst + ϕ0), τ (t) = τ̂ sin(ωst + ϕ0)

with the constant of motion

αcε
2

2
+ ω2

s τ
2

2αc
= αcε̂

2

2
= ω2

s τ̂
2

2αc
= H ′ = constant,

which can be used to relate the maximum excursions in energy and arrival time. The
electrons execute synchrotron oscillation around the nominal arrival time ts and energy Ee.
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They group together and form a so-called bunch. Their distribution is usually Gaussian, of
the form

�(ε, τ ) = 1

2πσεστ

exp

(
− ε2

2σ 2
ε

)
exp

(
− τ 2

2σ 2
τ

)
,

∫ ∫
�(ε, τ ) dε dτ = 1

with the RMS values σε = σE/Ee and στ = σt − ts related by

στ = αc

ωs
σε = 1

ωrev

√
2π Eeαc

heV̂ cos ϕs
σε. (13.25)

It is interesting to note that, for a given relative energy spread σε , the bunch length στ is
proportional to

√
αc. Operating a ring in a low-αc mode is a method by which to obtain

short bunches.
The phase-space distribution �(ε, τ ) can usually not be observed directly, but its projec-

tion onto the time axis multiplied by the total charge q = Ne of the N particles represents
the instantaneous beam current

I (t) = Ne
∫ ∞

−∞
�(ε, τ ) dε = Ne√

2πστ

exp

(
− τ 2

2σ 2
τ

)
= Î exp

(
− t2

2σ 2
τ

)

with the peak current Ip = Ne/(
√

2πστ ). In a machine with an RF system oscillating at the
harmonic number h of the frequency of revolution ωRF = hωrev there are h synchronous
time locations ts around which the particles can oscillate in a stable fashion. The system
supports a maximum of h bunches.

13.3.3 The longitudinal focusing – large amplitudes

We go back to the derivation of the synchrotron oscillation and use the longitudinal coor-
dinates and the energy loss per turn:

hωrevτ = ϕ, hωrevts = ϕs, Us = eV̂ sin ϕs.

We will no longer assume that we have small amplitudes but take the change in energy per
turn

�E = eV̂ sin(hωrev(ts + τ )) − Us

and use a smooth approximation and replace the localized change in energy in the cavity
by one that is distributed around the ring. We obtain a system of non-linear differential
equations:

ε̇ ≈ ωrev

2π

�E

Ee
= ωreveV̂ (sin(hωrev(ts + τ )) − sin ϕs)

2π Ee
, τ̇ = αcε.
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We put ϕ = hωrevτ , express ε̇ with ϕ, multiply the above equation by ϕ̇, and integrate once
over t to obtain

1

2
ϕ̇2 − ω2

rev
αcheV̂

2π Ee
(cos(ϕs + ϕ) − cos ϕs + ϕ sin ϕs) = 1

2
ˆ̇ϕ

2 = constant.

This expression gives the phase-space trajectories ε(ϕ) of the particles executing a phase os-
cillation. We can use it to determine the maximum amplitude of the deviation in energy which
still gives stable oscillations. The function f (ϕ) = − (cos(ϕs + ϕ) − cos ϕs + ϕ sin ϕs)
gives the potential provided by the RF voltage for the particles shown in the central part of
Fig. 13.18. It has a maximum at ϕ1 = (π − 2ϕs) that determines the energy acceptance of
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Fig. 13.18. Large amplitude oscillation and energy acceptance.
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the RF system using sin ϕs = Us/(eV̂ ):

f (ϕ)max = 2

⎛
⎝
√

1 −
(

Us

eV̂

)2

− Us

eV̂
arccos

(
Us

eV̂

)⎞⎠

ε2
max =

(
�E

Ee

)2

max

= eV̂

παchEe
2(cos ϕs − sin ϕs arccos(sin ϕs))

= 2
eV̂

παchEe

⎛
⎝
√

1 −
(

Us

eV̂

)2

− Us

eV̂
arccos

(
Us

eV̂

)⎞⎠.

For a small energy loss Us/(eV̂ ) = sin ϕs � 1 we can approximate

ε2
max ≈ 2eV̂

παchEe

(
1 − π

2

Us

eV̂
+ 1

2

(
Us

eV̂

)2

· · ·
)
.

The RF voltage, the potential function f (ϕ), and the phase-space trajectories are shown
in Fig. 13.18. The latter are shown as solid lines for the maximum stable energy accepted
by the system and as dashed lines for smaller deviations. Their form approaches an ellipse
for smaller amplitudes, for which a linear approximation can be used.

The electrons in a ring have a Gaussian energy distribution with RMS value σε . The RF
bucket has to contain this distribution and the energy acceptance has to be larger, εmax ≥ 7σε ,
in order to minimize losses of the particles in the tails and to assure that there is a good
beam life time.



14

Effects of radiation on the electron beam

14.1 The energy loss

In the bending magnet of field B an ultra-relativistic particle of energy Ee has a trajectory
of curvature 1/ρ = eB/p and emits synchrotron radiation of power (3.13):

Ps = 2cr0m0c2γ 4

3ρ2
= 2c3r0e2 E2

e B2

3(m0c2)3
. (14.1)

To obtain the energy loss Us per turn we have to integrate this over the time. We assume
that the relative change in particle energy during one revolution is small. However, the
radiated power varies around the ring since it depends on the local field. For this reason
the energy loss Us during one turn is often the relevant quantity. Using an ultra-relativistic
approximation with dt ≈ ds/c,

Us =
∫

P(t) dt ≈ 1

c

∮
P(s) ds = 2c2r0e2 E2

e

3(m0c2)3

∮
B2(s) ds (14.2)

= 2r0m0c2γ 4

3

∮
ds

ρ2(s)
= 2r0m0c2γ 4

3
Is2,

where we use the synchrotron radiation integral Is2, which was introduced in Chapter 5,
(5.6),

Is2 =
∮

ds

ρ2(s)
=

∮ (
eB0(s)c

m0c2γ

)2
ds, (14.3)

which represents an integration over the square of the curvature or of the field on the nominal
orbit. In a lattice consisting of dipole and quadrupole magnets, the circulating electrons are
usually very close to axes of the latter, where the magnetic field is small. Therefore we
can neglect the radiation produced in the quadrupoles. Assuming that there are identical
bending magnets producing a curvature 1/ρ, we have

Is2 = 2π

ρ
and Us = 4πr0m0c2γ 4

3ρ
= 4πr0ceE3

e B

3(m0c2)3
.

In this approach, a magnetic field is assumed to have a constant value over the full length
with an abrupt drop to zero at the end, neglecting the effects of fringe fields. This tends

271
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to overestimate the energy loss. On the basis of measurements of the magnetic field B(s)
along the orbit, a maximum value B̂ in the center and an effective length �1 are defined and
used for lattice calculations:

B̂�1 =
∫

B(s) ds.

Using these parameters also to determine the energy loss with �1 B̂2 in the presence of fringe
fields results in a value for Us that is too large, since

�1 B̂2 ≥
∫

B2(s) ds = �2 B2
2 . (14.4)

At this point we would like to clarify the difference between the power Ps given by
(14.1), which is radiated by a particle while it traverses a bending magnet with field B
or curvature 1/ρ, and the power averaged over one turn. In a ring that has only bending
magnets of the same curvature 1/ρ and thin quadrupoles without any field-free straight
sections the angular velocity is everywhere ω0 and the time Trev = T0 = 2π/ω0. A ring that
has bending magnets of the same field strength and also field-free straight sections, called
an isomagnetic ring, will have a longer revolution time Trev > T0 and a smaller frequency
of revolution ωrev = 2π/Trev < ω0. Therefore we obtain the following relations for the
instantaneous and averaged power:

Ps = 2cr0m0c2γ 4

3ρ2
= ω0

2π
Us, 〈P〉 = ωrev

2π
Us = ωrev

ω0
Ps ≤ Ps.

We can easily generalize this for non-isomagnetic rings.

14.2 The radiation damping

14.2.1 Introduction

The power radiated as synchrotron radiation reduces not only the energy of the nominal
electron motion but also that of the synchrotron and betatron oscillations, while the RF
system restores the energy of the former. This produces damping. In the following treatment
we include the effect of the RF system which replaces the lost energy implicitly by keeping
the average longitudinal particle momentum p0 or the energy Ee constant. This method is
based on a smooth replacement of the energy, which is justified as long as the energy loss
in one revolution or between cavities is small compared with the energy itself.

In calculating the radiation damping we need the change of the energy loss Us per turn
due to a deviation dE of the particle energy. In the calculation of the energy loss carried out
in the previous section we assumed that the particle has the nominal energy and circulates
on the nominal orbit, which usually goes through the centers of the quadrupoles. Now
we need the change of this loss with an energy deviation, and later, also with a betatron
displacement. The energy loss is proportional to E2

e , which leads to a direct effect. An
energy deviation also changes the orbit at locations of finite dispersion. In cases in which
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the magnets have a gradient this leads directly to a change of the field seen by the particle:

dB = dB

dx
dx = dB

dx

dE

Ee
Dx .

We obtain the change of the radiated power (14.1) with the energy deviation

dP = 2Ps

(
dE

Ee
+ dB

B

)
= 2Ps

(
1 + Dx

ρ

ρ

B

dB

dx

)
dE

Ee
.

This is often written in a more compact form by introducing a normalized gradient, called
the field index nB ,

nB = − ρ

B

dB

dx
= −ρ2 Kf, (14.5)

where Kf is the focusing parameter (13.3). We obtain for the power deviation

dPs = 2Ps

(
1 − Dx nB

ρ

)
dE

Ee
.

In this change of the radiated power with energy deviation we include the effect dP ∝
2B dB due to the change of the magnetic field seen by the electron in dipole magnets with
a gradient. However, we do not include quadrupole magnets because they have a vanishing
field on the axis and an orbit deviation would lead only to a second-order effect.

To obtain the resulting change dUs of the energy loss per turn we have to integrate the
power over time. However, this integration follows the displaced orbit having a path-length
element ds ′ different from the nominal ds. Inside a magnet with bending radius ρ the relation
between them is

ds ′ =
(

1 + x

ρ

)
ds =

(
1 + Dx

ρ

dE

Ee

)
ds.

However, for the integration around the ring, the shape of the ends of the magnet has an
important effect. In a sector magnet of nominal deflecting angle dϕ the full path-length is
dϕ (ρ + x), whereas for a rectangular magnet of length L the path-length is independent of
the radial displacement. To accommodate this difference, we write the path-length element
with a factor κ being about 1 for a sector and 0 for a rectangular magnet,

ds ′ =
(

1 + κ
Dx

ρ

dE

Ee

)
ds. (14.6)

We obtain the change in Us by integrating over dt = ds/c:

dUs = 1

c

∮
Ps(s)

(
2 + (κ − 2nB)Dx

ρ

)
dE

Ee
ds. (14.7)

We express the power in the form

Ps = 2cr0m0c2γ 4

3ρ2(s)
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and obtain for the change of energy loss with energy

dUs

dE
= 2r0m0c2γ 4

3Ee

∮ (
2

ρ2(s)
+ (κ − 2nB(s))Dx (s)

ρ3(s)

)
ds.

We use the second synchrotron-radiation integral Is2 and introduce a new one [42],

Is4 =
∮

(1 − 2nB)Dx

ρ3
ds.

We set κ = 1 to obtain

dUs

dE
= 2r0m0c2γ 4

3Ee
(2Is2 + Is4) = Us0

Ee

(
2 + Is4

Is2

)
. (14.8)

14.2.2 The damping of synchrotron oscillations

The damping rate for synchrotron oscillation was derived in the previous chapter:

ωs = ωrev

√
hαceV̂ cos φs

2π Ee
, αε = 1

2

ωrev

2π

dUs

dE
. (14.9)

For a homogeneous magnet and neglecting path-length effects, we find

αε = ωrev

2π

Us0

Ee
= Us0

Trev Ee
= 〈P〉

Ee
. (14.10)

The damping time 1/αε is just the time it takes to radiate the total particle energy.
For the general case involving gradient magnets and path-length effects we use the more

accurate derivative of the energy loss (14.8) in (14.9) and obtain the longitudinal damping
rate

αε = Us0

2Trev Ee
(2 + Is4/Is2) = Us0

2Trev Ee
(2 + D) = r0γ

3

3Trev
(2Is2 + Is4), (14.11)

where the parameter D = Is4/Is2 is often used in the literature.

