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THE PHYSICS OF SYNCHROTRON RADIATION

This book explains the underlying physics of synchrotron radiation and derives its main
properties. It is divided into four parts. The first covers the general case of the electromag-
netic fields created by an accelerated relativistic charge. The second part concentrates on
the radiation emitted by a charge moving on a circular trajectory, deriving its distribution
in angle, frequency, and polarization modes. The third part looks at undulator radiation.
Starting from the simple case of a plane weak undulator with a spatially periodic field that
emits quasi-monochromatic radiation, the author then discusses strong undulators, emit-
ting more complicated radiation and containing higher harmonics. More general undulators
are also considered, with a non-planar (helical) electron trajectory or non-harmonic field.
The final part deals with applications and investigates the optics of synchrotron radiation
dominated by diffraction due to the small opening angle. It also includes a description of
electron-storage rings as radiation sources and the effect of the emitted radiation on the
electron beam.

This book provides a valuable reference for scientists and engineers in the field of accel-
erators, and for all users of synchrotron radiation.
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Preface

Under the rubric of synchrotron radiation we understand the electromagnetic waves emitted
by a charge moving with relativistic velocity and undergoing a transverse acceleration. It
is characterized by a small opening angle and a high frequency caused by the velocity of
the charge being close to that of light. Owing to the relatively simple motion of the charge,
the radiation has clear polarization properties. Ordinary synchrotron radiation is emitted
by a charge moving on a circular arc determined by a deflecting magnetic field. It has a
broad spectrum, a typical frequency being 3 times higher than the Larmor frequency of the
charge. This spectrum can be modified by varying the curvature of the trajectory 1/p within
a distance smaller than the formation length of the radiation, as is realized in undulators.

Synchrotron radiation has been investigated theoretically for over a century and experi-
mentally for about half this time. Thanks to its unique properties, this radiation has become
a research tool for many fields of science and electron-storage rings serving as radiation
sources are spread over the whole globe.

This book tries to explain synchrotron radiation from basic principles and to derive its
main properties. It is divided into four parts. First the general case of the electromagnetic
fields created by an accelerated relativistic charge is investigated. This gives the angular
distribution with the small opening angle of the emitted radiation and distinguishes between
the ‘near’ (Coulomb) and the ‘far’ (radiation) field. The second part concentrates on the
radiation emitted by a charge moving on a circular trajectory, which we usually call syn-
chrotron radiation. Its distributions in angle, frequency, and polarization modes are derived.
Undulator radiation is treated in the next part. We start with the simple case of a plane
weak undulator with a spatially periodic field that emits quasi-monochromatic radiation. A
strong undulator emits radiation that is more complicated and contains higher harmonics.
There are more general undulators having a non-planar (helical) electron trajectory or a
non-harmonic field. The last part deals with applications and investigates first the optics of
synchrotron radiation, which is dominated by diffraction due to the small opening angle.
This is followed by a description of electron-storage rings serving as radiation sources and
the effect of the emitted radiation on the electron beam.

There are some technical remarks to be made. Throughout the book MKSA units are
used. With very few exceptions the radiation field refers to a single positive elementary
charge e as a source. For convenience sometimes the radiation emitted by a current [ is

Xvii



XViii Preface

also given and, in the last chapter, the temporal coherence of the radiation from different
particles is considered. As a basis for the properties of the radiation we give first the total
emitted power or energy. In the case of ordinary synchrotron radiation we denote by P the
power radiated by the electron while it is going through the magnet and by Uy the energy
radiated during one revolution. For undulators we denote by P, the power radiated in the
undulator but averaged over one period and by Uy the energy emitted during one traversal
through the undulator. These powers and energies can also be expressed in terms of the
photon number or photon flux. Distributions in terms of angle and frequency are then given
with these total values as a factor that makes it easy to express them in terms of power,
energy, photon-number or photon-flux distributions or in other units. Vectors are printed
in bold. They are also written as an array with three components between square brackets,
like E = [E, E,, E.]. For radiation fields the z-component can often be neglected. The
remaining two-component vector is written as E, = [E,, E,]. These field components give
the polarization of the radiated power. To mark the contributions of the horizontal or vertical
polarization to the power, which is of course a scalar, we write it as a sum P = P, + P;.
The calculation of synchrotron radiation leads to some integrals that can be expressed in
terms of modified Bessel functions or Airy functions. Here the second type is chosen, but
the important results are given in both. Some properties, integrals, and sums of Airy and
Bessel functions are given in the appendices, partly for convenience and partly because
they are not so easy to find. However, this is not meant to provide rigorous mathematical
derivations but rather to provide some insight into how some results are obtained.

There are lots of publications on synchrotron radiation and related topics. Apart from
well-known books and journals they appear often in laboratory reports and proceedings of
workshops. The bibliography to this volume is by no means complete and refers mostly to
the topics covered and the methods used to investigate them.
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Part 1

Introduction






1

A qualitative treatment of synchrotron radiation

1.1 Introduction

We consider the radiation emitted by a charged particle moving with constant, relativistic
velocity on a circular arc. It is called synchrotron radiation, or sometimes also ordinary
synchrotron radiation, abbreviated as SR, to distinguish it from the related case of undulator
radiation, abbreviated as UR. We start with a qualitative discussion of synchrotron radiation
in order to obtain some insight into its physical properties such as the opening angle, spec-
trum, and polarization. This will also help us to judge the validity of some approximations
used in later calculations.

The physical properties of synchrotron radiation have their basis in the fact that the charge
moves with relativistic velocity towards the observer. The charge and the emitted radiation
travel with comparable velocities in about the same direction. The fields created by the
charge over a relatively long time are received by the observer within a much shorter time
interval. This time compression determines the spectrum of synchrotron radiation.

1.2 The opening angle

We consider a charge moving in the laboratory frame F on a circular trajectory with radius
of curvature p, Fig. 1.1. We go into a frame F’ that moves with a constant velocity that is
the same as that of the charge at the instant it traverses the origin. The particle trajectory has
in this frame the form of a cycloid with a cusp at the origin. At this location the particle is
momentarily at rest, but undergoes an acceleration in the —x’-direction. Like any accelerated
charge, it emits radiation having an approximately uniform distribution in this frame F'.

We go back to the laboratory frame F by applying a Lorentz transformation. The emitted
radiation is now peaked in the forward direction. A photon emitted along the x’-axis in the
moving frame F appears in the laboratory frame at an angle 6 given by

sinf =— or O~
14

) (1.1)

R |~

where y = 1/,/1 — B2 is the Lorentz factor and B = v/c is the normalized velocity. The
typical opening angle of the emitted synchrotron radiation is therefore expected to be of
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Fig. 1.1. The opening angle of synchrotron radiation.

order 1/y. For ultra-relativistic particles, y >> 1, the radiation is confined to very small
opening angles around the direction of the particle velocity.

1.3 The spectrum emitted in a long magnet

Next we estimate the typical frequency of the emitted radiation. We consider a charge
moving on a circular trajectory through a long magnet as shown in Fig. 1.2. We try to
estimate the length At of the radiation pulse received by the observer P. Owing to the small
natural opening angle the observer receives only radiation that was emitted along an arc of
approximate angle £1/y. Therefore, the radiation observed first was emitted at point A,
where the trajectory has an angle 1/y with respect to this direction pointing towards the
observer, whereas the radiation observed last was emitted at point A’, where the trajectory
has a corresponding angle —1/y. The length of the radiation pulse seen by the observer is
therefore just the difference in travel time between the charge and the radiation for going
from point A to point A’:
2p  2psin(l/y)
Bre T ¢

For the ultra-relativistic velocities considered here we have 1/y < 1 and the trigonometric
function can be expanded to give

At =t —ty =

2 1 1 4
Ar~ 2 1—ﬁ+i ~ (=)= L
Byc 62 ye\y?  3y? 3cy3

Here we use the ultra-relativistic approximation

1-8 1
~ (1.2)
1+8 22

l—ﬂ:

From the length Ar of the radiation pulse we get the typical frequency of the spectrum,

1 3cy?

N — A . 1.3
@ At 4p (1.3)



1.4 The spectrum emitted in a short weak magnet 5

observer
- - f
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E(t)| pulse shape
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Fig. 1.2. The typical frequency of the synchrotron-radiation spectrum.

Later, on the basis of a quantitative treatment, we will introduce the critical frequency,
which is twice as large, w. = 2wyyp. For a large value of the Lorentz factor y the radiation
pulse can become very short and the resulting typical frequency very high.

The above derivation of the typical frequency is quite simple but illustrates some of the
most important physical principles of synchrotron radiation. The length of the radiation
pulse received is given by the difference in travel time between the particle and the photon
for going from point A to point A’. The observed radiation originates from a trajectory arc
of approximate length £, ~ 2p/y. The length L of the magnet has to be larger than this for
the above treatment to be valid.

1.4 The spectrum emitted in a short weak magnet

We consider a short weak magnet as shown in Fig. 1.3 with length L < p/y. It deflects the
particle by an angle

. (L L 1
A¢p =2arcsin| — |~ — < —,
2p oy
which is less then the natural opening angle of the radiation. The length Aty of the radiation
pulse now becomes
L L

2p . L L
Atsmzte—tyzﬁarcsm Z —?%E(l—ﬁ)ww,

assuming again that we have the ultra-relativistic case 8 & 1. The length of the radiation
pulse is now proportional to the magnet length L. Reducing it will therefore lead to shorter
wavelengths.

The spectrum of the emitted radiation is also modified if the magnetic field changes
within the length L, which is the case for undulators. In order for synchrotron radiation to
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Fig. 1.3. The spectrum radiated in a short magnet.

have a spectrum described by (1.3) it has to be emitted from a magnet with a field that is
homogeneous over at least a length of L > 2p/y. By ‘synchrotron radiation” we usually
mean the radiation from a long magnet. Sometimes it is also called ‘ordinary’ synchrotron
radiation or ‘long-magnet’ radiation and will sometimes be abbreviated here to ‘SR’. This
distinguishes it from undulator or ‘short-magnet’ radiation. This term ‘short magnet’ is now
commonly used but describes a magnet that is short and weak such that the trajectory angle
is everywhere smaller than 1/y with respect to the main direction.

1.5 The wave front of synchrotron radiation

In estimating the typical frequency of synchrotron radiation we found that the field which
is received by the observer P at the time ¢ within a very short time interval A¢ has been
emitted by the particle at a different location and at a time ¢’ over a longer time interval
At’. Let us consider a particle moving in the general direction towards an observer with
a speed close to that of light, emitting pulses of radiation at regular intervals along its
trajectory. These pulses are received by the observer at time intervals that are much shorter.
The compression of the time sequences At of reception compared with the time sequences
At’ of emission is stronger the closer the particle velocity is to that of light and the closer
its direction to that pointing towards the observer. This is well known from the Doppler
effect.

We illustrate this situation in Fig. 1.4 for a charged particle moving with a constant speed
v = Bc (B = 0.8) anti-clockwise on a circle of radius p and emitting a pulse of radiation at
regular intervals indicated by small full circles (bullets). These pulses of radiation propagate
at the speed of light on circular wave fronts around the sources in their centers. At a certain
time ¢ they have reached the situation shown in Fig. 1.4. The pulse emitted first at the time
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Fig. 1.4. Global propagation of synchrotron radiation for 8 = 0.9.

Fig. 1.5. Forward propagation of synchrotron radiation for 8 = 0.8 and 0.9.

t' = 0 originates from the bottom point and has reached the largest circle. The particle takes
some time At’ to reach the next point of emission. Since it moves slower than light the
wave emitted at this second point can never catch up with the first one but lags behind only
by a small amount in the forward direction indicated by the arrow. Figure 1.4 shows the
wave fronts emitted during one revolution of the particle executed at an earlier time. At a
certain distance in the forward direction these wave fronts are concentrated in the radial
direction. As a consequence an observer at this location receives within a short time interval
At the radiation emitted during a large interval At’ of the particle motion. In Fig. 1.5 this is
illustrated in more detail for the radiation emitted from a finite arc of the trajectory for two
velocities v = B¢ of the particle. Clearly the higher velocity (8 = 0.9) leads to a stronger
concentration of the wave front than does the lower one (8 = 0.8).
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Fig. 1.6. Linear and elliptical polarization of synchrotron radiation.

The emission of short pulses is an artificial picture that we can use in order to obtain a
simple illustration. In reality the charge radiates continuously, which is more difficult to
draw. Very nice displays of the actual emission of radiation are presented in [1, 2].

We saw at the beginning of this chapter that the radiation is emitted mainly in the forward
direction. Therefore, from the wave-front circles drawn in Figs. 1.4 and 1.5 only a limited
arc around the forward direction contributes to the field received by the observer.

1.6 The polarization

Since the acceleration of the charge is radial and lies in the plane of the trajectory, we
expect that the emitted radiation is mostly linearly polarized, with the electric-field vector
also lying in this plane. The radiation observed at a finite angle above or below this plane
has some elliptic polarization of opposite helicities, as illustrated in Fig. 1.6.
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Fields of a moving charge

2.1 Introduction

In the previous chapter we used some qualitative arguments to estimate the basic nature
of synchrotron radiation. The results of this exercise are very useful for understanding the
underlying physics, estimating the quantities involved, and judging the validity of certain
approximations we will make. Now synchrotron radiation is treated in a quantitative man-
ner. We will distinguish between the time ¢ at which the radiation is observed and ¢ when
it was created by the moving charge at a distance r. Since the relation between the two
is in general rather complicated, some of the derivations are lengthy. As final results we
obtain expressions for the radiation field and the emitted power, which will be applied to
calculate synchrotron and undulator radiation in the next two parts. Treatments of syn-
chrotron radiation can be found in many books, journal publications, articles, proceedings
of conferences and workshops, and laboratory reports. The first book on the topic of syn-
chrotron radiation [3] was published in 1912. Complete coverage of the topic is presented
in [4-8], some of which give also a quantum-mechanical treatment. Many books on elec-
trodynamics treat the radiation from relativistic particles and cover also theoretical aspects
of synchrotron radiation [9—13]. On the other hand, many publications on particle accel-
erators have chapters on synchrotron radiation, giving details of its properties and effects
on the electron beam. Among those are the books [14—17]. There are many proceedings
from conferences, workshops, and schools and laboratory reports concerned mainly with
accelerators but containing also articles on synchrotron radiation [18-20]. Furthermore,
there are several handbooks and proceedings concerned mainly with the science done with
synchrotron radiation [21-24], which describe the properties and technical possibilities of
this source [25]. There are overviews on the history of synchrotron radiation, such as [26],
which gives mainly the early development, and [27], which concentrates on the work done
in the U.S.S.R.

2.2 The particle motion relevant to the
retarded potentials

To relate the observed radiation to the motion of charge and vice versa we invoke so-called
retarded potentials and fields, which have their basis in the finite propagation velocity ¢
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Fig. 2.1. The particle trajectory and radiation geometry.

of the electromagnetic radiation. To calculate the fields measured at time ¢ by a stationary
observer we have to know the position and motion of the charge at this earlier time ¢’ of
emission.

We discuss now the motion relevant for these two time scales and consider an elementary
positive charge e moving on a trajectory given by the vector R(#’) and creating an electric
field E and a magnetic field B. These fields are measured at time ¢ by the observer located
at P as illustrated in Fig. 2.1. We introduce a vector r with absolute value r, pointing from
the location P’ of emission to the observer P. Owing to the finite propagation velocity c, the
field received at time ¢ by the observer P had to have been emitted by the source P’ at the
earlier time ¢’ given by the relation

t=f+ﬂQ. 2.1
c

Therefore, we have to know the position R(¢) and velocity v(¢') = dR/dt’ of the charged
particle at this earlier time ¢'. We have for the vectors R (pointing from the origin to the
radiating charge), r, (pointing from the origin to the observer), and r (pointing from the
charge to the observer) the relation

R(t') + (') = r, = constant. (2.2)

Differentiating this with respect to ¢’ gives the change of the vector r,

dr¢)  dR
o = g = V) =B, 23)

from which we obtain the corresponding change of its absolute value r = |r|:

dr 1 d@r?) _ dr

r— = =r —
de 2 dr dr’

= —(r-v).
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Introducing the unit vector

n=r/r (2.4)
pointing from the charge in the direction towards the observer gives for the change of the

distance between the source and the observer at time 7/
dr
dr’
which is just the negative particle-velocity component of the particle in the direction towards

the observer as shown in Fig. 2.1. The differential relation between the two time scales ¢’
and ¢ is obtained from (2.1):

=—m-v) = —c(n-p), (2.5)

1 dr , ,
dt=<1+——)dt =(1—n-g)dr. (2.6)
c dr’

2.3 The retarded electromagnetic potentials

In this section we derive expressions for the electromagnetic potentials A(¢) and V(r)
observed at P and created by a charge moving along a trajectory given by the vector R(z").
This result will be used in the next section to obtain the electric and magnetic fields E and B
which are related to the scalar and vector potentials V and A through Maxwell’s equations,
which can be found in standard textbooks on electrodynamics listed earlier:

0A 0A
E=-VV—-—=gadV - —
at ot 2.7)
B=[VxA]= curlA
with the Lorentz convention V - A = —V /c2. The vector potential A is measured in units

of Vsm™!.
The potentials created by time-dependent charge 7(¢") and current density J(z') are given
by the expressions

1 t'
V() = / n( )dx/dy/dz/

drey J r(t)
wo I .,
A@t) = — [ —dx'dy’d7.
® 4z ) r(t) v A&

The above expressions are very similar to those used to calculate the potentials of static
charge and stationary current distributions. However, here the charges move and the local
charge and current densities change. Since the potentials created propagate at the speed of
light, the signals received by the observer P depend on the positions of the charges at the
earlier time #’. The integration is carried out over the coordinates x’, y’, and 7’ of the earlier
distribution.
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Observer

Fig. 2.2. Integration over charges represented by a collapsing sphere.

Since this is important for understanding the potentials and fields created by moving
charges, we would like to illustrate it using Fig. 2.2 and follow the discussion given in [10].
It shows charges with a time-dependent density 7 and an observer P, at whose location we
would like to know the potential V at time ¢. For this it is necessary to integrate over the
charge density n(¢") at time t' = t — r(¢)/c, which will contribute to the potential at time
t and location P. This process represents a thin sphere that is converging with velocity ¢
towards the point P while integrating over all charges that contribute to the potential V (¢).
Charges moving towards P while this integration is carried out are ‘counted’ for a longer
time and contribute more to the potential V(¢). On the other hand, charges moving away
from P will contribute less to the potential.

We use this picture of a collapsing, integrating sphere to calculate the potential V(¢) at
time ¢ at P, created by a single elementary charge e having a finite radius » as shown in
Fig. 2.3. First we take the charge to be at rest and find for the time Af; during which it
contributes to the integration

Aty =2b/c.
The potential due to this stationary charge at rest is

V)= = constant.