14.2.3 The damping of vertical betatron oscillations

We assume that we have a plane storage ring without vertical bending and no coupling. The
damping of vertical betatron oscillations is caused by the fact that the synchrotron radiation
is emitted in the direction of the particle momentum p and reduces both its components
ps and px while the RF-cavity voltage has a longitudinal field and increases only the
longitudinal momentum component ps, as illustrated in Fig. 14.1. In this process we have
a reduction of the transverse momentum:

�py

p0
= �y′ = �ps

p0
y′ = −�E�

Ee
y′.
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Fig. 14.1. Damping of vertical betatron oscillation.

Since the change in energy of the particle is always negative, representing a loss, we give
also the positive energy �E� of the photon in order to clarify the situation.

We consider now a short element ds of the trajectory, where an energy element �E =
P �s/c is lost due to synchrotron radiation, and replaced in the forward direction by the
RF system. Using a paraxial approximation, we have ps ≈ |p| ≈ Ee/c and py ≈ y′|p| ≈
y′Ee/c, from which we obtain for the change of the electron coordinates y and y′

�y = 0, �y′ = −�E�

Ee
y′,

which results in a first-order change of the emittance:

εy = γy y2 + 2αy yy′ + βy′2

�εy = 2αy y �y′ + βy2y′ �y′ = −2
�E�

Ee
(αy yy′ + βy y′2).

To find the average change in emittance over many turns, we use the expressions (13.14),

〈w2〉 = 1
2εβw, 〈ww′〉 = − 1

2εαw, 〈w′2〉 = 1
2εγw, (14.12)

and obtain

〈�εy〉 = εy
(
α2

y − βyγy
)�E�

Ee
= −εy

�E�

Ee
.

This differential loss has to be integrated over one turn, resulting in

dεy

dt
= −εy

Us

Trev Ee
or εy(t) = εy0 exp

(
− Us

Trev Ee
t

)
.

The amplitude of the betatron oscillation is proportional to
√

εy and has therefore the
damping rate

αv = Us

2Trev Ee
. (14.13)
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Fig. 14.2. Horizontal damping and quantum excitation

14.2.4 The damping of horizontal betatron oscillations

The case of horizontal betatron oscillations is more complicated due to the effect of the
dispersion. An electron that radiates a photon loses a certain amount of energy �E and has
a new equilibrium orbit displaced by �xβ = Dx �E/Ee. Although the actual radial position
of the electron has not changed, it will start a betatron oscillation around its new, displaced
equilibrium orbit. If there is also a derivative of the dispersion, the electron trajectory
will have an angle with respect to the new off-energy orbit and oscillate around it. This
mechanism is illustrated in Fig. 14.2.

To calculate this effect we take a location on the orbit where the electron has the horizontal
displacement due to a betatron and an energy motion

x = xβ + xε, x ′ = x ′
β + x ′

ε .

In a path element ds ′ along its trajectory the electron radiates the relative energy

�E

E
= P(s ′)

�s ′

c
= −�E�

Ee
,

resulting in change of the coordinates:

�x = �xβ + �xε = 0, �x ′ = �x ′
β + �x ′

ε = −x ′
β

�E�

Ee
.

We assume that we have a dispersion Dx and derivative D′
x at the location of emission,

resulting in a change of the energy-oscillation coordinates:

�xε = Dx
�E

Ee
= −Dx

δE�

Ee
, �x ′

ε = D′
x

�E

Ee
= −D′

x

�E�

Ee
.

This gives a change of the betatron coordinates, assuming that the electron had the nominal
energy before:

�xβ = −Dx
�E

Ee
= Dx

�E�

Ee
, �x ′

β = (x ′
β − D′

x )
�E

Ee
= −(

xβ − D′
x

)�E�

Ee
.
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The resulting change of the electron emittance is

�εx = 2(γx xβ �xβ + αx (x ′
β �xβ + xβ �x ′

β) + βx x ′
β �x ′

β)

= −2
�E�

Ee

((
αx xβ x ′

β + βx x ′2
β

) − (
γx Dx xβ + αx (Dx x ′

β + D′
x xβ) + βx D′

x x ′
β

))
.

(14.14)

Next we discuss the energy-loss element �E . On the nominal orbit it would just be
�E = Ps(s) ds/c; however, for the trajectory including a betatron-oscillation excursion xβ

there is a correction for a possible magnetic-field gradient and one for the path-length (14.6)
and hence we have to take the expression

dE = Ps

(
1 + 1

B

dB

dx
xβ

)
�s ′

c
= Ps

c

(
1 − nB

xβ

ρ

)(
1 + κ

xβ

ρ

)
�s

≈ Ps

c

(
2 + κ − 2nB

ρ
xβ

)
ds,

where Ps is now the power corresponding to the nominal orbit. The above expression gives
the dependence of the energy loss on the betatron excursion xβ and has a similar form to
(14.7), where this dependence on a deviation in energy was investigated.

To obtain the change in emittance due to this energy loss occurring in a nominal path
element ds we substitute it into (14.14):

δεx = 2Ps

cEe

[ (
2 + κ − 2nB

ρ
xβ

)

× ((
αx xβ x ′

β + βx x ′2
β

) − (
γx Dx xβ + αx (Dx x ′

β + D′
x xβ) + βx D′

x x ′
β

)) ]
ds.

The phase of the betatron oscillation will be different in successive revolutions and we
average over the square terms in xβ and x ′

β using the expressions (14.12) and the relation
βxγx − α2

x = 1 and obtain vanishing averages for the third powers:

�εx = −εx
Ps

cEe

(
1 − (κ − 2nB)

Dx

ρ

)
�s.

To obtain the total change in emittance during one revolution we have to integrate over ds.
We separate in Ps(s) the s-dependent parameter ρ(s),

Ps

Ee
= 2r0cγ 3

3

1

ρ2(s)
,

and obtain for κ = 1

dεx

Trev
= −εx

2r0γ
3

3Trev

∮ (
1

ρ2
− (1 − 2nB)Dx

ρ3

)
ds = −εx

2r0γ
3

3Trev
(Is2 − Is4).
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Assuming that there is a small relative change of the emittance per turn, we make a
smooth approximation:

dεx

dt
= −εx

2r0γ
3

3Trev
(Is2 − Is4).

The emittance is exponentially damped at a rate 2r0γ
3(Is2 + Is4)/(3T0). The betatron am-

plitude is proportional to
√

εs and has the damping rate

αh = r0γ
3 Is2

3Trev

(
1 − Is4

Is2

)
= Us0

2T0 Ee
(1 − D).

14.2.5 The sum of the damping rates

We sum the damping rates of the three modes of electron oscillation and find

αε + αv + αh = 2
Us0

Trev Ee
. (14.15)

This sum depends only on the energy loss per turn, the energy, and the revolution time
and is not affected by the details of the ring lattice. This result is valid for a very general
ring, which can also contain vertical deflections and dispersion, as shown in [73]. Since the
damping is based on the fact that the synchrotron radiation reduces on average the nominal
energy as well as the one contained in the oscillations while the RF system only restores
the first one, the above sum rule agrees with intuition. Owing to the importance of this, one
introduced in the literature damping partition numbers Di for the three modes of oscillation.
For a plane ring they are

Jε = 2 + Is4/Is2, Jy = 1, Jx = 1 − Is4/Is2,
∑

i

Ji = 4.

We treated here a ring lying in the horizontal plane without any vertical bending. In this
case already the sum of two damping rates is constant, Ds + Dx = 3. For a ring having only
homogeneous dipole magnets and quadrupoles the synchrotron integral Is4 is

Is4 =
∮

Dx

ρ3
ds,

neglecting path-length effects. Since, in a strong focusing ring, Dx � ρ, we have Is4 � Is2

and obtain for the damping partition numbers

Jε ≈ 2, Jy ≈ Jx ≈ 1.

In bending magnets with a positive gradient dB/dx > 0, i.e. nB < 0, the field is larger at
positive deviations x from the central orbit, leading to more power being radiated. Since most
rings have positive dispersion, a particle with a positive energy deviation radiates more and
the damping of the oscillation in energy is increased. For the horizontal betatron oscillation
an energy loss occurring on the outside, xβ > 0, will move the off-energy equilibrium orbit
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to the inside by −Dx
�Eγ

Ee
and the betatron amplitude is increased. For a loss occurring on

the inside, xβ < 0, the situation is reversed and the betatron amplitude decreases.

14.3 The quantum excitation of oscillations

14.3.1 Introduction

We have calculated the damping of particle oscillations in storage rings by evaluating the
effect of an infinitesimal energy loss on these oscillations. In reality the energy is emitted
in the form of photons of finite energies h̄ω. This will shock-excite oscillations, which are
damped but excited again in a statistical manner. As a result there are oscillations in energy
and betatron oscillations of finite amplitudes in a storage ring, which manifest themselves
as non-vanishing energy spread and emittance.

To calculate the resulting energy spread and emittance we use Campbell’s theorem [74],
which applies to a statistical excitation of a damped oscillation. We consider a weakly
damped oscillator that has a response to a pulse excitation a �(t) at the time t = 0 of the
form

x(t) = ae−αt cos(ωrt)

and calculate the integral over the square of the normalized response,

g2 = 1

a2

∫ ∞

0
x2(t) dt =

∫ ∞

0
e−2αt cos2(ωrt) ≈ 1

4α
,

for α � ωr.
We assume now that the pulse has a variance 〈a2〉 in size and occurs randomly at an

average rate ṅ. According to Campbell’s theorem, the resulting variance of the response is

〈x2〉 = ṅ〈a2〉g2 = ṅ〈a2〉
4α

. (14.16)

This result looks like a reasonable intuition. A detailed discussion of it is given in [73].
In the following we apply this to a storage ring where synchrotron radiation is emitted

in long magnets and calculate the energy spread and emittance. Such a ring often also
contains undulators but they usually do not contribute significantly to the energy loss and
therefore to quantum excitation. The synchrotron-radiation spectrum for long magnets has
been evaluated in Chapter 5. The number of photons ṅ radiated per unit time and the variance
of their energy are expressed in (5.45) by the critical energy εc and the total power

ṅ = 15
√

3

8

Ps

E�c
,

〈
E2

�

〉 = 11

27
E2

�c, Eγ c = 3chγ 3

4π |ρ| = 3m0c2λCompγ
3

4π |ρ| , (14.17)

where λComp = h/(m0c) = 2.426 × 10−12 m is the Compton wavelength (5.43). Since Eγ c

is always positive while the curvature 1/ρ can change sign in a reversed bend, we use the
absolute sign for the latter.
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In calculating the effect of quantum excitation we assume that the particle has no initial
deviation in energy, displacement, and angle from the nominal values and calculate the
effect of the photon emission on these parameters. This is different from the investigation
of the radiation damping, for which an initial oscillation was assumed and its increase or
decrease due to the radiation was investigated.

14.3.2 The energy spread

Synchrotron oscillations are directly excited by the energy loss due to photon emissions,
and we obtain the resulting energy spread of the electron beam from (14.16) on the basis
of Campbell’s theorem [75]. The number of photons and the variance of the photon energy
depend on the local magnetic field. We average their product over one revolution and divide
the result by the longitudinal damping rate αε , which is itself an average over the ring. With
(14.11) for the damping rate, (14.1) for the radiated power, and (14.17) for the photon flux
and RMS energy we obtain

〈dE2〉
E2

e

= 〈ṅ〈ε2〉〉
4αεE2

e

= 55
√

3

288

1

E2
e αεcTrev

∮
Ps E�c ds = 55

√
3

96

λCompγ
2 Is3

2π (2Is2 + Is4)
,

where we introduce another synchrotron radiation integral:

Is3 =
∮

1

|ρ|3 ds.