47'[607‘

Next we assume that the charge moves with velocity v = B¢ having the component
vy =n-v in the direction towards P, Fig. 2.3. The time Af, during which this charge
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Ar =c At

Fig. 2.3. The contribution of a moving charge to the potential.

contributes is

, 2b 2b
At) = = .
c—v c¢(1—n-B)
Since the ratio
At 1

A, 1—n-B

is independent of the size of the charge we can let b go to zero. This gives the scalar potential
(and, in a similar way, also the vector potential) of a moving charge:

e 1
dreo r()(1 —n(t') - B(t'))
Hoe v(t)
4 r(t)(1 —n() - B(1))

To obtain the potentials at the observation time ¢ we have to evaluate r, n, and B at the
time ¢’ of emission. This is indicated explicitly above by expressing these quantities as

V() =

Al =

functions of #’. Since we observe the potentials at time 7, we would like to express the final
result in terms of it and have to know the relation between the two times

1 =1,

which can be a complicated expression for a general particle motion and hence could make
the calculation of the potentials difficult. In most cases the inverse function ¢t = ¢(t') =



14 Fields of a moving charge

t' + r(t")/c is found more easily. It can then serve as a basis on which to find the desired
relation ¢ = #'(¢) using some approximations.

Expressing each quantity explicitly as a function of ¢’ often leads to rather complicated
expressions that are difficult to read. It is preferable to place the expression which has to be
evaluated at the earlier time ¢’ within curly brackets with the subscript ‘ret’. We will use this
convention for all important expressions but might omit it for intermediate calculations.

The two potentials are now written as

Vi) — e 1
= 47160{r(1—n-f3)}rel

At) = @{L} .

2.8)

47 |r(1 —n-B)

They are called the retarded potentials of a moving charge or also the Liénard—Wiechert
potentials [28, 29].

2.4 The fields of a moving charge

In the previous section we derived the scalar and vector potentials of a moving charge.
For most practical applications we need the electric and magnetic fields at the observer.
They can be obtained from the equations (2.7) relating fields and potentials. These relations
involve a differentiation with respect to the time ¢ and the location r, since the observer
measures potentials and fields in terms of these coordinates. However, for the evaluation
of the potentials the position and velocity of the moving charge have to be evaluated at the
earlier time #’. Any change At or Ar,, of the observation time and location will change the
time ¢’ of emission as well as the parameters r(¢'), R(z'), and n(¢") which depend on it.

We evaluate first the derivative with respect to the time ¢ and consider two photons A
and B observed with a time difference At at the same location P. These two photons had
to be emitted with different values of the time interval Az’ and, owing to the motion of the
charge, also at different locations A" and B’ as illustrated in Fig. 2.4. For the time differences
At’ between the emissions and Az between the observations of the two photons we use the
differential relation (2.6):

dt=(1—-n-B)dr'.

This gives for the derivative of the vector potential A with respect to ¢

0A dr DA 1 9A
9t dr ¢ 1—n-B ar

_ pec 1 B BoG —x-B)/or
" 47 1—-n-B\r(1—n-B) rX(1-n-B2 |
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t
particle
o
Fig. 2.4. Calculation of the derivative with respect to ¢.
The derivative of r — r- 8 is
a dr dr . ) .
R —r- - - — — . e U = —c(n- —r-p,
—r—rB)= -~ B-r-B=—cn-p)+cp’—r-B

where we used the relations (2.5) and (2.3). The derivative of the vector potential A with
respect to the time # becomes

8A_y,0ec{< B c(n-ﬂ)—cﬁz—i-(l‘-ﬁ)ﬁ)]

3t 4z |\r(1—n-By + r2(1 —n- B)>3
Sorting this expression according to powers of r leads to

A _ mec!(n-ﬁ—ﬂz)cﬁ ( —n-ﬂ)B+(n'B)ﬂ}

ot 4m | r2(1 —n- By} r(1 —n-B)3

(2.9)

Next we have to calculate the gradient of the scalar potential (2.8),

VV = e v 1 _ e Vir—r-B)
" 4ne <r(1 —n-ﬂ)) T 4megr2(1—n- B2’

which is the change of the expression for V for a small change in the vector ry, i.e. of the
observation position, such that AV = VV . Ar,,. Again the situation is made complicated
by the fact that changing the position of the observer will impose a change in the time ¢ of
emission and in all parameters that depend on it. This is illustrated in Fig. 2.5, where we
have two observers A and B separated in position by a small vector Ar,, and consider two
photons arriving at the observers A and B, respectively, at the same time t. On moving from
observer A to observer B the vector r undergoes a change consisting of two contributions.
The first one, Ar; = Ar,, is directly caused by the change of r,. The second contribution
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Fig. 2.5. Calculation of the gradient with respect to ry,.

Ary = (dr/dt") At’ is caused by the difference At’ in time of emission imposed by the
condition that the two photons arrive at the same time ¢ at A and B. Using dr/dt' = —cB
we obtain

Ar = Ar, —cBAr" and Ar=n-Ar=n-Ar, —c(n-p)Ar’.

Since the two photons arrive at the same time ¢ at their respective observers, the difference
Ar between the distances traveled is, according to (2.1), given by the difference At’ between
the emission times multiplied by the velocity of light,

Ar = —cAt' =n-Ar, — c(n- B) At

which gives the relation

n- Ar,

o(l—n-B)

On comparing this with A" = Vt' Ar,, we can write for the gradient of ¢’

At =

B n
c(l—n-B)

For the change of the expression r — r - B appearing in the denominator of equation (2.8)
for the potentials V and A we obtain

Vi = (2.10)

A(r—r-B) = Ar — (Ar-B) — (r- AB)
= —cAt' — (Ary-B) +cB* At — (r- B) AL
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Using the expression for Az’ obtained above leads to

(1 —ﬂ2>c+(r-ﬂ)n) Ar
.

c(l1—n-B)

On making again a comparison with A(r —r-B) = V(r —r-B)- Ar, we obtain for the
gradient of the expression r —r - 8

(c(1 — B2 + r(n-B))n — c(1 — n-ﬁ)ﬂ}
ret

se-rp)= (-

B @2.11)

The gradient of the scalar potential V now becomes

vy = _¢ V( 1 )_ e (V(r—rﬂ))
T 4rme r(l—m-B)/) dme \r2(1 — n- p)?
e ((1—ﬂ2)n—(1—n-.8).8 (n-B)n )

Vo —r-B)= {

dne r2(1 —n- B)> cr(1—n-p)>

To obtain the electric field (2.7) we combine the above gradient with the time derivative
(2.9) of the vector potential and use eyuo = 1/c:

e {(l—ﬂz)(n—ﬂ) . (n-ﬂ')(n—ﬂ)—(l—n'ﬂ)ﬁ}

~ 4ne | P2(1—n- By cr(l—n- By
The expression for a triple vector product
[Ax[BxC]l=A-CB—-(A-B)C (2.12)
simplifies the second term of the above equation:

e [1=BHm—PB) [nx[m-p)xpl
ey | r*(1 —n-B)>3 cr(l —n-B)3 ret'

To obtain the magnetic field B = [V x A] we have to execute the curl operation on the
vector potential (2.8):

E@t) = (2.13)

A = uoeC{ B } .

47 |r(1 —n-p)
Applying the relation
[V x @C)] = u[V x C]+ [Vu x C] (2.14)
gives
_meec [ [Vx Bl [V —r-B)x
V> Al=—0 <r(1 “n-B)  2(1—n-py ) @.15)

The first term contains the curl operation of the vector B, which involves differentiation
with respect to the coordinates of the observer. The normalized velocity B is a function of
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t’, which itself depends on the observation position as illustrated in Fig. 2.5 and discussed
for the calculation of the gradient VV. We can therefore write AB = B At’ and obtain from
(2.14)

[V x Bl = [V x (A1 B)l = At'[V x Bl + [V x Bl.

The first term on the right-hand side can be neglected since it is of second order in At’. We
obtain from (2.10)

[n x B]
c(l=n-B)
With the expression for V(r — r - B) derived earlier, (2.11), we find from (2.15)

_ oec { (c(1=p)+rm-f)inx Bl [nxBI }
ret

[VxBl=—

VA= er?(1—n-py cr(l=n- By

and finally, for the magnetic field B = [V x A],

B:_Moec{(l — A x 1 (- B)in x Bl+ —n-ﬂ)[nxm}

47 | r>(1 —n- By cr(l—n-B)>

It can easily be verified that B is related to the electric field (2.13) by

_ M X EJ

B (2.16)

Cc

and is therefore perpendicular to E and n. In the above equation the fields B and E are
already functions of the observation time ¢ and only the vector n has to be evaluated at the
emission time #’. The electric and magnetic fields of a moving point charge e are now

e |[1=BHm-B) [nx[mn-p)xpl
E() = : 21 —n. R + — . RS
4reg | r2(1 —m-B) cr(l—n-p) . 217
By — M X E]
C

These expressions for the electric and magnetic fields E(¢) and B(¢) of a moving charge are
called retarded fields or also the Liénard—Wiechert equation [28, 29].

2.5 A discussion of the field equations

The Liénard—Wiechert expressions give the electric and magnetic fields created by a moving
point charge. The field equation consists of two terms having different dependences on the
distance r.
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The first term decreases with the square of the distance r between the source and the point
P of field observation and is often referred to as the near field. It does not depend on the
acceleration but only on the velocity and position of the charge. Since it could be reduced
to an electrostatic field by a Lorentz transformation, we conclude that it does not lead to an
emission of radiation power. For the static case, ﬂ = B = 0, we recover Coulomb’s law
en

= 0, B:O.
47T€0r2

The second term is proportional to the acceleration B and decreases with the first power of
the distance r. It is referred to as the far field or, for reasons explained later, as the radiation
field. This field is perpendicular to the vector n pointing from the position of the charge
at time ¢’ towards the observer P. These properties distinguish the far fields clearly from
the electrostatic case. For both terms the magnetic field B is perpendicular to the electric
field E.

We will later calculate the radiated power and use the Poynting vector S which gives the
directional energy flow per unit time # through a unit area measured in VA m=2,

g [EXBI (2.18)
Ho

It is perpendicular to the two field vectors and can be expressed with the electric field alone
by using the relation B = [n, x E]/c:

[ExB] 1 1,
S = = —[E X [Ny X E]] = —(E Nt — (e - E)E).
o toc oc

The magnitude of the power flow is therefore proportional to E2. The near-field contribution
to it given by the first term in (2.17) will decrease with the distance as 1/r*, the far-
field contribution decreases as 1/ r2, and the cross term between the two fields leads to a
contribution oc 1/73. The total power can be obtained by calculating the power through a
sphere of radius r around the source. Only the far field leads to a term that is independent
of the radius of this sphere; the other terms can be neglected at large distances. The power
flow given by the near field at small distances is due to local changes of the energy densities
of the fields. Often only the radiated power is of interest, in which case only the far field has
to be considered. This simplifies the calculation considerably. However, it will be shown
later that the far field alone does not fulfill Maxwell’s equations.

Before we treat synchrotron radiation, we will apply the Liénard—Wiechert fields (2.17)
to some well-known electrodynamic problems. First we will treat the case of a uniformly
moving charge to illustrate the relation between the two time scales ¢ and ¢'. Secondly, we
investigate the fields emitted by a charge executing a non-relativistic dipole oscillation to
show the properties of the near and far fields. This will be useful later, to understand the
radiation from a plane undulator.
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2.6 Examples
2.6.1 The field of a charge moving with constant velocity

As a first example we consider a charge moving with constant velocity on a straight line.
There is no acceleration, 8 = 0, and only the first term of the Liénard—Wiechert expression
(2.17) is present:

E(t) =

e {r(l—ﬂz)(n—ﬂ)} p = et X EI 2.19)

dmeg | r3(1 —n-B)3 c

This example is one of the few cases in which the relation between the two time scales has
a simple closed expression. Its geometry is illustrated in Fig. 2.6 and uses a very general
coordinate origin O to relate to the situations used in Figs. 2.1 and 2.4. The charge e at the
time ¢’ at point P’ is determined by the radius vector R(z") and creates an electromagnetic
field that is detected at the later time ¢ by an observer P at a distance r = ¢(t — t’) from the
source P'.

We treat the problem first geometrically. During the time ¢ — ¢’ taken by the field to travel
from the source P’ to the observer P the charge itself moves by the distance Sc(r — t’) from
P’ to the point A as described by the radius vector R(z). We introduce the vector r, going
from this position A to the observer P, which is given by the relation

rn=r—rB=r(n—pB).

E(t)

Fig. 2.6. The field of a uniformly moving charge.
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With this we can express the electric field vector E in (2.19) as
_ e ry
Amey? (rP(1—n- B}

E(@)

From the above field equation we observe the interesting fact that the electric field has the
same direction as the vector ry,; in other words, the direction of the electric field is as if it
originated from the point A where the charge is located at the time 7 of observation.

To calculate the magnitude of the field we introduce the distance a between a straight
particle trajectory and the observer. We also use the distance d between the point A and the
projection D of P on the trajectory, which is related to r, by

o =r’m— By =r’(1-2m-B)+ ) =a’ +d*.
We can express the denominator of (2.19) with r,, through the relation
PP —n-g)’ =r’1—2m-B)+m-By’) = ry —r’p> +r’n- By

With r2(n - B)?> = B(r* — a?) we obtain from the triangle P’ D P
1
rP(—n-py =a’(1 - p7) +d* = —(a* + y*d) (2.20)
14

and for the electric field, (2.19),

ey Iy

E@) = .
®) dmeg (a? + y2d?)3/2

2.21)

The magnetic field is obtained from the relation B = [n, x E]/c which contains the
vector product

mMxry]=mx@®—rB)]=[Bxr]=rBsinfn, =afn,,

where we define by n the unit vector in the direction 8 x r, i.e. perpendicular to the plane
0O, A, P. Using sinf = a/r and epuo = 1 /c2, we obtain for the magnetic field

ey afn;
" dwege (a2 + y2d?)3?

Using the angle o between the vector ry, and the trajectory we can express a and d by
writing

a =rpsina, d =r,cosa

and obtain for the electric field

e r e r
E(t) = 4 b _ b

drreory (sin®a + y2cos? )2 Amegy?rd (1 — B2sin® )32

To express the result explicitly as a function of the time ¢ we abandon the very general
location of the coordinate origin used in Fig. 2.6 and change to better-adapted cylindrical
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Fig. 2.7. The cylindrical geometry of the uniformly moving charge.

coordinates (p, ¢, z) with the particle moving along the z-axis and the observer P being at
(a, ¢, z) as shown in Fig. 2.7. Owing to the rotational symmetry there is no dependence on
the azimuthal angle and we set ¢ = 0. We assume that a charge passes through the origin
z=0attimer =1 =0.

The vector rp,, pointing from the origin to the observer P, and the normalized velocity 8
are

rp:[aa 07Z]

B =10, 0,8l

The time-dependent vectors R(z'), pointing from the origin to the source, and r(z'), pointing
from the source to the observer, as functions of the emission time ¢’ are, in cylindrical
coordinates (p, z),

R(t) = [0, 0, Bct'] (2.22)
r(t) = [a, 0, z — Bet'].

These are the parameters of the charge at time ¢’ of emission which enter into the equation
giving the fields at the location P. However, we would like to express them as functions of
t. For this we need the relation between the two time scales. The distance » = |r| between
source and observer is just the distance traveled by the radiation between the time ¢’ of
emission and the time ¢ of observation:

r=clt—1). (2.23)
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With this we can express the position A of the charge R(¢) at the time ¢, R(¢) = R(#') 4+ rB,
and the related vector ry(¢) = r, — R(?):

R() = [0, 0, Bct]
ry(t) = [a, 0, z — Bet].

The distance d between the point A and the projection D of the observer P on the axis is
the z-component of ry:

d =z — Bet, r, = [a, 0, z — Bct] = rp[sine, 0, cos a] (2.24)

as a function of 7. On substituting this into (2.21) we obtain the electric field E and the
magnetic field B = [n x E]/c expressed in terms of the observation time ¢ in cylindrical
coordinates (Ep, Ey, EZ):

ey [a, 0, z — Bct]
dre (@* + y2(z — Bet)?)3/?
efy [0, a, O]
dregc (a? + y2(z — Bet)2)3/?

E(z,t) =
(2.25)
B(z, 1) =

From these fields we can calculate the energy flow given by the Poynting vector S =
[E x B]/uo and the energy density w:

eZIBCVZ [—a(z - ﬁCt)9 07 aZ]
1672¢y (a% + y2(z — Bct)?)3

Sz, t) =[S,, S¢, S:]1 =

©E> B> &y? a*(1+ B+ (z—Ber)
w(z, 1) = —F— + 57— =
2 20 327m2¢n (a% + y2(z — Ber)?)?

Taking the time derivative of the second and the divergence of the first equation gives the
continuity equation

9
MW 4 divS = 0.
o1

This indicates that the power flow is just due to the motion of the field energy from one
location to another and that no energy is radiated away to large distances.

To illustrate the field of the moving charge we discuss first its spatial field distribution and
evaluate the electric field at the fixed time ¢+ = 0 when the charge is at the origin, in which
case the emission time must be negative. The vector ry has now the cylindrical coordinates
r, = (a, 0, z). The field vectors are, in cylindrical coordinates,

ey [a, 0, z] efy [0, a, 0]

E(z,0) = , B(z,0) = ,
2.0 4rey (a + y222)%? @0 4rege (a? + y222)3/?
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which can also be expressed in terms of the angle o between the z-axis and the vector ry:

e [sina, 0, cos ]
E(z,0) = Ame? (] — B2 ez a2

oy ri(1 — B%sin” o)

e 0, sinca, 0
B0y =L L .

4meocy? r2(1 — 2sin® )32
The absolute field values are

. e 1 B— ef 1
" Amey?r (1 — B2sin® )32’  dmecy?r? (1 — BEsin® )32

For B — 0 we recover the electrostatic Coulomb field of a point charge:

r
Ec=——2  B=0
4meo ry,

This field distribution E/E¢ as a function of the angle « is shown in Fig. 2.8 for various
values of the Lorentz factor y. With increasing velocity it becomes more concentrated into
the transverse direction « = 7 /2. The maximum field is in this direction and the minimum

y=1 y =125 y =25
E, E,
Ec Ec

2r 2r

Fig. 2.8. The spatial electric-field distribution around the uniformly moving charge at the observation
time ¢ for various values of y.
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one is in the longitudinal direction o« = 0:
Ec
Emax = Ecy, Emin = ﬁ,

where E¢ is the corresponding Coulomb field. The flux of the electric field through a long
cylinder of radius a around the z axis

Znaprdz =<
€0

is independent of y, as expected from the equation divE = n/eg.

The expression (2.25) gives the field as a function of the observation time #. In some
cases we would like to know the time and location of the field emission. The distance r
between the source at time ¢’ of emission and the observer is obtained from the vector r
(2.22) and the traveling time of the radiation (2.23):

2=t —1')? =a®+ (z — Bet')*

Since we are interested in the relation between the time scales at a fixed location, we put
here the observer at z = 0 and obtain

22 = 2ctet’ + 271 — B2 —a? = 0.

Solving for ct or ct’ gives

ct = ct’' £+/a? + B2, ct’ = y2ct FyAe2? + y2a? — 212).

To determine the signs we set ¢ = 0 in the first equation, which must result in r > 0, and
t = 0 in the second one, which must give ¢’ < 0:

ct = ct' ++/a? + B3, ct’ = y2ct — Jy*c2? + y2a? — 212).