It should be noted that field-free straight sections do reduce the damping rate and the
average number of photons emitted in the same way and have therefore no effect on the
energy spread. The photon emission produces directly an energy spread, which results,
through the longitudinal focusing, also in a finite bunch length στ . It is given by (13.25):

στ = αε

ωs
σε = 1

ωrev

√
2π Eeαc

heV̂ cos φs
σε.

One sometimes calls the product of RMS values of the electron excursion in time στ and
energy

√
〈dE2〉 the longitudinal emittance:

εs = στ

√
〈dE2〉 = Eeστσε = Ee

αc

ωs
σ 2

ε = Ee

ωrev

√
2παc Ee

heV̂ cos φs
σ 2

ε .

14.3.3 The horizontal emittance

Emission of a photon of energy �E at a location of dispersion Dx and derivative D′
s results

in a horizontal betatron oscillation, with initial parameters for an electron originally on the
nominal orbit of

�xβ = Dx
�E�

E
, �x ′ = D′

x

�E�

E
,
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resulting in an emittance given by

�εx = � x �x2 + 2αx �x �x ′ + βx ′2 = (
γx D2

x + 2αx Dx D′
x + βx D′2

x

)(�E�

E

)2

.

The expression in the parentheses,

H = γx D2
x + 2αx Dx D′

x + βx D′2
x , (14.18)

is usually called the emittance function H and can be calculated from the beam optics.
This emittance is proportional to the square of the betatron amplitude and we can apply

Campbell’s theorem directly. The number of photons emitted per unit time and the variance
of their energy are the same as for the previous case of the energy spread and we obtain

εx = 55
√

3

288

1

cE2
e αx Trev

∮
Ps
(
γx D2

x + 2αh Dx D′
x + βx D′2

x

)
E�c ds

= 55
√

3

96

λCompγ
2

2π (Is2 − Is4)

∮
γx D2

x + 2αx Dx D′
x + βx D′2

x

|ρ|3 ds.

We introduce one more synchrotron-radiation integral [42],

Is5 =
∮

γx D2
x + 2αx Dx D′

x + βx D′2
x

|ρ|3 ds =
∮ H

|ρ|3 ds,

and obtain for the equilibrium emittance

εx = 55
√

3

96

h̄

m0c
γ 2 Is5

Is2 − Is4
= 55

√
3

96

λCompγ
2

2π

Is5

Is2 − Is4
. (14.19)

14.3.4 The vertical emittance

In an ideal flat ring there is no vertical dispersion and a photon emitted in the forward
direction does not excite any vertical betatron oscillations. However, the photons have a
finite vertical opening angle, which can give rise to a small excitation and a resulting vertical
emittance. We estimate the magnitude of this effect. A photon emitted at a vertical angle ψ

gives the electron a deflection

�y′ = −�p� y

p0
= − h̄ωψ

Ee
,

which results in a change in emittance of

�εy = βy �y′.

This occurs statistically and results, together with the radiation damping, in a vertical
equilibrium emittance, which is calculated using Campbell’s theorem:

εy = βy ṅ〈�y′2〉
4αv

.
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We assume here that we have a ring without straight sections having a constant average
beta function. For the number of photons per second (5.45) and the damping rate (14.13)
we obtain

ṅ = 5
√

3

12

e2γ

ε0hρ
, αv = Us

2T0 Ee

and the variance of the vertical deflection (5.24) is

〈�y′2〉 = 8

27

(h̄ωc)2

γ 2 E2
e

= 1

6π2

λ2
Compγ

2

ρ2
.

This gives for the vertical emittance

εy = 5
√

3

12

h

2πm0c

βy

ρ
= 5

√
3

24π

βy

ρ
λComp.

With λComp = 2.436 × 10−12 m and βy of the same order as ρ this emittance is extremely
small.

In a practical ring, magnetic and alignment errors lead to some vertical dispersion and
to coupling between horizontal and vertical betatron oscillations. The resulting vertical
emittance is typically less than 1% of the horizontal one in a well-corrected ring. This is
small, but still much larger than the emittance created by the vertical opening angle of the
radiation.

14.4 A summary of the effects of radiation on the electron beam

We summarize the effects of synchrotron radiation on the damping rate of betatron and
synchrotron oscillations, on the energy spread, and on the horizontal emittance in a plane
ring. We introduced convenient synchrotron-radiation integrals that can be calculated from
the ring lattice. They represent an integration on the nominal orbit around the ring, involving
the curvature 1/ρ(s) or its absolute value, the horizontal dispersion Dx (s) and its derivative
D′

x (s), the horizontal beta function βx (s), its normalized derivative αx (s) = −β ′
x (s)/2, and

the function γx (s) = (1 + α2
x (s))/βx (s):

Is2 =
∮

1

ρ2(s)
ds, Is3 =

∮
1

|ρ(s)|3 ds

Is4 =
∮

(1 − 2nB(s))Dx (s)

|ρ(s)|3 ds, Is5 =
∮ H(s)

|ρ(s)|3 ds.

(14.20)



14.4 A summary of the effects of radiation on the electron beam 283

Here we also use the field index nB to describe a gradient in the dipole magnets and the
emittance function H:

nB(s) = − ρ

B

dB

dx

H(s) = γx (s)D2
x (s) + 2αx (s)Dx (s)D′

x (s) + βx (s)D′
x

2(s).

The energy loss Us per turn of one particle on the nominal orbit is

Us0 = 2r0m0c2γ 4

3
Is2.

In a plane ring the damping rates of the longitudinal, vertical, and horizontal oscillations
are

αε = r0γ
3

3Trev
(2Is2 + Is4) = Us0

2Eeγ Trev
Jε

αy = r0γ
3

3Trev
Is2 = Us0

2m0c2γ Trev
Jy

αx = r0γ
3

3Trev
(Is2 − Is4) = Us0

2m0c2γ Trev
Jx

∑
i

αi = r0γ
3

3Trev
4Is2

2Us0

m0c2Trev
,

(14.21)

where we use the damping partition numbers Di = 4αi/
∑

i αi :

Jε = 2 + Is4/Is2, Jy = 1, Jx = 1 − Is4/Is2,
∑

i

Ji = 4. (14.22)

The square of the RMS (variance) energy spread and the horizontal emittance are

〈dE2〉
E2

e

= 55
√

3

96

λCompγ
2

2π

Is3

2Is2 + Is4

εx = 55
√

3

96

λCompγ
2

2π

Is5

Is2 + Is4

(14.23)

with the Compton wavelength

λComp = h

m0c
= 2.426 × 10−12 m.
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To write the above equations more compactly, some authors [18] use the abbreviation

Cq = 55
√

3

96

λComp

2π
= 3.84 × 10−13 m. (14.24)

14.5 Changing effects of radiation with wiggler magnets

In some machines wiggler magnets are installed in a straight section in order to change
the damping rates, energy spread, and emittance [76]. The effect of such wigglers can
be calculated with the expressions given in the previous section by including the wiggler
fields in the synchrotron-radiation integrals. However, we would like to give some explicit
expressions for practical situations. We consider a ring with all bending magnets having the
same field and curvature Br, 1/ρr being much smaller than the corresponding parameters
of the wigglers Bw and 1/ρw. On the other hand, the effective length of the wiggler is much
smaller than that of a ring magnet, Lw � 2πρr. The values of the two lengths should be
properly defined by an integral over the squared field, as explained before in (14.4), but
we ignore here this relatively small difference. We obtain for the synchrotron-radiation
integrals

Is2 =
∮

1

ρ2(s)
ds = 2πρr

ρ2
r

+ Lw

ρ2
w

= Is2r

(
1 + ρ2

r

ρ2
w

Lw

2πρ

)

Is3 =
∮

1

|ρr|3(s)
ds = 2πρr

ρ3
r

+ Lw

|ρw|3 = Is3r

(
1 + |ρr|3

|ρw|2
Lw

2π |ρr|
)

.

This gives the ratio of the total value and that of the ring alone for the energy loss per turn
or the sum of the damping rates and also of the energy-spread variance,

Us

Usr
= �iαi

�iαir
= 1 + Is2w

Is2r
= 1 + B2

w

B2
r

Lw

2πρr

〈dE2〉
〈d E2〉r

=
1 +

∣∣∣∣ Bw

Br

∣∣∣∣
3 Lw

2πr

1 +
(

Bw

Br

)2 Lw

2πr

≈ 1 +
(

Bw

Br

)2 Lw

2πr

(∣∣∣∣ Bw

Br

∣∣∣∣ − 1

)
,

where Is2r, Is3r, Usr, �iαi , and 〈dE2〉r are the values for the ring alone. The approximation
made for the energy spread is valid as long as the effect of the wiggler is not too large.

Of some interest are wigglers with a magnetic-field gradient, also called Robinson wig-
glers [73], to change the damping distribution. In a ring with a gradient wiggler the longi-
tudinal damping partition number (14.22) is

Jε = 2 + Is4r + Is4w

Is2r + Is2w
≈ 2 + Is4r

Is2r
+ Is4w

Is2r
.

We neglect here the influence of this gradient wiggler on the total energy loss given by
the integral Is2 but concentrate on the energy-dependent change in loss produced due to its
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strong gradient and its location at a large dispersion. The change of the damping partition
number due to this gradient wiggler becomes

dJε = Is4w

Is2r
= (1 − 2nb)Dxρ

2
r

|ρw|3
Lw

2πρr
=

(
1 + 2

ρw

Bw

dBw

dx

)
Dxρ

2
r

|ρw|3
Lw

2πρr
.

The gradient of such a wiggler is usually made very large and we can approximate
κ − nB ≈ nB . We express the curvature in terms of the field and use the fact that, for a
plane machine, the sum of the longitudinal and horizontal damping partition numbers is
constant, Jε + Jx = 3 � 1, resulting in

dJε = −dJx = Dx

B2
r

dB2
w

dx

Lw

2πρr
.

A wiggler of modest length with a high field gradient located at a large dispersion can bring
about a significant change of the damping partition numbers.

A wiggler magnet without gradient located at a large dispersion Dx , i.e. a large value of the
function H, will increase the emittance. This is of little interest for synchrotron-radiation
sources, but is sometimes used to adjust the beam–beam interaction in colliding-beam
facilities. On the other hand, we can locate this wiggler in a dispersion-free straight section
with H ≈ 0, where it does not produce quantum excitations but increases the damping
rate and thereby decreases the emittance. However, with increasing strength this wiggler
creates its own dispersion Dx and derivative D′

x , resulting in an increasing value of H and
an increase of the emittance. This effect can be kept small by using a wiggler with many
short periods.



15

Radiation emitted by many particles

15.1 Effects of the electron distribution on the radiation

15.1.1 Introduction

We calculated the synchrotron radiation emitted by a single particle on the nominal orbit.
In other words, the position and angular direction of the moving electron were identical to
the origin and axis we used to describe the synchrotron radiation. For an electron beam of
finite emittance there is a spread in position and angle, with RMS values σx , σ ′

x and σy, σ ′
y

around the nominal values. As a result, we observe radiation emitted at different angles and
positions. As a first consequence, the emitted photon beam has an increased emittance, at
least equal to the sum of the electron emittance and the natural photon emittance. Further-
more, since the frequency emitted by an electron depends on the angle of observation, the
angular spread of the electrons tends to broaden the spectrum observed on the axis. This
effect is negligible for standard synchrotron radiation but can be pronounced in the case of
undulators with many periods.

Apart from a spread in angle and position, the electrons have also a spread in energy.
The synchrotron-radiation frequency depends strongly on the electron energy. The spread
of the latter leads again to a broadening of the synchrotron-radiation spectrum. This is again
negligible for the radiation from long magnets but very pronounced for higher harmonics
emitted in strong undulators.

We will discuss the above limitations imposed by having many electrons with different
angles and positions. The same effects appear with a single electron being observed over
many turns in a storage ring. Quantum excitation changes the electron parameters randomly
over time, resulting in finite energy spread and emittance.