These are relatively simple closed expressions, which are plotted in Fig. 2.9 for 8 = 0.6.
Very early, when the charge is still at a large distance, ¢’ < —a, and very late, ct’ > a, we
have the asymptotic relations ¢t ~ —|ct’|(1 — B) and ct = ct’(1 + B), respectively. This is
just a manifestation of the Doppler effect compressing a time interval during approach and
expanding it during departure.

The distance r(¢') from the source to the observer is obtained from the triangle P'DP in
Fig. 2.7:

r? = (Br +dy +a* = p*r* +2prd + d* + a°.

Using B%?y? = y? — l and d = z — Bct, this gives

r=By3(z — Bet) + Vy*z — Bet)? + yra. (2.26)

The sign of the square root has been determined to make r > 0.
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_5 T T T T | T T T T T T T T |
~10 -5 0 5 ct'/a 10

Fig. 2.9. The relation between the time ¢’ of emission and the time ¢ of observation for 8 = 0.6.

Using z — Bct = rp cos o from (2.24) we obtain for the distance between emission and

observation
r= yzrb<,300801 +4/1— p2sin® )

This becomes more transparent on choosing the observation position and time z = 0 and
t = 0, which results in

r=ay, ct' = —ay, 7 =—ayy?—1=—afy =—rB

for the distance r(#'), time ¢’, and position z'(¢") on the axis of emission. The distance between
the creation and observation of the field is therefore y times larger than the distance a of the
observer from the axis, which can be a large number for an ultra-relativistic particle. Fields
observed at the same time ¢ but different locations have been created at different times ¢’
and distances r.

To study the time dependence of the field created by a uniformly moving charge, we set
z = 01in (2.25) to obtain

ey [a, 0, —Bct]
deq (@ + (yBet)P

eyp 0, a,0)
4megc (a2 + (yBct)?)3/2”

E(09 t) = [Ep’ Ed)a Ez] =

B(09 t) = [pr B(Pv Bz] =
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The distance r between source and observation becomes, according to (2.26),
r=—B%*%ct + v BAyrct? + y2al.

In Fig. 2.10 the vectors r, rB, and E for a uniformly moving charge are shown as functions
of time to illustrate the two time scales ¢ and ¢'. The charge is at point P’ (full circle) at time
t" of emission and at point A (empty circle) at time # when the emitted radiation reaches P.
For t = 0 the fields have maximum values of

ey eBy

E(=0)= B(t:O):W.

Teoa?’

The maximum electric field has only a p component and is a factor y larger than the
corresponding Coulomb field of a charge at rest.

We can also obtain the electric and magnetic fields of a uniformly moving charge by
a Lorentz transformation of the static Coulomb field. This also indicates that a uniformly
moving charge does not radiate any energy.

2.6.2 The field of a non-relativistic oscillating charge

We use the complete Liénard—Wiechert equations (2.17),

E() = (1-pHm—p) [nx[(n—p) x Bl
" dmey | r2(1 —n-B)3 cr(l—m-py |

By = 2B

and investigate the radiation emitted by a charge executing a harmonic oscillation with fre-
quency o along the z-axis about the origin as shown in Fig. 2.11, which is often called dipole
radiation. The position, velocity, and acceleration of the charge in Cartesian coordinates are

R(") = acos(wt’) [0, 0, 1]
B(t)) = —? sin(wt’) [0, 0, 1] 2.27)
2

Bty = —% cos(wt’) [0, 0, 1].

The radiation is detected by an observer P at a distance r, from the origin given in
Cartesian coordinates,

r, = rp[sinf cos @, sin6 sin¢g, cos ], n, =r,/7p,

with its unit vector np. With this we obtain for the vector r pointing from the charge to the
observer

r)=r,—R({)=r, |:sin9 cos ¢, sinf@sing, cosd — ri cos(a)t’):|.
P
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t = —3.33a/c
Bct = —2a

P g ' = —8.57a/c

/I{a r(t) =5.24a
P rB A o

t=—1.67a/c
Bct = —a

prt ' = —4.60a/c

r
a r(t") = 2.94a

e t=0
Bect =0
P t' =—1.25a/c
Z r(t") = 1.25a
______________ PgA
t =1.68a/c
Bct = a
t' =0.60a/c
r(t") = 1.06a
t =3.33a/c
Bect = 2a
E P ' = 1.84a/c
‘k& r(t") = 1.49a
_________________ b el __

Fig. 2.10. The field as a function of time for a charge moving uniformly with § = 0.6 and y = 1.25
and passing through the origin at ¢+ = 0.

We now make two assumptions. First, we assume that the harmonic oscillation should
be non-relativistic, 8 < 1. According to (2.27) this means also that the amplitude of the
oscillation is small compared with the wavelength of the radiation a = Bc/w = BA/Q27).
Secondly, the radiation should be observed from a distance that is large compared with the
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y

Z

Fig. 2.11. Coordinates for the fields of an oscillating dipole.

wavelength A and therefore also compared with the amplitude of oscillation, A/r, < 1,
a/r, < 1. We make the corresponding approximations and take only terms up to first order
of these small quantities, leading to

r(t') ~ rp<1 B np-R(t’)> _ rp(l B acos@cos(wt’))

p p
t -R(#)) — R(¢
nty = T & g 4 T RO —R()
r(t’) p
a cos(wt”) . . . 2
=n, ri[cosesm@ cos ¢, cosf sinf sin¢g, cos“ 0 — 1]
P
l—n-B~l-ny-B=1+ awcos@sin(a)t/)'

With this we obtain from (2.17) the electric field as a function of the emission time ¢’ in
vector representation:

E() = 4L (n_§ n 3n,(n, -R(g’)) —R@) n 3np(np-ﬁ(;’)) - B
TTEQ rp I’p I"p
L (- () - ﬂ(t’))
C}’p
B() = — (— L Xf O Iy xP (t/)]>. (2.28)
dmenc s crp

The first line in the upper equation of the electric-field expression refers to the near field.
Its first term is just the static Coulomb term caused by the presence of the charge e, which
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is of little interest. Had we taken two opposite charges, oscillating against each other, this
static term would not have been present. We will omit this term later. The second term in this
first line is proportional to 1/ rg. It represents the field of an electric dipole moment e R(t').
It is present even in the static case with vanishing velocity 8 = 0 except when R(z’) = 0.
Therefore, the first two terms in this line describe just the field of a displaced charge in the
approximation of a large distance. They are missing from the expression for the magnetic
field. The third term in the E-field equation and the first term in the B-field equation are
proportional to 1/ rg. They are caused by the mutual induction of the two fields and are
often called induction terms. The last term in both equations is proportional to 1/r, and
B and is called the far-field or radiation-field term. It is present only for an accelerated
charge.

We would like to give the field as a function of the observation time. Fromt = ¢’ + r(t')/c
we find

a) a)
ot = wt' + —r(t") ~ ot’ + —r, — ka cos 0 cos(wt").
C C

Since the oscillating terms in the field equations are multiplied by a factor of order 8 we can,
within our approximation, neglect the last term. We use the wave number k = 27 /A = w/c
and obtain for the time-scale relation

ot = ot’ + krp, ot' = wt — kry.

The field (2.28) expressed in terms of ¢ represents a wave propagating with velocity c,
frequency w, and wave number k in the rp-direction. We give it first in Cartesian co-
ordinates:

1
E=[E E,, E]= |:—[sin49 cos ¢, sinf sin¢, cosf]

72

dmeg )

X _aS [3cosOsinf cos ¢, 3coshsinb sing, 3cos’H — 1] cos(wt — krp)
r
p

— ?[3 cos @ sinf cos ¢, 3cosdsinf sing, 3cos’ 6 — 1] sin(wt — krp)
r2c
p

2
— a—wz[cos 0 sin @ cos ¢, cos @ sinb sin¢p, cos> O — 1] cos(wt — krp):|
rpc

B = (va By’ Bz)

4regc\ ric

e aw . . . .
= <—[sm fsing, —sin6 cos ¢, 0] sin(wt — krp)
P

aw?
+ —2[sin9 sing, —sinf cos ¢, 0] cos(wt — krp) |.
pC
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Owing to its symmetry the dipole radiation is better given in spherical coordinates
(6, ¢, r) using the relations

Ey = E,cosfcos¢ + E,cosOsing — E_sin6
Ey = —E,sing + E, cos ¢
E, = E,sinfcos¢ + E,sinfsin¢ + E, cos 6.

We obtain from (2.28) the spherical-field components of an oscillating dipole without the
Coulomb term en/ (4w eorg):

eak?sin @ <cos(a)t —kr,)  sin(wt —krp)  cos(wr — krp)>
y = _ _

4r e (krp)? (krp)? kry
E = 2eak® cos 6 [ cos(wt — kry) _ sin(wt — kry) (2.29)
4 e (krp)? (krp)?
B — eak’sin@ (—sin(wt — krp)  cos(wt — krp)
? 7 4mepc (krp)? kry

Ey = By =B, =0.

At any location the electric far field has only a component in the 6-direction. Its near
field consists of components in the rp,- and 6-directions. The magnetic field has only a
¢-component. The radiation is therefore linearly polarized.

We would like to present this dipole-radiation field pattern by plotting the field lines, i.e.
the curves which at any point have the electric-field direction as a tangent, and follow the
method described in [11]. They are given in Cartesian and spherical coordinates by

dy E,

1 drp _E,
dx E. r,d0  Eg
Since the electric field is source free, div E = 0, in the region of interest it can be derived
from a vector potential C by putting

E=[V x C] =curlC.

The electric field has only components E, and Ey. The vector potential C, being perpen-
dicular to E, has therefore only a ¢-component with the relations

1 3(rpCy) o1 0GingCy)

E = r .
o rp,  0rp rpsinf 200

(2.30)

This gives the equation of the field lines,

a(sin6 Cy)
1 drp _ E, _ PY:
p do Ey sin@ a(rpCdJ) ’

p
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which can be written as a total differential:

d(rpsin® Cy) d(rpsin® Cy) .
P a dr, + —2 o dd = d(rysinf C,) = 0.
The field lines are therefore determined by the function
rsin@ Cy = constant.

The expression for the vector potential C(6, r,) can be determined from the field com-
ponents (2.29) and the relations (2.30):

eak®sin® (cos(a)t —kry)  sin(wt —kry)  cos(wr — krp)) _0(rpCy)

4meq (krp)? (krp)? krp rporp
2eak’ cos 6 (cos(wt — kry)  sin(wt — kry) 1 3(sin6 Cy)
4ey (krp)? (krp)?  rpsing 0
giving
Col0,7y) = e ak? sind cos(wt — krp) _ sin(wt — krp) '
47 e (krp)? krp

The electric-field lines are obtained from Cy(6, r,) = constant and plotted in Fig. 2.12 for
one period of the emitted dipole radiation.
We check the divergence of the electric field (2.29),

1 3(sin@ E, 1 3(r2E,
dvE= (sin 0)+_2 (p ) —0.
rpsin 20 s orp

which vanishes as expected for a source-free region. However, if we take only the far field

eak’sin@ cos(wt — krp)

4me kry
Ey =0 (2.31)

as an approximation for large distances, we obtain for the divergence

eak® cos§ cos(wt — kry)

divE, = — (2.32)

2m ety kry

which does not vanish. The far field alone does not satisfy the equation divE = 0 and is
therefore not correct even at large distances. This is clearly visible from the field pattern
in Fig. 2.12. The far field has only a 8-component for the electric field. The field lines
cannot form closed loops but must end somewhere in free space, implying that there is
a finite divergence, which is impossible without sources. Although the far field alone is
proportional to 1/r,, the expression (2.32) for its divergence is proportional to 1/ r}f. It can
be compensated by the radial component of the near field, which provides a divergence
term proportional to 1/ rg.
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Fig. 2.12. Electric-field lines of the radiation emitted by an oscillating dipole.

The energy flow per unit time through a unit area is given by the Poynting vector S

Mo

S_ [E x B] _ [E x [n x E]]
Hoc )
For our far-field expression (2.31) we obtain

S =[Sy, Sy, S1 = e*a’w* cos*(wt — kr)

(4r)*ec’r]

[0, 0, sin* 6]
as the only term with a non-vanishing time average. Multiplying S by r? and averaging over
time gives the radiated power per unit solid angle:

dpP 2 2a’w* sin* 0
=2y =
dQ P 32m2¢(c3

(2.33)
This is the well-known distribution of dipole radiation. It is emitted mainly perpendicular

to the motion of the charge (¢ = 7 /2) but with a large opening angle around it as shown in

Fig. 2.13. No radiation is emitted in the direction of the motion, i.e. the z-axis. We calculate

33
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Fig. 2.13. A cut through the angular power distribution of the dipole radiation.

the total power emitted by integration over the solid-angle element d2 = sinf df d¢,

P e2a’w*

p=—=2%2
) 12w e

where we use P, = (P) = Py/2 for the power averaged over one period. This allows us to
write the angular distribution in the convenient form

dp 3sin? 6

aQ " 8r
We will come back to this dipole radiation for the treatment of the undulator radiation.

This example of aradiation field is made simple by the assumptions of a small excursion of

the charge and a non-relativistic velocity of the motion of charge. It confines the radiating
charge to a small volume in space and allows us to approximate the vector r pointing
from the charge to the observer by the constant r, in the triple vector product and the
denominator (1 — n - B) of (2.17), and leads to a simple relation between the emission time
and observation time.

2.7 The near field and the far field

The Liénard—Wiechert equation (2.17) has two parts with different dependences on the
distance r between the radiating charge and the observer. As we discussed before, the near
field is proportional to 1/72 and does not require an accelerated charge, whereas the far
field decreases like 1/r and is proportional to the acceleration. Integrating the energy flux
over the surface of a sphere that encloses the source gives an emitted power proportional to
1/ for the near field and a constant for the far field. Only the second leads to power being
radiated at large distances, as we discussed before.

We saw in the example of the radiation emitted by an oscillating dipole that the near
field should be included in order to be consistent with Maxwell’s equations, in particular
with the condition div E = 0 in free space. Synchrotron radiation is emitted at rather high
frequencies and experiments carried out with it are usually concerned with its power or
the related photon flux; they only rarely measure the fields directly. Therefore, we need
the power emitted by the synchrotron radiation and its distribution in angle, frequency, and
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polarization. Since the last two properties are evident in the expressions for the field, but
not for the power, it is convenient to calculate first the radiation field (far field) in order to
obtain these properties and determine the power later. The fact that div E # O for the far
field is of no concern as long as it is used only to obtain the power distribution.

2.8 The Fourier transform of the radiation field
2.8.1 The Fourier integral of the field

We derived the radiation field emitted by an accelerated charge,

B = {[nx[(n—ﬂ)x,f?]]

1
47T60C r(] —n- ﬁ)? }retv B(t) = ;[n X E] (234)

As mentioned before, the difficulty in evaluating the above equations is due to the fact that
the expression involving the particle motion has to be evaluated at the earlier time ¢’ at
which there was emitted the radiation which is being received by the observer now at the
time ¢. The relation between the two time scales (2.1),

t/
t=t/+L), dt =(1—n-pg)dt,

¢
can be very complicated for a general motion of the particle. For this reason it is often
advantageous to calculate directly the Fourier transform E(w) of the field as a function of
frequency w instead of the field E(¢) as a function of time:

E(w) = E(t)e ! dr. (2.35)

1 [e.¢]
A/ 21 /;oo
This integration involves the observation time ¢ because we are interested in the spectrum
of the radiation as seen by the observer. However, we can make a formal transformation of
the integration variable ¢ into ¢’

e 1 /OO [n x [(n— B) x B]] el +r(t)/e) 4y
 Ameoc 27 oo r(l —n-p)> '

We omitted the index ‘ret’ from the above equation since the variable of integration is now
t' anyway. The two equations (2.34) and (2.36), giving the field as a function of time ¢ or
frequency w, are equivalent. However, the second one can be simplified by making some
approximations that are valid for most practical cases. We take now the ultra-relativistic
case y > 1 for which the emitted radiation is concentrated in a cone of small half opening
angle of order 1/y « 1, as we saw from qualitative arguments in Chapter 1. The observer
sees only radiation originating from a small part of the trajectory of approximate length
£~ 2p/y, where p is the radius of curvature of the trajectory. The vector r pointing from
the particle to the observer will in this case change little during the emission as long as it
is observed from a large distance r >> 2p/y. We can therefore, to a good approximation,

E(w)

(2.36)
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regard the vectors r and n in the large parentheses of (2.36) as being constant, but not the
distance r appearing in the exponent. We can integrate (2.36) in parts,

dv
/—th =UV — /U—dl

with
_ [mx[nx B]] dU  [nx[m—p8 B) x Bl
= (1_n.ﬂ) ’ dr’ - (1—n-ﬁ)2
V = e—ia)(t'-‘rr(t’)/c)’ % _ —1(,()(1 . n-ﬁ)e_i"’(’/‘”m/").
With this we obtain
~ e
Ew) = ————
4/ 2mepcry
o0
X <Meiw(t’+r(f)/c) + la)/oo [n x [n X ﬂ]]efiw(t'+r(t’)/c) dt/).
(1-n- ﬂ) —00 —00

(2.37)

The first term on the right-hand side of the above equation can be neglected since it contains
only an expression at ' = £00, which has no influence on the field seen by the observer
at time ¢. We made earlier an approximation for |wyt’'| < 1. It seem to be contradictory to
integrate now over ¢’ from —oo to +00. However, it can be shown that the term under the
integral oscillates faster and faster as |#'| increases. This provides nearly perfect cancelation
such that the contribution to the integral becomes negligible for large values of |¢'|. A more
rigorous treatment of this point will be given in the next two subsections for a motion that
is periodic or has a periodic velocity. We obtain for the Fourier-transformed radiation field

iwe
4 /2mepcry

It is still related to the magnetic field by

E(w) = / [n x [0 x Blle @+ 00/ gy, (2.38)

. 1 .
B(w) = Z[n x E(w)].

The Fourier-transformed field equation (2.38) is much easier to use than the corresponding
expression (2.34) in the time domain. However, one should remember that it involves the
approximations that the particle is ultra-relativistic and that the observed radiation is emitted
from a localized area such that the vector n can be treated as being constant. It is e.g. not very
accurate for the radiation from a long undulator observed from a relatively small distance.
The expression (2.38) is also less transparent, since it does not contain the acceleration B
explicitly. The integration from —oo to +00 may contain intervals having no acceleration,
which should not contribute to the radiated power. It can be shown that the expression (2.38)
treats such cases correctly.
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2.8.2 The periodic motion

We observe the radiation from a distance much larger than the extent of the source 2p/y
and neglect the variation of the vectors r and n except in the relation between the time
scales, t = t' 4+ r(t')/c. We assume that the motion of the particle is a periodic function of
time with period Tiey:

R(t,) = R(t/ + Trev)-

An example of such a motion is a charge moving on a closed orbit. For this motion the
velocity averaged over a period vanishes, (8(¢")) = g* = 0.