15.1.2 The radiation geometry in the case of a large electron emittance

We consider a situation in which the electron emittance is much larger than the natural one of
the radiation. The photons are emitted basically in the direction of the electron momentum.
They will therefore have the same angular spread but it will be slightly broadened by their
natural opening angle, Fig. 15.1.

286
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Fig. 15.1. The distribution of the radiation emitted by electrons with an angular spread.

A convenient method in which one uses the lattice functions βx (0), αx (0), and γx (0) at
the source to optimize the photon-beam distribution for an experiment at a distance s = R
has been developed [77]. If these functions are known at the source, s = 0, we can calculate
their propagation in a drift space free of focusing elements at a distance R (13.11):

β(s) = βx (0) − 2αx (0)R + γx (0)R2.

Apart from the finite opening angle we can treat the synchrotron radiation emitted in the
forward direction like particles in a straight section and describe their propagation by using
the same lattice functions. We can therefore define a beta function for the photon beam at
the screen β� (R) = β(R). Neglecting the finite opening angle of the radiation, the size of
the photon beam σR on the screen is determined by the emittance of the electron beam ε

and the beta function β(R):

σ� = √
εβ� (R).

For example, in order to minimize the size of the photon beam at a given point, we select a
magnet serving as source at a location where the beam is converging and choose the lattice
function such that the lens-free propagation has minimum values for the two beta functions
at the detector.

To correct for the finite natural photon opening angle, we convolute the two distributions.
Using Gaussian distributions for both gives approximately

σ 2 ≈ σ 2
� + σ 2

ε .
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If the source is located at a finite dispersion the corresponding contribution has to be
included too.

15.1.3 The electron and natural photon emittances are of the same magnitude

If the electron-beam emittance is comparable to the photon emittance, we should match
the two angular distributions. As shown in Chapter 11 and in particular in Table 12.1, the
ratio between the size of the photon beam and its angular spread is about half the formation
length �� of the radiation. The corresponding ratio for the electron beam is given by the
beta function and should be about the same:

βγ x ≈ σ� x

σ ′
� x

≈ ��

2
.

For the vertical distribution of the radiation emitted in long magnets at low frequencies
ω � ωc, this leads to

βγ y ≈ 3
√

λρ2/2,

which often leads to rather small values that are difficult to realize in practical cases. For
undulators of length Lu the matching gives

βγ x ≈ Lu/2,

which can be achieved more easily. It is interesting to note that minimizing the necessary
vertical aperture in an undulator, i.e. minimizing the beta function at the ends, leads to the
same condition.

15.2 The spatial coherence

15.2.1 The diffraction limit

Once the electron-beam emittance is smaller than the photon-beam emittance,

εx < εx� ≈ λ

4π
,

and the beta functions are approximately matched, we have a situation in which the size and
angular spread of the electron beam no longer influence the photon beam. This condition is
called the diffraction limit for a given wavelength λ. As a consequence, the electron-beam
emittance can not be resolved using this photon beam of wavelength λ for imaging and
direct observation. The radiation at any angle or location contains contributions from all
the electrons. For this reason this situation is also called spatial coherence [78].
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Fig. 15.2. The average emittance function Hρ2/L3 normalized with the bending radius ρ and the full
cell length L versus the phase advance µx per cell.

15.2.2 Small-emittance rings

It is desirable for a synchrotron-radiation storage ring to have a small emittance. This
can be achieved with optics that keeps the function H(s) (14.18) small in the bending
magnets:

H = γx D2
x + 2αx Dx D′

x + βx D′2
x .

To illustrate this we consider the FODO lattice discussed in Chapter 12 and use the lattice
functions (13.19)–(13.21) to construct the function H(s). It is plotted in Fig. 13.16 as a
function of s and its average value is

〈H〉 = L3

8ρ2 cos(µx/2) sin3(µx/2)

(
1 − 3

4
sin2(µx/2) + 1

60
sin4(µx/2)

)
.

The normalized 〈H〉 is plotted in Fig. 15.2 as a function of the phase advance per cell µx .
It has a broad minimum at µx ≈ 137◦.

The emittance of the ring is given by (14.23), which involves the synchrotron-radiation
integrals Is2, Is4, and Is5. For our idealized ring consisting of Nc thin-lens FODO cells of
length L with the space between the quadrupoles filled with dipole magnets, we have

Is2 =
∮

ds

ρ2
= Nc

L

ρ2
, Is4 ≈ 0, Is5 = Nc

L〈H〉
|ρ3| .
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We introduce the bending angle ϕc = L/ρ of one cell and obtain for the emittance of the
FODO ring

εx = 55
√

3

96

h̄

m0c
γ 2 Is5

Is2 − Is4

= 55
√

3

96

h̄

m0c
γ 2ϕ3

c

(
1 − 3

4
sin2(µx/2) + 1

60
sin4(µx/2)

)
8 cos(µx/2) sin3(µx/2)

.

Apart from some natural constants, the ring emittance is proportional to the square of the
beam energy, the third power of the bending angle ϕc per cell, and a form factor determined
by the phase advance µx per cell. The latter can be optimized with µx ≈ 137◦. For a given
energy and size of the ring, the emittance can be reduced by having more but shorter
cells. This approach is basically simple but has some technical limitations. To have the
same phase advance µx in a shorter cell requires stronger quadrupoles, which will have a
larger size. Using shorter cells leads to a small dispersion, which actually keeps H and the
emittance small but also makes the chromaticity correction with sextupoles more difficult.
In optimizing of a FODO ring we have to take these factors into account and might end up
with a smaller phase advance per cell than 137◦.

The thin-lens FODO lattice is very useful for understanding the basic possibilities of
and limitations on obtaining a small emittance. However, it is idealized and may require
unrealistic components. Furthermore, a ring needs straight sections for the RF system and
injection components for undulators. The optics of the regular lattice has to be matched to
that of the straight sections, which has different optimization conditions. As a result the
ring is larger and less regular than the simple FODO lattice. However, the scaling of the
emittance with the bending angle per cell to the third power is still approximately correct
and can serve as for guidance optimizing the size of a storage ring.

Small-emittance rings are usually not based on a FODO structure but on more complicated
lattices, which are not described here. Practically all existing rings are listed and their lattices
shown in [79].

15.3 The temporal coherence

In most practical cases the observed wavelength is smaller than the bunch length and there
is no time correlation among the different particles in a bunch. Even if the distances between
them are smaller than the observed wavelength, they change in a random fashion due to the
quantum excitation and smear out any constructive interference among field contributions
from different electrons. Therefore, the sum of the radiation fields produced by different
electrons vanishes on average and only those of each individual particle contribute to the
emitted power. Calling this power emitted by a single electron P0i , we find the total power
P0t radiated by all Nb particles in the bunch:

P0t =
Nb∑
1

P0i = Nb P0.
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Fig. 15.3. Coherent radiation emitted by the particles in a bunch shorter than the wavelength.

This total power is often called the incoherent power Pincoh since there is no time correlation
among the particles.

However, if the wavelength of the observed radiation is longer than the bunch length,
λ > σs, as shown in Fig. 15.3, all electrons emit radiation with individual phases φi being
about the same on the scale of λ, i.e. φi � 2π . For this wavelength the bunch represents a
macro-particle with charge Nbe and the fields Ei emitted by individual electrons are added
[36, 80–84],

Et =
Nb∑
1

Ei = Nb Ei ,

resulting in a coherent power

Pcoh ∝ E2
t = N 2

b E2
i or Pcoh = Nb Pincoh.

The coherent power emitted at λ > σs is enhanced by a factor of Nb.
In all practical cases bunches are much longer than the critical wavelength λc and the

condition for coherent emission is fulfilled only for a small part of the spectrum at very
low frequencies. It turns out that this part is actually often greatly reduced by the presence
of the conduction vacuum chamber, but we will neglect this suppression effect for the
moment.

A single electron gives a radiation pulse E(t) with Fourier transform Ẽ(ω) related by

Ẽ(ω) = 1√
2π

∫ ∞

−∞
E(t)e−iωt dt, E(t) = 1√

2π

∫ ∞

−∞
Ẽ(ω)eiωt dω.

The field from Nb electrons having statistically distributed delays τk relative to a reference
time is

EN (t) =
Nb∑

k=1

E(t − τk)

and its Fourier transform is

ẼN (ω) =
Nb∑

i=1

e−iωτk Ẽ(ω). (15.1)
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We calculate the energy radiated by the Nb particles following the method used in Chapter
3 and obtain the angular energy distribution

dUN

d�
= r2

2πµ0c

∫ ∞

−∞
dt

∫ ∞

−∞

∫ ∞

−∞
ẼN (ω)ẼN (ω′)ei(ω+ω′)t dω dω′.

Using the integral representation of the Dirac δ-function,∫ ∞

−∞
eiat dt = 2πδ(a),

we obtain for the integration over t

dU

d�
= r2

µ0c

∫ ∞

−∞

∫ ∞

−∞
ẼN ẼN (ω′)δ(ω + ω′) dω dω′

= r2

µ0c

∫ ∞

−∞
ẼN (ω)ẼN (−ω) dω.

Since the field E(t) is a real function, its Fourier transform has the symmetry property

ẼN (−ω) = Ẽ∗
N (ω).

This gives for the angular distribution of the radiation energy

dU

d�
= r2

µ0c

∫ ∞

−∞
|ẼN (ω)|2 dω = 2r2

µ0c

∫ ∞

0
|ẼN (ω)|2 dω.

With the expression (15.1) for ẼN (ω) we obtain

dUN

d�
= 2r2

µ0c

Nb∑
k=1

Nb∑
l=1

∫ ∞

0
|Ẽ(ω)|2e−iω(τk−τl ) dω. (15.2)

We assume first that there is a uniform statistical time distribution of the particles. Averaging
over the delays τk and τl gives zero except if k = l, in which case we obtain a single sum:

dUN

d�
= 2r2

µ0c

Nb∑
k=1

∫ ∞

0
|Ẽ(ω)|2 dω = Nb

2r2

µ0c

∫ ∞

0
|Ẽ(ω)|2 dω.

The total angular energy density is just Nb times that of a single electron;

dUN

dω
= Nb

dU

d�
= dUincoh

d�
,

which is the incoherent case. Differentiating this with respect to ω gives the spectral angular
energy distribution of the radiation:

d2Uincoh

d� dω
= Nb

2r2|Ẽ(ω)|2
µ0c

= Nb
d2U

d� dω
.
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In the next step we still assume that the time distribution of the electrons is statistical on
a small scale but that the global electron density has a Gaussian distribution:

dN

dτ
= Nb√

2πσt

exp

(
− τ 2

2σ 2
t

)
,

∫ ∞

−∞

dN

dτ
dτ = Nb.

We replace now the sums in (15.2) by integrals. In doing so we lose the incoherent part of
the radiated energy, which is based on the fact that the field of each particle is multiplied
by itself. Therefore we have only the coherent part, to which the incoherent one has to be
added:

dUcoh

d�
= 2r2

µ0c2

N 2
b

πσ 2
t

∫ ∞

0
dω |Ẽ(ω)|2

∫
dτk

×
∫

dτl exp

(
− τ 2

k

2σ 2
t

)
e−ωτk exp

(
− τ 2

l

2σ 2
t

)
eωτl

= N 2
b

2r2

µ0c

∫ ∞

0
dω |Ẽ(ω)|2e−ω2σ 2

t .