The distance r between charge and observer and the relation between emission time ¢’
and observation time ¢,

r(th) —r,
r=|r|=|rP_R(t,)|7 tzt/+—p’
c

are also periodic functions with period 7;.,. The changes in emission time 8" and observation
time 8¢ during one period are the same, namely 8" = 8¢ = T.,. The radiation is described
by the Liénard—Wiechert equations

e [nx [(m— B) x Bl 1
E@ = 4megpe ( r(1 —n-B)> )ret’ B@) = c[n x EJ.

which now contain all periodic parameters. As a consequence also the radiation field is a
periodic function with period T;., in observation time ¢ and can be developed in a Fourier
series, leading to a line spectrum

00 Trev
E() = § E, " with E, = 2 / - E(t)e """ dt

m=—00
With Wrey = 277/ Trey.

To calculate the Fourier components E,, we use the same method as in the previous
section, i.e. we change the integration variable from ¢ to ¢, approximate for ultra-relativistic
velocity and observation from a large distance, and integrate in parts. This leads to a similar
expression to the Fourier transform (2.37) but with w replaced by the line frequencies mwrey,
a different factor in front, and different limits:

T
E = ¢ [n x [n x 'B]]e*imwrev(lurr(l‘/)/c) .
" 4dmegcTientyp l—n-B 0

Trev ) L
+ ima)rev/ [n x [n x B]le”merevt+rt)/c) dt/>. (2.39)
0
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The first term on the right-hand side vanishes since it is periodic with period T, and takes
the same value at t' = 0 and ¢’ = T,.,. We obtain for the mth coefficient of the Fourier series

: 2 Trev
meaw . / N

E, = ——> / [n x [n x Blle"merev(t+r)/e) g7 (2.40)
8m2eocry Jo

To continue we need detailed knowledge of the orbit of the particle at the point where the
observed radiation is emitted. This will be applied in Chapter 4 to determine the radiation
emitted by a charge moving on a closed circular orbit.

2.8.3 The motion with a periodic velocity

Next we take the case of a motion with a periodic velocity that has a non-vanishing average
value, (8) = B* # 0. The resulting motion consists of a periodic part and a constant drift
velocity Bc,

ﬂ(t/) = ﬁ(t/ + Trev)s R(t/) = Rperiodic(t/) + ﬁ*ctly

where Ty is the period In 7 of the velocity. An example of such a motion is a charge moving
through an undulator having a large number N, of periods. The distance r(¢") between the
charge and observer consists also of a periodic part and a constant drift:

I'(l/) =TI, — Rperiodic(t) - ﬂ*Ct/
and changes in one period by
dr = —3R = —B%cT}ey.

In the following we use the direction of the drift velocity B* as the z-axis and measure
the direction towards the observer by the angle 6 with respect to it. We assume that the
observation point is very far away, r, > B cTrey Ny, such that the change of this angle 6 in
one period is small. The absolute value r of the distance between the radiating charge and
the observer changes in one period by

dr = —B%ccos 0 Trey. 2.41)

From this we obtain also the increase 7}, in observation time during a period T, of the
particle velocity

1 + ]/*292

or
Iy=Te+—= 1 —B*cos® Trey ~
) = = (1- " cos0) 7

Trev (2.42)
approximated for the ultra-relativistic case and using y* = 1/,/1 — *2. In the forward
direction, 6 < 1, the interval of the observation time is much shorter than of the emission.
This is just a manifestation of the Doppler effect as seen before.

On considering the observation from a large distance and making the corresponding
approximation, we find that the observed radiation given by the Liénard—Wiechert equation
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is periodic with the period T},. It can be developed into a Fourier series, resulting in a line
spectrum with frequencies

27 27 2 2p*?
mwy =m— = ~

m— " am (2.43)
Tp (1 = B*co80)Trey Tey 1 4+ y* 62

We obtain the Fourier components of the field
1 T, .
E,=— / E(t)e “'dt.
1, Jo
As before, (2.36), we make a transformation from the variable ¢ to ¢':
1 [ Trev i
E, = — / E(t)e O —n. B)dr'.
1, Jo

Using the expression (2.34) for the field and integrating by parts as in (2.37), we obtain

Trev

E _ e [n X [Il X ﬂ]] e—imm(t’-‘rf(t’)/c)
" dmegcTyry l-n-B

0

Trev ) L
+ imw f [n x [n x B]le”imer@+r@/o dt’).
0

The first term on the right-hand side consists, besides a constant factor, of a triple vector
product divided by a denominator, all being periodic with period Ty, and of an exponential.
The latter is

. , oo | Trev . .
e—mnul(t —r(t")/c) — ell7lw1(Trev+§r/C) 1= e"’”z” —-1=0,

0
where we used (2.43) to express w; and (2.41) to obtain the drift 8 per period. We obtain
for the Fourier component of the radiation field emitted by a charge moving with a periodic
velocity a similar expression as for the case of a periodic motion, (2.38):
: T
E, — el / i x [ x BleT O gy (2.44)
8m2egcry Jo

Similarly to the case of the Fourier-transformed field, we have a problem with our approx-
imation based on the observation from a large distance. To have a periodic velocity means
a motion that lasts a very long time. Owing to the finite drift velocity the particle will move
over a very large distance, which should be observed from an even larger distance. There is
some approximation in this approach. The motion is not really periodic in the mathematical
sense but it is assumed that it contains a large number N, of periods. This case refers to
an undulator having a finite length L, containing many periods and that is observed from a
distance r, >> L. This will be discussed later.
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The emitted radiation field and power

3.1 Introduction

We investigate now the radiation field and power emitted by an accelerated charge. This was
done already in the previous chapter for a charge executing a harmonic oscillation. However,
in this case the motion was non-relativistic and confined to a small volume in space, which
makes some approximations possible. We consider now a more general motion having an
arbitrary velocity v and acceleration V.

We mentioned that a complete calculation of the field seen by the observer is made
difficult by the relation between the emission time ¢’ and the observation time #, which
can be very complicated. In the first part of this chapter we will avoid this problem by
concentrating on the field seen by the observer at some arbitrary fixed time ¢’ + r/c after
the emission and do not attempt to give the field E(¢) as a function of time. Therefore, we
evaluate the radiation part of the Liénard—Wiechert equation (2.17) at the time ¢’ and give
the field for a fixed time later at the observer but not its time dependence. Obviously this
will not give any information about the spectrum seen by the observer. For this calculation
we need only the differential relation (2.6) between the time scales,

dr
- 1—n-B,
which is much simpler than obtaining the complete function ¢ = #(¢').

We use this method in particular to obtain the total radiated power and its angular distri-
bution. The energy emitted by a moving charge must be the same as the energy received by
an observer, which covers the full solid angle. However, the emitted power can be different
from that received at any particular instant. Owing to the different time scales ¢’ and ¢, the
energy radiated by a charge in a time interval A¢’ might be received by the observer within
a much shorter interval At. Therefore, we have to distinguish between the power P(t)
emitted and the power P, () received. The latter often has a temporal structure consisting of
short but very intense pulses and a long dead time in between. This instantaneous received
power is of little interest but its average is relevant. Obviously the average emitted and
received powers are the same.

40
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In connection with the instantaneous angular power density, we also investigate this
angular spectral distribution. This assumes that the Fourier transform of the field E(w) has
been calculated already, as discussed at the end of Chapter 2.

3.2 The emitted and received powers
The radiation fields have been derived in the previous chapter:

e {[nx[(n—ﬂ)xﬂn

B = recl s —n- g7

1
} , B(t) = —[n x E]. 3.1
ret ¢
The power flux seen by the observer is given by the Poynting vector S:
1 1 1 5
S=—[ExB]=—I[Ex [nxE]]=—(E’n— (n-E)E).
HoC Hoc

H“o
For the radiation field (3.1) we have E - n = 0 and obtain

The vector S has only a radial component, S, = n - S. Since the fields E and B are the ones
seen by the observer at the time ¢, the Poynting vector S represents the energy U received
by the observer per unit area and time interval Az:

1 d*U 1 dP

T2aqd 2at

The power radiated by the particle per unit solid angle is the energy emitted per unit solid
angle and unit time interval Az’

dpP d*U d*U dt  r?EP?
- = - = — = (1—n-B). (3.2)
dQ  dQdr  dQdr dr HoC

To clarify the situation we express the energy radiated per solid angle both in terms of the
emitted power P and in terms of the received power P:

du ©°dp * dP,
— =/ —dr =/ dr = —/ IE(t)|? dr. (3.3)
@~ ) . dQ _

Going from one time scale to the other can be regarded as a change of the integration
variable. The total energy radiated by the particle is obtained by integrating over the full
solid angle:

2 /2
/ dt f d¢ E*(t)sin6 dé. (3.4)
,U«OC 0 —/2
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Fig. 3.1. The geometry of the radiation due to a transverse acceleration.

3.3 Transverse and longitudinal acceleration

All practical applications of radiation emitted by an ultra-relativistic charged particle are
based on an acceleration perpendicular to the particle velocity. The use of a magnetostatic
field for deflection excludes any longitudinal forces and electric fields are rarely used to
deflect the beam. Here we will compare the radiation due to transverse acceleration and
that due to longitudinal acceleration in order to illustrate some of the physics involved. The
emitted power will be labeled in this section by an index ‘T’ or ‘L’ to distinguish between
the two cases. In the rest of the book only transverse acceleration is considered and this
subscript is omitted.

We calculate the angular distribution of the emitted radiation and use the coordinate
system shown in Fig. 3.1. Compared with the one in Fig. 2.11 used before, it is rotated to
adapt it better to the geometry used in experiments with synchrotron radiation. The particle
moves momentarily in the z-direction and we use the angles 6 and ¢ to describe the direction
of emission. The unit vector n, pointing from the particle to the observer, and the normalized
velocity B are, in Cartesian coordinates,

n = [sin6 cos ¢, sin6, sin¢, cosb], B = glo, 0, 1].