We obtain for the coherent angular spectral energy distribution

d2Ucoh

d� dω
= d2U

d� dω
N 2

b e−ω2σ 2
t = d2Uincoh

d� dω
Nbe−ω2σ 2

t ,

or, expressed in terms of the power,

d2 Pcoh

d� dω
= d2 P

d� dω
N 2

b e−ω2σ 2
t = d2 Pincoh

d� dω
Nbe−ω2σ 2

t ,

where d2 P/(d� dω) is the single-particle angular spectral power distribution. We integrate
this over the solid angle and obtain the spectral distribution from the expression (5.15) in
Chapter 5,

dPcoh

dω
= dP

dω
N 2

b e−ω2σ 2
t = P0

ωc
Ss

(
ω

ωc

)
N 2

b e−ω2σ 2
t

with P0 being the total power emitted by a single ultra-relativistic particle, (5.1);

P0 = 2r0cm0c2γ 4

3ρ2
,

and Ss(ω/ωc) the normalized power spectral function (5.16) of the total radiation,

Ss

(
ω

ωc

)
= 54

16

ω

ωc

(
−2

Ai′(z)

z
− 1

3
+

∫ z

0
Ai(z′) dz′

)
with z =

(
3ω

2ωc

)2/3

.

The coherent radiation becomes large only at low frequencies at which ωσt is not too
large. These frequencies are in practical cases much smaller than the critical frequency
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ωc = 3cγ 3/(2ρ). We use the approximation (5.19) for the spectral function at ω � ωc:

Ss

(
ω

ωc

)
≈ 27

4

(
2

3

)2/3 31/6�(2/3)

2π

(
ω

ωc

)1/3

= 1.333 23

(
ω

ωc

)1/3

.

With this we obtain for the spectral power distribution of the coherent radiation in the
absence of shielding

dPcoh

dω
≈ P0

ωc

27

4

(
2

3

)2/3 31/6�(2/3)

2π

(
ω

ωc

)1/3

N 2
b e−ω2σ 2

t .

We are interested in the total coherent power and integrate the above equation over
frequency using the integral∫ ∞

0
xae−bx2

dx = �((1 + a)/2)

2b(1+a)/2
,

giving

Pcoh ≈ N 2
b P0

27

8

(
2

3

)2/3 31/6(�(2/3))2

2π(ωcσt)4/3
= N 2

b
r0cm0c2

ρ2

31/6(�(2/3))2

2π (σs/ρ)4/3
.

We called here Pincoh and Pcoh the total incoherent and coherent powers emitted by all
particles. The corresponding power per particle is of course just divided by Nb. Using the
ratio of the coherent and incoherent powers avoids this ambiguity:

Pcoh

Pincoh
= 3 · 31/6(�(2/3))2

4πγ 4

Nb

(σs/ρ)4/3
= 0.5257

Nb

γ 4(σs/ρ)4/3
.

The coherent radiation treated here appears only in the lowest part of the spectrum and
is therefore independent of the particle energy. The ratio of the coherent and incoherent
radiation decreases proportionally to γ −4 because the incoherent part increases as γ 4.

In this low part of the spectrum the wavelength becomes comparable to the height of the
vacuum chamber and wave propagation is inhibited. This process is rather complicated for
the case of a realistic geometry. However, the simplified case of an electron orbit between
two parallel plates at distance ±a/2 was treated rather early on and much work on more
complicated geometries is now going on [36, 80, 85, 86]. It turns out that, in most practical
cases, the suppression appears already at a wavelength shorter than that which could be
radiated coherently. However, for very short bunches coherence can be achieved over a
certain range of wavelengths that are longer than the bunch length, but shorter than the cut-
off wavelength at which suppression occurs. The spectrum expected is shown qualitatively
in Fig. 15.4. Special efforts have been made in various laboratories to produce bunches
sufficiently short to provide coherent radiation that is not suppressed. This has been achieved
in linear accelerators [87, 88]. In storage rings quantum excitation makes short bunches more
difficult to obtain. Some sporadic coherent radiation in the far infrared has been observed in
several machines, probably having been produced by some high-frequency bunch structures
caused by instabilities. Steady-state coherent radiation was recently observed at the BESSY
ring [89].
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Fig. 15.4. Qualitative spectrum of the radiation from a short bunch containing a region of coherence.

15.4 Flux and brightness

We are looking for a parameter with which to evaluate the quality of a synchrotron-radiation
source. Since the importance of some photon-beam parameters depends on the particular
experiments, it is difficult to give a single quantity that has to be optimized. However, we
will try to address two classes of measurements for which we give a photon-beam parameter
that is important.

Most experiments involve the use of a monochromator that selects a narrow band of the
spectrum. Some of them are mainly concerned with the number of these selected photons
received per second on a relatively large target. Often bending-magnet or wiggler radiation
is used and the full vertical distribution is accepted. In this case, a small emittance is of
secondary significance, but the important quality is the photon flux per horizontal bending
angle and relative frequency band. This parameter was calculated (5.49) under the idealized
conditions of electrons with Lorentz factor γ and beam current I passing through a dipole
magnet with bending radius ρ. This determines the critical frequency ωc = 3cγ 3/(2ρ)
which enters into the normalized spectrum S(ω/ωc) given by (5.16). We obtain for this flux

d2ṅ I

dφ dω/ω
≈ 4αfγ I Ss(ω/ωc)

9e
,

which is usually measured in units of (s mrad 0.1%)−1. Taking ω = ωc where Ss(1) = 0.404,
a typical electron energy of 1 GeV, and a current of 100 mA, we obtain for this flux per
angle and relative frequency band about 1.6 × 1012 (s mrad 0.1%)−1.

A second class of experiments profits from a small emittance to focus the beam onto a
small spot, in order to have a very parallel beam, or sufficient intensity after selecting a
very narrow frequency band giving a long coherence length. The parameter to optimize in
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this case is the brightness [90], which is basically the number of photons per unit time, per
horizontal and vertical source size and angular spread, and per relative bandwidth given in
units of 0.1%. For a Gaussian distribution of the source dimension and angular spread with
RMS values σ� and σ ′

� (usually measured in millimeters and milliradians, respectively)

B = ṅ

4π2σ� x , σ� y, σ ′
� x , σ ′

� y dω/ω
.

Undulator beam lines at modern storage rings can reach a brightness of up to B ≈
1019 mm−2 mrad−2 s−1 (0.1%)−1.

It is interesting to give this brightness for a diffraction-limited beam for which the photon
emittance is σ�σ ′

� = λ/(4π ):

B = 4ṅ

λ2 dω/ω
.

15.5 The synchrotron radiation emitted by protons and ions

15.5.1 Introduction

So far we have always considered electrons as sources of synchrotron radiation either as a
single particle or, in this chapter, as a group of charges. However, radiation is emitted by any
accelerated charge such as a proton or an ion. Its properties are completely determined by the
treatment presented here so far if the different mass and charge of the particle are taken into
account. However, the practical operating parameters of electron and proton rings are very
different, which affects the emitted radiation. A quick inspection of the relevant equations
shows that the intensity of the radiation emitted by protons or ions is much smaller and
hence such rings are hardly of any interest as sources. The main purpose of this investigation
is to illustrate the parameter dependence of synchrotron radiation and in particular the effect
of coherent radiation emitted by the protons or ions. Furthermore, synchrotron radiation as
a diagnostic tool has also been used for protons.

15.5.2 The radiation from protons

As an introduction we look at the radiation emitted by protons. This contains no new
physics and all our previous investigation can be applied by taking the different rest mass
and classical radius (3.8) of the proton into account:

m0c2 =
{

0.511 MeV for electrons
938.27 MeV for protons

(15.3)

r0 = e2

4πε0m0c2
=

{
2.818 × 10−15 m for electrons
1.535 × 10−18 m for protons.

The difference between the two cases lies in the machine parameters of electron and pro-
ton rings. To obtain radiation of any interest for diagnostics, the proton energy should
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exceed 100 GeV or γ > 100, which allows us in most cases to use the ultra-relativistic
approximation.

For ordinary synchrotron radiation one assumes that the dipole magnet is long and deflects
the beam by an angle �ϕ > 2/γ . This leads to a condition for the magnet length � of

�ϕ = �

ρ
= eBc�

m0c2γ
>

2

γ
or � >

m0c2

eBc
.

Taking a field of B = 0.5 T, we find � > 3 mm for electrons, whereas a field of 1.5 T gives
� > 2 m for protons as the condition to be treated as a long magnet. For electrons the bending
magnets can nearly always be considered as long and even fringe fields change little over
the relevant length �. For protons the situation is more restricted. Although magnets are
usually several meters long and higher fields obtained in super-conducting machines make
the limiting magnet length � shorter, fringe fields can have a stronger influence. They can
actually be used to shift the spectrum towards higher frequencies [60, 91].

To overcome problems associated with the small intensity emitted by protons, one can
use undulators that are tuned to visible light [92, 93].

Since realistic magnets have to be relatively long in order to deflect protons by an angle
larger than the natural opening angle of synchrotron radiation, undulators for protons will
in most cases be weak. For the undulator parameter

Ku = eB0

m0cku
= λueB0c

2πm0c2

to become unity for a typical period length of λu = 0.2 m one needs a field strength of about
100 T.

The effects of synchrotron radiation on the proton beam are very small. Calculated
damping times range between years for older, iron-magnet synchrotrons and about a day
for the new super-conducting rings. Consequently also quantum excitation is negligible
and the calculated equilibrium energy spread and emittance are extremely small if other
effects are neglected. In proton rings these parameters are given by the source and the
adiabatic damping during acceleration. The emittance obtained is usually very small and
can in some cases reach the diffraction limit. This restricts the diagnostics applications of
proton synchrotron radiation.

15.5.3 The radiation from ions

A fully ionized atom consists of a nucleus of mass AmP and charge Ze with Z being the
atomic number, A the atomic weight (a dimensionless number), and mP the mass of the
proton. The small effect of the binding energy is neglected here. If the atom is not fully
ionized but has only Z ′ electrons removed, we replace Z by Z ′ < Z . From a particle point
of view this ion is not a point particle, but consists of N protons and A − Z neutrons.
For the wavelength contained in the synchrotron-radiation spectrum, however, this ion is
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Fig. 15.5. Coherent radiation from the protons inside a nucleus.

sufficiently small that it can be considered a single charge Ze, as indicated in Fig. 15.5 and
described in [94].

The total radiated power PZ emitted by this nucleus, circulating in a storage ring with
curvature 1/ρ, is obtained from (3.9) by substituting the expression for the classical radius
and replacing the elementary charge e by q = Ze,

PZ = (eZ )2cβ4γ 4

6πε0ρ2
≈ (eZ )2γ 4

6πε0ρ2
, (15.4)

where we used the ultra-relativistic approximation, although this might introduce some
inaccuracy for heavy ions. The Lorentz factor applies here to the whole ion.

It is interesting to compare the energy loss UZ of the ion with the corresponding loss UP

of a proton circulating in the same ring with the same curvature 1/ρ in the same magnetic
field B. Owing to the relation between field and curvature,

1

ρ
= q B

p
= q B

m0cβγ
,

the two particles must have different momenta p,

pZ

pP
= Z = AmPβZγZ

mPβPγP
≈ A

γZ

γP
,

which gives for the ratio between the Lorentz factors and energies

γZ

γP
= Z

A
,

EZ

EP
= AmPc2

mPc2

γZ

γP
= Z .

The whole nucleus of the ion has more energy than the proton due to its higher charge, but
its energy per nucleon is smaller:

EZ/A

EP
= Z

A
.

This gives a ratio of the emitted powers of

PZ

PP
= Z2γ 4

Z

γ 4
P

= Z6

A4
.
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More relevant is the ratio of the powers normalized for the same charge, i.e. for the same
beam current:

PZ/Z

PP
= Z5

A4
.

For a lead ion with ZPb = 82 and APb = 208 we find for this ratio 1.98. For a ring with
a given radius and magnetic field a lead beam radiates about twice the power of a proton
beam with the same total current. This is due to the coherent radiation of the protons in the
lead nucleus, which more than compensates for the lower value of γPb compared with the
value for protons. It is also interesting to consider the relative energy loss per unit time for
ions and protons, which is related to the sum of the damping rates (14.21),

− 1

Ee

dEe

dt
= P

Ee
= 1

2

∑
i

αi ,

with the ratio (
1

Ee

dEe

dt

)
Z(

1

Ee

dEe

dt

)
P

= Z5

A4

being the same as that for the radiated power per unit charge and hence we find that lead
ions are damped faster than protons are.



Appendix A

Airy functions

A.1 Definitions and developments

The Airy functions are special cases of Bessel functions and are described in the standard
mathematics books [41, 95]. We summarize here the basic properties relevant for our
application, and give some integrals that are difficult to find elsewhere. The Airy functions
can be defined by integrals similar to the ones we encountered in calculating the field
components of synchrotron radiation:

Ai(x) = 1

2π

∫ ∞

−∞
cos

(
u3

3
+ xu

)
du

(A.1)

Ai′(x) = dAi(x)

dx
= − 1

2π

∫ ∞

−∞
u sin

(
u3

3
+ xu

)
du.

They satisfy the differential equation

Ai′′(x) − x Ai(x) = 0. (A.2)

At the origin x = 0 they take the values

Ai(0) = 1

32/3�(2/3)
= �(1/3)

31/62π
= 0.355 03

Ai′(0) = − 1

31/3�(1/3)
= −31/6�(2/3)

2π
= −0.258 82,

where we used the relation �(x)�(1 − x) = π/ sin(πx) to replace the Gamma function in
the denominator.

We need the Airy functions for positive arguments only. They are plotted in Fig. A.1
together with the integral over the Airy function.

The Airy functions are closely related to the modified Bessel functions of order n/3:

Ai(x) = 1

π

√
x

3
K1/3

(
2x3/2/3

)
, Ai′(x) = − 1

π

x√
3

K2/3
(
2x3/2/3

)
. (A.3)
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Ai(x)

−Ai′(x)

∫ x

0
Ai(x) dx

Fig. A.1. The Airy function Ai(x), its derivative Ai′(x), and the integral
∫ x

0 Ai(x) dx .

We will approximate these functions for small and large arguments and use the
developments. For small arguments x � 1 we have

Ai(x) = Ai(0)

(
1 + 1

3!
x3 + · · ·

)
+ Ai′(0)

(
x + 2

4!
x4 + · · ·

)
(A.4)

Ai′(x) = Ai(0)

(
1

2!
x2 + 1 · 4

5!
x5 + · · ·

)
+ Ai′(0)

(
1 + 2

3!
x3 + · · ·

)
∫ x

0
Ai(x) dx = Ai(0)

(
x + 1

4!
x4 + · · ·

)
+ Ai′(0)

(
1

2!
x2 + 2

5!
x5 + · · ·

)
and for large arguments

Ai(x) = e−z

2
√

πx1/4

(
1 − 5

72z
+ 385

2 · 722z2
· · ·

)

Ai′(x) = − x1/4e−z

2
√

π

(
1 + 7

72z
− 455

2 · 722z2
· · ·

)
(A.5)

∫ ∞

x
Ai(x ′) dx ′ = e−z

2
√

πx3/4

(
1 − 41

72z
+ 9241

2 · 722z2
· · ·

)

with z = 2
3 x3/2 � 1.

A.2 Integrals involving Airy functions

For several applications we need some integrals involving Airy functions.

� We start with the definite integral over the Airy function itself:∫ ∞

0
Ai(x) dx = 1

2π

∫ ∞

−∞

sin(u3 + xu)

u
du

∣∣∣∣
∞

0

.
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We obtain for the upper limit

1

2π

∫ ∞

−∞

sin(u3/3 + u(x → ∞))

u
du ≈ 1

2π

∫ ∞

−∞

sin(xu)

u
du = 1

2

and for the lower limit x = 0

1

2π

∫ ∞

−∞

sin(u3/3)

u
du = 1

6π

∫ ∞

−∞

sin(u3/3)

u3/3
d(u3/3) = 1

6
,

resulting in

∫ ∞

0
Ai(x) dx = 1

3
. (A.6)

� For the spectral power density we need integrals over the square of the Airy functions with
argument x = a + by2 multiplied by an even power of y:

∫ ∞

0
y2n Ai2(a + by2) dy. (A.7)

First we express the square of the Airy function in terms of integrals,

Ai2(x) = 1

4π 2

∫ ∞

−∞
dt

∫ ∞

−∞
ds cos

(
t3

3
+ xt

)
cos

(
s3

3
+ xs

)
,

and substituting s + t = u and s − t = v gives

Ai2(x) = 1

16π 2

∫ ∞

−∞
du

∫ ∞

−∞
dv

[
cos

(
u3

12
+ uv2

4
+ xu

)
+ cos

(
v3

12
+ vu2

4
+ xv

)]
.

The expression in the square brackets is symmetric in u and v and both terms give the same value
after integration. Furthermore, it does not change with the sign of u and v:

Ai2(x) = 1

2π2

∫ ∞

0

∫ ∞

0
cos

(
u3

12
+ uv2

4
+ xu

)
du dv. (A.8)

We substitute x = a + by2 and integrate over y to obtain our first integral of the form (A.7):

∫ ∞

0
Ai2(a + by2) dy = 1

2π2

∫ ∞

0
du

∫ ∞

0
dv

∫ ∞

0
cos

[
u3

12
+ u

(
v2

4
+ a + by2

)]
dy.

We use

v = 2r cos φ,
√

by = r sin φ, dv dy = 2r dr dφ/
√

b (A.9)

and integrate over φ from 0 to π/2:

∫ ∞

0
Ai2(a + by2) dy = 1

2π
√

b

∫ ∞

0
du

∫ ∞

0
cos

(
u3

12
+ (a + r 2)u

)
r dr. (A.10)
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A further substitution r 2 = w, u = 22/3u′ leads to

∫ ∞

0
Ai2(a + by2) dy = 22/3

4π
√

b

∫ ∞

0
du′

∫ ∞

0
cos

(
u′3

3
+ 22/3(a + w)u′

)
dw

= 22/3

4
√

b

∫ ∞

0
Ai

(
22/3(a + w)

)
dw.

Putting z′ = 22/3(a + w) and z = 22/3a gives the final integral

∫ ∞

0
Ai2(a + by2) dy = 1

4
√

b

∫ ∞

z
Ai(z′) dz′. (A.11)

For a = 0 this becomes ∫ ∞

0
Ai2(by2) dy = 1

12
√

b
, (A.12)

where the definite integral (A.6) over the Airy function has been used.

For the next integral, containing the factor y2, we go back to the expression (A.10) with∫ π/2
0 sin2(φ) dφ = π/4 to obtain

∫ ∞

0
y2 Ai2(a + by2) dy = 1

4πb
√

b

∫ ∞

0
du

∫ ∞

0
cos

(
u3

12
+ (a + r 2)u

)
r 3 dr.

Using the same substitutions as before, we obtain

∫ ∞

0
y2 Ai2(a + by2) dy = 22/3

8πb
√

b

∫ ∞

0
du′

∫ ∞

0
cos

(
u3

12
+ 22/3(a + w)u′

)
w dw

= 22/3

8
√

b

∫ ∞

0
Ai

(
22/3(a + w)

)
w dw.

Using again z′ = 22/3(a + w) and z = 22/3a or w = (z′ − z)/22/3, this becomes

∫ ∞

0
y2 Ai2(a + by2) dy = 1

8 · 22/3b
√

b

∫ ∞

z
Ai(z′) (z′ − z) dz′

and, with the relation (A.2),

∫ ∞

0
y2 Ai2(a + by2) dy = − a

8b
√

b

(
Ai′(z)

z
+

∫ ∞

z
Ai(z′) dz′

)
. (A.13)

For the next power we have
∫ π/2

0 sin4 φ dπ = 3π/16, giving, with the same method as before,

∫ ∞

0
y4 Ai2(a + by2) dy = 3

32 · 24/3b5/2

∫ ∞

z
Ai(z′) (z′ − z)2 dz′

= 3a2

32b5/2

(
Ai(z)

z2
+ Ai′(z)

z
+

∫ ∞

z
Ai(z′) dz′

)
. (A.14)
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For the factor y6 we have
∫ π/2

0 sin6 φ dφ = 5π/32 and obtain∫ ∞

0
y6 Ai2(a + by2) dy = 5

64 · 22b7/2

∫ ∞

z
Ai(z′) (z′ − z)3 dz′

= − 5a3

64b7/2

[
Ai(z)

z2
+ Ai′(z)

z
+

(
1 − 2

z3

)∫ ∞

z
Ai(z′) dz′

]
. (A.15)

We need this integral also for a = 0:∫ ∞

0
y6 Ai2(by2) dy = 5

384b7/2
. (A.16)

As a further integral we need ∫ ∞

0
y12 Ai2(by2) dy, (A.17)

which we solve in the same way but set to begin with a = 0. We use the expression (A.8) for the
square of the Airy function, make the substitutions (A.9), and apply the integral∫ π/2

0 sin12 φ dφ = 231π/2048, giving∫ ∞

0
y12 Ai2(by2) dy = 231 · 22/3

2048πb13/2

∫ ∞

0

∫ ∞

0
du cos

(
u3

12
+ r 2u

)
r 7 dr. (A.18)

A further substitution z = 22/3r 2, dz = 2 · 22/3r dr, u = 22/3u′ leads to∫ ∞

0
y12 Ai2(by2) dy = 231

216b13/2

∫ ∞

0
Ai(z) z6 dz.

We apply repetitive integrations by parts and applications of the relation (A.2) to obtain∫ ∞

0
Ai(z) z6 dz = 40

∫ ∞

0
Ai(z) dz = 40

3

and ∫ ∞

0
y12 Ai2(by2) dy = 5 · 7 · 11

213b13/2
. (A.19)

For its application to calculate the variance of the transverse photon momentum we modify this
integral with the substitution

y = p1/3, dy = 1

3p2/3
dp, (A.20)

giving ∫ ∞

0
p10/3 Ai2

(
bp2/3

)
dp = 3 · 5 · 7 · 11

213b13/2
. (A.21)

� Integrals of the form ∫ ∞

0
y2n Ai′2(a + by2) dy.

We differentiate expression (A.11) twice with respect to a, use the relation (A.2),∫ ∞

0

[
Ai′2(a + by2) + (a + by2) Ai2(a + by2)

]
dy = − Ai′(z)

2 · 22/3
√

b
,
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and combine it with (A.11) and (A.13) to obtain the integral∫ ∞

0
Ai′2(a + by2) dy = a

8
√

b

(
−3

Ai′(z)

z
−

∫ ∞

z
Ai(z′) dz′

)
. (A.22)

Differentiating (A.11) once with respect to a and once with respect to b gives∫ ∞

0
y2[Ai′2(a + by2) + (a + by2) Ai2(a + by2)] dy = Ai(z)

4 · 24/3b
√

b
,

which is combined with (A.13) and (A.14) to give∫ ∞

0
y2 Ai′2(a + by2) dy = a2

32b3/2

(
5Ai(z)

z2
+ Ai′(z)

z
+

∫ ∞

z
Ai(z′) dz′

)
. (A.23)

We differentiate (A.12) twice with respect to b:∫ ∞

0
y4[Ai′2(by2) + by2 Ai2(by2)] dy = 1

32b5/2
.

Using (A.16), we obtain the integral∫ ∞

0
y4 Ai′2(by2) dy = 7

384b5/2
. (A.24)

For the variance of the transverse photon momentum we need the integral∫ ∞

0
y10 Ai′2(by2) dy,

which we obtain by differentiating the previous expression (A.24) twice with respect to b and
using (A.2) to obtain∫ ∞

0
y10 Ai′2(by2) dy + b

∫ ∞

0
y12 Ai2(by2) dy = 5 · 72

210 · 3 · b11/2
.

With the second integral (A.19), which we solved before, we obtain∫ ∞

0
y10 Ai′2(by2) dy = 5 · 7 · 23

213 · 3 · b11/2

and, with the substitution (A.20),∫ ∞

0
p8/3 Ai′2

(
bp2/3

)
dp = 5 · 7 · 23

213b11/2
. (A.25)

� For the integration of the angular spectral power density over frequency, we use this integral
(A.24) and (A.16) in a different form, obtained by substituting y = p1/3, dy = 1/(3p2/3) dp:∫ ∞

0
p4/3 Ai2

(
bp2/3

)
dp = 5

128b7/2
,

∫ ∞

0
p2/3Ai′2

(
bp2/3

)
dp = 7

128b5/2
. (A.26)

� For the integrated power spectrum we need two expressions that are obtained by partial integration:∫ z

0
z′ Ai′(z′) dz′ = z Ai(z) − 1

3
+

∫ ∞

z
Ai(z) dz (A.27)
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and ∫ z

0
z2

∫ ∞

z
Ai(z′) dz′ dz = z3

3

∫ ∞

z
Ai(z) dz +

∫ z

0

z3

3
Ai(z) dz

= z3

3

∫ ∞

z
Ai(z) dz + 1

3

∫ z

0
z2 Ai′′(z) dz

= 1

9

(
2 + 3z2 Ai′(z) − 6zAi(z) − 3(2 − z3)

∫ ∞

z
Ai(z) dz

)
. (A.28)

� For the integral over the photon spectrum we need∫ ∞

0

Ai′(z)√
z

dz = − 1

π

∫ ∞

0

u sin(u3/3 + uz)√
z

du

= − 1

π

∫ ∞

0
du

∫ ∞

0

(
u sin(u3/3)

cos(uz)√
z

+ u cos(u3/3)
sin(uz)√

z

)
dz.

The integral over z can be found in Section 3.757 of [95],∫ ∞

0

cos(uz)√
z

dz =
∫ ∞

0

sin(uz)√
z

dz =
√

π

2u
, (A.29)

which gives ∫ ∞

0

Ai′(z)√
z

dz = − 1√
2π

∫ ∞

0

√
u[sin(u3/3) + cos(u3/3)] du.

With the substitution u3 = 3v we bring this expression into the form (A.29):∫ ∞

0

Ai′(z)√
z

dz = − 1√
6π

∫ ∞

0

(
cos v√

v
+ sin v√

v

)
dv = − 1√

3
. (A.30)

� The next integral can be reduced to the previous one with two integrations by parts:∫ ∞

0

√
z
∫ ∞

z
Ai(z′) dz′ dz = −2

3

∫ ∞

0
z3/2 Ai(z) dz

= 2

3

∫ ∞

0

√
z Ai′′(z) dz = −1

3

∫ ∞

0

Ai′(z)√
z

dz = 1

3
√

3
. (A.31)

� The next integrals are needed for the variance of the photon energy. Again, integrating twice in
parts brings them into previously presented forms:∫ ∞

0
z5/2 Ai′(z) dz = − 5

4
√

3
(A.32)

and ∫ ∞

0
z7/2 dz

∫ ∞

z
Ai(z′) dz′ = 35

36
√

3
. (A.33)

� To calculate the average circular polarization we need an integral of the form∫ ∞

0
y5 Ai(by2) Ai′(by2) dy = d

db

(
1

2

∫ ∞

0
y3 Ai2(by2) dy

)
.
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We use the expression (A.8) for the square of the Airy function and the substitutions applied for
the integral (A.11) to obtain

1

2

∫ ∞

0
y3 Ai2(by2) dy = 1

12πb2

∫ ∞

0
z3/2 Ai(z) dz.

This integral is obtained by generalizing (A.30),∫ ∞

0

Ai′(cz)√
z

dz = − 1√
3
√

c
,

differentiating it with respect to c,∫ ∞

0

√
z Ai′′(cz) dc =

∫ ∞

0
cz3/2 Ai(cz) dz = 1

2
√

3c3/2
,

and setting c = 1:

1

2

∫ ∞

0
y3 Ai2(by2) dy = 1

24
√

3πb2
.

Differentiating this with respect to b gives our original integral:∫ ∞

0
y5 Ai(by2) Ai′(by2) dy = − 1

12
√

3πb3
.

We adapt it to the form we need in (5.38) with the substitution y = p1/3, dy = 1/(3p2/3) dp and
obtain ∫ ∞

0
p Ai

(
bp2/3

)
Ai′

(
bp2/3

)
dp = −

√
3

12πb3
. (A.34)



Appendix B

Bessel functions

B.1 General relations

Bessel functions are widely used and documented in many books such as [41, 95] and, in
particular, [96]. Like for the Airy function we summarize some relevant properties, give
an approximation for large order, and calculate two sums that are difficult to find.

We need here only Bessel functions of integer order n, which can be defined by the
integral

Jn(z) = 1

π

∫ π

0
cos(z sin ξ − nξ ) dξ = 1

2π

∫ π

−π

cos(z sin ξ − nξ ) dξ. (B.1)

From this we can easily obtain the relation between different orders and the derivative,

(Jn−1(z) + Jn+1(z)) = 2n

z
Jn(z)

(Jn−1(z) − Jn+1(z)) = 2
dJn(z)

dz
= 2J ′

n(z), (B.2)

and, by taking combinations of these equations, also the two expressions for the derivative:

J ′
n(z) = Jn−1(z) − n

z
Jn(z) = −Jn+1(n) + n

z
Jn(z). (B.3)

The Bessel function of non-negative integer order n ≥ 0 can be expanded into a power
series,

Jn(z) = zn

2nn!

(
1 − z2

2(2n + 2)
+ z4

2 · 4(2n + 2)(2n + 4)
− · · ·

)
, (B.4)

which can be extended to negative orders with the relation

J−n(z) = (−1)n Jn(z). (B.5)

From the above expression we also obtain the Bessel function for negative arguments:

Jn(−z) = (−1)n Jn(z). (B.6)

With the relation (B.2) we obtain also the symmetry relations for the derivative of the
Bessel function:

J ′
−n(z) = (−1)n J ′

n(z), J ′
n(−z) = −(−1)n Jn(z). (B.7)
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The product of two Bessel functions of the same argument but different orders with
respect to n can be obtained by multiplying two integral representations (B.1) and is to be
found in (6.681) of [95],

Jn(z)Jm(z) = 2

π

∫ π/2

0
Jn+m(2z cos ξ ) cos((n − m)ξ ) dξ, (B.8)

which becomes, for the special case m = n,

J 2
n (z) = 2

π

∫ π/2

0
J2n(2z cos ξ ) dξ. (B.9)

B.2 The approximation for large order and arguments

To compare the synchrotron radiation emitted on a closed circle with the single-traversal
case, we need an expression for the Bessel function and its derivative valid for large
arguments and order. Such approximation are presented by equations (9.3.35) and (9.3.43)
in [41] but their application for our need is rather lengthy. We give here an approach that is
not as general and rigorous but shorter and more transparent and applies only to our
special condition.

The vertical field component at the nth harmonic is given by an expression (4.26) of the
form

n Jn(nβ cos ψ) = n

2π

∫ π

−π

cos(nβ cos ψ sin ξ − nξ ) dξ. (B.10)

The ultra-relativistic approximation gives β ≈ 1, γ � 1, ψ � 1, and

β cos ψ ≈ 1 − 1 + γ 2ψ2

2γ 2
< 1. (B.11)

We obtain

n Jn(nβ cos ψ) = n

2π

∫ π

−π

cos

[(
1 − 1 + γ 2ψ2

2γ 2

)
n sin ξ − nξ

]
dξ.

The second term inside the cosine function is always larger than the first one and will, for
n � 1, lead to a fast oscillation, producing nearly perfect cancelation. Therefore, only
relatively small values ξ < 1 will be important for the integral and we can develop sin ξ ,
giving for the argument of the cosine function

nβ cos ψ sin ξ − nξ ≈ nβ cos ψ

(
ξ − ξ 3

6

)
− nξ

≈ n

(
1 − 1 + γ 2ψ2

2γ 2

)(
ξ − ξ 3

6

)
− nξ

= −n
ξ 3

6
− n

1 + γ 2ψ2

2γ 2
ξ,
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where we neglected the term nξ 3(1 + γ 2θ2)/(12γ 2). We make the change of variable

ξ =
(

2

n

)1/3

ζ

and obtain the limit of the integral for n � 1:

ζm = ±
(n

2

)1/3
π ≈ ±∞.

Our original expression for the Bessel function (B.10) of very large order and argument is
now

n Jn(nβ cos ψ) = 2

2π

(n

2

)2/3
∫ ∞

−∞
cos

[(
n

2γ 3

)2/3

(1 + γ 2ψ2)ζ + ζ 3

3

]
dζ.

On comparing this with the integral representation of the Airy function (A.1) we find

n Jn(nβ cos ψ) = 2
(n

2

)2/3
Ai

[(
n

2γ 3

)2/3

(1 + γ 2ψ2)

]
. (B.12)

Next we seek a similar expression for the derivative of the Bessel function of large
order and argument. We take the derivative with respect to the argument z = nβ cos π of
(B.10) and make the same approximation ξ < 1 as before:

J ′
n(z) = J ′

n(nβ cos ψ) = dJn(nβ cos ψ)

d(nβ cos ψ)

= − 1

2π

∫ π

−π

sin ξ sin(nβ cos ψ sin ξ − nξ ) sin ξ dξ

≈ − 1

2π

∫ π

−π

(
ξ − ξ 3

6

)
sin

[
n

(
1 − 1 + γ 2ψ2

2γ 2

)(
ξ − ξ 3

6

)
− nξ

]
dξ

≈ − 1

2π

∫ π

−π

ξ sin

(
−n

ξ 3

6
− n

1 + γ 2ψ2

2γ 2
ξ

)
dξ.

We transform the variable ξ = 3
√

n/2ζ , approximate the limits as before, and obtain for
the derivative of the Bessel function multiplied by n for large order and arguments

n J ′
n(nβ cos ψ) = − 2

2π

(n

2

)1/3
∫ ∞

−∞
ζ sin

[(
n

2γ 3

)2/3

(1 + γ 2ψ2)ζ + ζ 3

3

]
dζ.

On comparing this with the expression for the derivative of the Airy function (A.1) we find

n J ′
n(nβ cos ψ) = −2

(n

2

)1/3
Ai′

[(
n

2γ 3

)2/3

(1 + γ 2ψ2)

]
. (B.13)

B.3 Sums over squares of Bessel functions

In calculating the total power radiated by a charge moving on a closed circle we need two
sums over squares of Bessel functions, which were first given in [3] and will be explained
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here:

Sa =
∞∑

n=1

n2 J 2
n (nz), Sb =

∞∑
n=1

n2 J ′2
n (nz). (B.14)

For our application we have z = β cos ψ < 1. It is important that this quantity is smaller
than unity in order for some operations to be valid.

We start with the first sum and express the square of the Bessel function by (B.9),

Sa = 2

π

∫ π/2

0
dξ

∞∑
n=1

n2 J2n(2nz cos ξ ),

which contains a sum given by equation (17.22(8)) in [96],

∞∑
n=1

n2 J2n(nz′) = 8z′2(4 + z′2)

(4 − z′2)4
. (B.15)

With z′ = 2z cos ξ we obtain the sum

Sa = 2

π

∫ π/2

0

z2 cos2 ξ (1 + z2 cos2 ξ )

2(1 − z2 cos2 ξ )4
dξ, (B.16)

which is integrated over ξ :

Sa =
∞∑

n=1

n2 J 2
n (nz) = z2(4 + z2)

16(1 − z2)7/2
. (B.17)

For the second sum, Sb, we express the derivative J ′
n(nz) once with the first and once

with the second expression of (B.3),

J ′2
n (nz) = 1

z
Jn(nz)(Jn−1(nz) + Jn+1(nz)) − Jn−1(nz)Jn+1(nz) − 1

z2
J 2

n (nz),

and collect Bessel functions of different orders, giving for the sum

∞∑
n=1

n2 J ′2
n (nz) = 1

z2

∞∑
n=1

n2 J 2
n (nz) −

∞∑
n=1

n2 Jn−1(nz)Jn+1(nz). (B.18)

The first sum has already been calculated as (B.17) and for the second sum we express the
product of two Bessel functions by using the integral (B.8):

∞∑
n=1

n2 Jn−1(nz)Jn+1(nz) = 2

π

∫ π/2

0
dξ cos(2ξ )

∞∑
n=1

n2 J2n(2z cos ξ ).

This latest sum is given by (B.15) for z′ = 2z cos ξ , resulting in

∞∑
n=1

n2 Jn−1(nz)Jn+1(nz) = 2

π

∫ π/2

0

z2 cos2 ξ (1 + z2 cos2 ξ ) cos(2ξ )

2(1 − z2 cos2 ξ )4
dξ

= z2(2 + 3z2)

16(1 − z2)7/2
.
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We obtain for the total expression (B.18) of the second sum

Sb =
∞∑

n=1

n2 J ′2
n (nz) = 4 + 3z2

16(1 − z2)5/2
. (B.19)

B.4 Series of Bessel functions

We rewrite the integral presentation (B.1) of the Bessel function as

Jn(z) = 1

π

∫ π

0
[cos(z sin ξ ) cos(nξ ) + sin(z sin ξ ) sin(nξ )] dξ. (B.20)

The function cos(z sin ξ ) is an even and periodic function with period π , whereas
sin(z sin ξ ) is odd and has the same periodic properties. The two integrals represent the
coefficients of the Fourier series of these functions which are given by the Bessel functions
Jn(z). The symmetry properties around the angle ξ = π/2 for the two functions are

cos(z sin ξ ) = cos(z sin(π − ξ )), sin(z sin ξ ) = sin(z sin(π − ξ )),

with, for cos(nξ ),

cos(n(π − ξ )) = cos(nξ ) if n is even
cos(n(π − ξ )) = − cos(nξ ) if n is odd,

whereas for sin(nξ ) the symmetry is opposite,

sin(n(π − ξ )) = − sin(nξ ) if n is even
sin(n(π − ξ )) = sin(nξ ) if n is odd.

Therefore the first integral in (B.20) vanishes for odd values of n and the second integral
vanishes for even values. With this we obtain for the Fourier series of the two functions

cos(z sin ξ ) = J0(z) + 2
∞∑

n=1

J2n(z) cos(2nξ )

sin(z sin ξ ) = 2
∞∑

n=1

J2n−1(z) sin((2n − 1)ξ ),

where we used the symmetry relations of the Bessel functions with respect to order, (B.6),
and of the trigonometric function with respect to argument.

We multiply the second equation by i, add to it the first equation, and thereby obtain a
single complex Fourier series,

cos(z sin ξ ) + i sin(z sin ξ ) = eiz sin ξ =
∞∑

n=−∞
Jn(z)einξ , (B.21)

which we will use to express the radiation field of a strong undulator.



Appendix C

Developments of strong-undulator radiation

C.1 The plane-undulator radiation

In Section 8.3.6 the radiation from a plane undulator has been developed with respect to
powers of the parameter K ∗

u . The results for the angular and spectral power distributions
are given here. Each harmonic is given only to the lowest power of K ∗

u .
The angular power distributions for the two modes of polarization are

dP1σ

d�
≈ Pu

3γ ∗2

π

(1 − γ ∗2θ2 cos(2φ))2)2(
1 + K 2

u /2
)2

(1 + γ ∗2θ2)5

dP1π

d�
≈ Pu

3γ ∗2

π

(γ ∗2θ2 sin(2φ))2(
1 + K 2

u /2
)2

(1 + γ ∗2θ2)5

dP2σ

d�
≈ Pu

3γ ∗2

π
K ∗2

u
(γ ∗θ cos φ)2(5(1 + γ ∗2θ2) − 8(γ ∗θ cos φ)2)2

(1 + K 2
u /2)2(1 + γ ∗2θ2)7

(C.1)
dP2π

d�
≈ Pu

3γ ∗2

π
K ∗

u
2 (γ ∗θ sin φ)2(1 + γ ∗2θ2 − 8(γ ∗θ cos φ)2)2(

1 + K 2
u /2

)2
(1 + γ ∗2θ2)7

dP3σ

d�
≈ Pu

3γ ∗2

π
K ∗4

u
81

64

((1 + γ ∗2θ2)2 − 18(1 + γ ∗2θ2)(γ ∗θ cos φ)2 + 24(γ ∗θ cos φ)4)2(
1 + K 2

u /2
)2

(1 + γ ∗2θ2)9

dP3π

d�
≈ Pu

3γ ∗2

π
K ∗4

u
729

64

(γ ∗2θ2 sin(2φ))2(1 + γ ∗2θ2 − 4(γ ∗θ cos φ)2)2

π
(
1 + K 2

u /2
)2

(1 + γ ∗2θ2)9
.

The spectral power distributions for the two modes of polarization are

dP1σ

dω1
≈ Pu

ω10

3

2
(
1 + K 2

u /2
)2

(
ω1

ω10

)(
1 − 2

(
ω1

ω10

)
+ 3

(
ω1

ω10

)2
)

dP1π

dω1
≈ Pu

ω10

3

2
(
1 + K 2

u /2
)2

(
ω1

ω10

)(
1 − 2

(
ω1

ω10

)
+

(
ω1

ω10

)2
)

dP2σ

dω2
≈ Pu

ω10

3K ∗2
u

32
(
1 + K 2

u /2
)2

(
ω2

ω10

)2
(

10 − 25

(
ω2

ω10

)
+ 30

(
ω2

ω10

)2

− 10

(
ω2

ω10

)3
)
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dP2π

dω2
≈ Pu

ω10

3K ∗2
u

32
(
1 + K 2

u /2
)2

(
ω2

ω10

)2
(

10 − 17

(
ω2

ω10

)
+ 10

(
ω2

ω10

)2

− 2

(
ω2

ω10

)3
)

dP3σ

dω3
≈ Pu

ω10

3K ∗4
u

1152
(
1 + K 2

u /2
)2

(
ω3

ω10

)3

(C.2)

×
(

180 − 486

(
ω3

ω10

)
+ 549

(
ω3

ω10

)2

− 240

(
ω3

ω10

)3

+ 35

(
ω3

ω10

)4
)

dP3π

dω3
≈ Pu

ω10

3K ∗4
u

1152
(
1 + K 2

u /2
)2

(
ω3

ω10

)3

×
(

162 − 270

(
ω3

ω10

)
+ 171

(
ω3

ω10

)2

− 48

(
ω3

ω10

)3

+ 5

(
ω3

ω10

)4
)

.

C.2 The helical-undulator radiation

In Section 9.5.6 the radiation from a plane undulator has been developed with respect to
powers of the parameter K ∗

u . The results for the angular and spectral power distributions
as well as the integrals giving the radiation in each harmonic are presented here. Each
harmonic is given only to the lowest power of the helical-undulator parameter K ∗

hu.
The development of the angular power distribution of helical-undulator radiation for the

first three harmonics, each to the lowest order of K ∗
uh is given below. The two terms Fhx+

and Fhx− correspond to the two modes of helical polarization:

dP1

d�
= Phγ

∗2
h (Fh1+ + Fh1−) ≈ Phγ

∗2
h

3

π

1 + γ ∗4
h θ4

(1 + γ ∗2θ2)5
(
1 + K 2

u

)2

dP2

d�
= Phγ

∗2
h (Fh2+ + Fh2−) ≈ Phγ

∗2
h

3

π

16K ∗2
uh γ ∗2

h θ2
(
1 + γ ∗4

h θ4
)

(1 + γ ∗2θ2)7
(
1 + K 2

u

)2 (C.3)

dP3

d�
= Phγ

∗2
h (Fh3+ + Fh3−) ≈ Phγ

∗2
h

3

π

729K ∗4
uh γ ∗4

h θ4
(
1 + γ ∗4

h θ4
)

4(1 + γ ∗2θ2)9
(
1 + K 2

u

)2 .

The development of the spectral power distribution of helical-undulator radiation for
the first three harmonics, each to the lowest order of K ∗

uh, is given below. The two terms in
the square brackets correspond to the two modes of helical polarization:

dP1

dω1

ω10

Ph
≈ 3

(1 + K 2)2

(
ω1

ω10

)[(
ω1

ω10

)2

+
(

1 − ω1

ω10

)2
]

dPh2

dω2

ω10

Ph
≈ 3K ∗2

uh

4
(
1 + K 2

u

)2

(
ω2

ω10

)2(
2 − ω2

ω10

)[(
ω2

ω10

)2

+
(

2 − ω2

ω10

)2
]

(C.4)

dPh3+
dω3

ω10

Ph
≈ 3K ∗4

uh

36
(
1 + K 2

u

)2

(
ω3

ω10

)3(
3 − ω3

ω10

)2
[(

ω3

ω10

)2

+
(

3 − ω3

ω10

)2
]
.
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Powers for a helical undulator in each harmonic for the two modes of circular
polarization and the total radiation are given below:

P1+ = Ph
1(

1 + K 2
u

)2

(
3

4
− 5

20
K ∗

uh
2 + 49

1120
K ∗4

uh + · · ·
)

P1− = Ph
1(

1 + K 2
u

)2

(
1

4
− 3

20
K ∗

uh
2 + 39

1120
K ∗4

uh + · · ·
)

P1 = Ph
1(

1 + K 2
u

)2

(
1 − 2

5
K ∗

uh
2 + 11

140
K ∗4

uh + · · ·
)

P2+ = Ph
1(

1 + K 2
u

)2

(
8

5
K ∗

uh
2 − 48

35
K ∗4

uh + · · ·
)

P2− = Ph
1(

1 + K 2
u

)2

(
4

5
K ∗

uh
2 − 32

35
K ∗4

uh + · · ·
)

(C.5)

P2 = Ph
1(

1 + K 2
u

)2

(
12

5
K ∗

uh
2 − 16

7
K ∗4

uh + · · ·
)

P3+ = Ph
1(

1 + K 2
u

)2

(
729

224
K ∗4

uh − · · ·
)

P3− = Ph
1(

1 + K 2
u

)2

(
2187

1120
K ∗4

uh − · · ·
)

P2 = Ph
1(

1 + K 2
u

)2

(
729

140
K ∗4

uh − · · ·
)
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revolution, 265, 266, 272

321



322 Index

generalized undulator, 209
modulated, 219, 221
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imaging, 229
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isomagnetic, 246
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Liénard–Wiechert approach, 60
Liénard–Wiechert equation, 18, 41
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dynamics, 264
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Lorentz transformation
general, 19
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motion
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uniform, 20
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undulator radiation, 144
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power
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spectrum
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SR, 3
storage ring, 244
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small emittance, 289

straight section, 244
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synchrotron oscillation, 267
synchrotron radiation

Airy function, 66
angular distribution, 94, 96
approximation, 60, 62
critical frequency, 64
distribution function Fs, 83, 84
distribution function Ss, 90
field, 66
from closed circular orbit, 73
geometry, 59
high frequency, 89, 92
line spectrum, 74
low frequency, 88, 92
modified Bessel function, 67, 84,

90
opening angle, 3, 95
ordinary, 3
photon distribution, 110
photon number, flux, and energy,
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polarization, 98

elliptical, 106
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power, 81
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spectral distribution, 89
spectrum, 4
time and frequency domain, 72
time domain, 71
time relation, 64

time relation, 10, 11, 40, 61, 64, 129

transport matrix, 248
Twiss parameter, 253

undulator
amplitude-modulated, 219
angular distribution, 141
angular distribution at ω10, 145
angular spectral distribution, 140
from dipole radiation, 132
helical, 181

angular distribution, 188
angular spectral distribution, 187
approximation, 205
circular polarization, 190
elliptical polarization, 186
field, 185
on-axis, 192, 200
power, 187
spectral distribution, 189
strong, 193
trajectory, 181

in moving frame, 121, 131
interference, 118
Lorentzian modulation, 221
modulated, 215
on-axis radiation, 152
opening angle, 144
parameter, 117, 128
period, 117
photon distribution, 148
photon number, flux, and energy, 150
power, 138
qualitative, 117
radiation field, 132, 137
spectral distribution, 147
strong

angular distribution, 168
angular spectral density, 167
approximation, 177
field, 162
moving frame, 157
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spectral distribution, 171
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damping, 284
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