3.3.1 The transverse acceleration

We take first the case of a transverse acceleration perpendicular to the velocity and pointing
in the x-direction in Fig. 3.1. This is the case of ordinary synchrotron radiation emitted by
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a positive charge going through a magnetic field B pointing in the — y-direction, resulting
in a trajectory curvature

1 eB

o mocBy’

The normalized acceleration is perpendicular to the velocity and has, at the time it passes
through the origin, only a component in the x-direction:

2
B =p10, 0, 1], B=%[1, 0. 0].

With (2.17) we obtain the radiation field in Cartesian coordinates:

e {[nx[(n—ﬂ)xm]} P

- 4megc r(1 —n-B)> T dmerp
[1 — Bcost — sin® @ cos? ¢, —sin 6 cos ¢ sin ¢, — sin 6 cos ¢ (cos& — B)]
1 — Bcosh)3 i
1-8 ) 35)

In the forward direction 6 = 0 this field is

6132 [(1 - /3)7 0’ O]
dregrp  (1—p)P
Expressed in spherical coordinates the field is

B eB% [(cos® — B)cos¢, —sing(l — B cosh), 0]
4megrp (1 — Bcosh)? '

E@@ =0)=—

E[9!¢‘r] = (3.6)

We combine equation (3.2) with the above expression and obtain the angular power distri-

bution at the time #’ when the particle passes through the origin:

dPr e2B* (1 — BcosO)? — (1 — B%)sin® O cos® ¢
dQ  (dn)leyc (1 — Bcosh) '

(3.7)

Before we discuss this distribution we integrate over the solid angle d2 = sin6 dé d¢ to
obtain the total power:
2622 y* _ 2romoc Byt _ 2rgc moc? Bry? _ 2rop?y?

Pro = = :
T Nreye 3¢ 302 3moc

Here we introduced the classical particle radius

(3.8)

i &2 { 2.818 x 107*m forelectrons
) _

- dwegmoc? | 1.535 x 1078 m  for protons.

It is a convenient parameter that collects some fundamental constants and will be used
frequently throughout the book. It has its origin in a model of the electron as a sphere of radius
ro with a surface charge e in which the electron mass is created by the electrostatic-field
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energy. We also use the relation between the time derivative p of the momentum for a
transverse acceleration having a constant y:

p = mocBy, p = mocBy.

For a given curvature 1/p the radiated power is proportional to the fourth power of Sy,
or, for a given derivative of the momentum, it is proportional to the square of y. Usually
the transverse acceleration is provided by the Lorentz force acting on a charged particle
moving in the transverse magnetic field B. In this case the power can be expressed by
writing

2rocmoczﬂ4y4 _ 2roezc3Bzﬂ2y2 _ 2roc3e2ﬂzE§B2
302 - 3moc? - 3(moc?)?

Pry = (3.9)
It is proportional to the square of the energy E. = mqc’y of the particle and to the square of
the magnetic field B. The energy loss in one revolution on a closed circular orbit of bending
radius p is called Us:
2 Awromoc? B3yt
U, = FP p, = FEromec FyT (3.10)
Be 3p
We use (3.9) and (3.10) to express the angular power and energy distribution for a
transverse acceleration (3.7) in more comprehensive forms:

dPr 3Py (1 —Bcos6)? — (1 — B?)sin’ 6 cos’ ¢

aQ - 8wyt (1 — Bcosh)s
dU  3Us (1 —Bcos6)? — (1 — B?)sin® 6 cos? ¢
dQ 8wyt (1 — Bcosh) ’

This distribution is shown in Fig. 3.2 as cuts through the (x, z)-plane (the plane of the particle
trajectory) and through the (y, z)-plane for various values of the normalized velocity. With
increasing S the distribution becomes more and more peaked in the forward direction. There
are two directions in which no radiation is emitted. They lie in the (x, z)-plane (sin ¢ = 0)
at the angle given by

cosfp = B or 6y = arccos B.
In the ultra-relativistic case this angle becomes
bo(y — o0) =1/y.

As a quantitative measure for the concentration of the radiation into the forward direction
with increasing velocity we calculate the fraction of the power radiated within a cone of
half opening angle 6;:

1 [ b dp 1 9
— d¢>/ sinddd —=—-(14+—=8).
Pro Jo 0 e 2 16
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Fig. 3.2. The normalized radiated power distribution due to a transverse acceleration.

3.3.2 The longitudinal acceleration

B =Bl0, 0, 1],

Next we consider a longitudinal acceleration in the z-direction:

B = B[o, 0, 1].

ef  [sin®, 0, 0]

Eio.9.01 = dmege

e |[mxnxpBll
r(l—mn-B)y

~ 4reger (1 — Beosf)’

} ret
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For very small velocities (8 — 0) this fraction is one half, as expected, and in the ultra-
relativistic case (8 — 1) it becomes 25/32. In other words, at least half of the radiated
power is concentrated within a cone of opening angle 6.

This case is somewhat academic and of no interest for the production of synchrotron radia-
tion but helps to illustrate the properties of the radiation emitted by a moving charge. Since
B and B are now parallel, we have [8 x B] = 0. The electric field is given by the radiation
term of (2.17) expressed in spherical coordinates,



46 The emitted radiation field and power

which has only a component in the 8-direction. The distribution of the radiated power is
obtained from (3.2):

dp, _ &> [n x [n x ﬂ]]2 _ 62[92 sin” 6
(1—n-B)> . "~ (4m)2egc (1 — Bcosh)S’

dQ  (4m)2egc
Integrating over the solid angle gives the total radiated power:

22y ° _ 2romoc B2y° _ 2crop?
67 €yC 3c 3moc?

Py =

The time derivative of the momentum for a longitudinal acceleration is different from that
for the transverse case,

d . .
b = T-(mocBy) = moc(By + By) = mocPy’,

where we used B8 = B since these two vectors are parallel. On comparing the total power
for the two cases, we find that, for the same time derivative of the momentum, i.e. for the
same value of the deflecting or accelerating force, the radiated power is ' times larger for
the transverse acceleration than it is for the longitudinal one. This is the main reason why,
for colliding electron and positron beams, the use of linear colliders rather than storage rings
becomes advantageous above a certain energy. On the other hand, longitudinal acceleration
is of no interest for producing synchrotron radiation.

We now obtain for the angular distribution of the radiated power due to a longitudinal
acceleration

dP. 3Py sin® 0
dQ ~ 8my® (1 — Bcosh)’

Owing to the rotational symmetry with respect to the z-axis, this distribution is independent
of the angle ¢. In Fig. 3.3 the distribution of the radiated power for various values of
the normalized velocity 8 is shown. To emphasize the symmetry we use p = /x% + yZ as
ordinate. The radiation is emitted in the vicinity of a cone around the z-axis with no radiation
emitted along this axis itself. With increasing velocity the power distribution becomes more
and more peaked in the forward direction, as in the case of transverse acceleration. The
power radiated per unit solid angle has a maximum on a cone of opening angle 6, given by

JI+ 1582 — 1
3p '

For vanishing velocity this angle becomes 6,, &~ 7 /2, as expected.

cos O, =

In the ultra-relativistic approximation we obtain for the angular distribution and angle of
its maximum
dpP. P 12y y29?

]
_ = — Y %> 9 ] - —.
QYT 1202 (B = D=7
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Fig. 3.3. The normalized radiated power distribution due to a longitudinal acceleration.
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3.4 The ultra-relativistic case for transverse
acceleration

We concentrate now on the case of transverse acceleration and assume that the radiating
particle moves at ultra-relativistic velocity:

B~1, y > 1.

The radiation is emitted at small angles of order 1/y or smaller and we can make the
approximation cos @ ~ 1 — 6%/2 for § « 1, which gives

0> 1-p> po> 1
PO”_ 1B PY — 1+ y?0%).
2 1+ 8 2 2y2

We obtain the radiation field in Cartesian coordinates from (3.5),

1—pBcosO~1—p8+

ey* [1 —y262%cos(2¢), —y262sin(2¢), 0]

E=-
TENrp (1 + y262)3

’

and that in spherical coordinates from (3.6),

ey* [(1 —y?0*)cos¢p, —(1 + y26%)sin¢, 0]
Terp (1 +y26%)3 '

Eg¢n=—

The field emitted in the forward direction has in Cartesian coordinates only an x-component,

4

Y [1,0, 0] = —£,1, 0, 0], (3.11)
eGP

E@ =0) = ——¢

with its absolute value being called £, in view of its application for undulators. Since
in most cases a static magnetic field B is used to deflect the particle and to provide the
transverse acceleration, we express the curvature as 1/p = eB/(ymyc) and obtain for the
maximum field

A ey* e’By3

E, = = . (3.12)
TTeQrp JTe€gmocr

The radiated power and energy are obtained from (3.9) and (3.10) for the ultra-relativistic
case by setting 8 =1,

2cromoc’y*  2c%rge’ EXB?
Pro = = T = mec2y
0 (3.13)
2P 4dromoc?y?
Uy = 2L pry = 2L
c 3p
and the angular distribution is
dp 32 1 — 29207 cos(2¢) + y*0*
L p T @) +yE (3.14)
de T (1 + y26%y
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Fig. 3.4. Cuts through the power distribution for y > 1.
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Fig. 3.5. The instantaneous angular distribution of the radiation emitted by a charge undergoing a
transverse acceleration.

The form of the distribution depends on the product y6 only and all angles 6 scale as
1/y. It is shown in Fig. 3.4 as half cuts through the (x, z)-plane (¢ = 0) and the (y, z)-
plane (¢ = 7/2), and in Fig. 3.5 as a three-dimensional representation. The directions of
vanishing radiation are in the (x, y)-plane at @ = 1/y, ¢ = 0, and ¢ = 7. The variance of



50 The emitted radiation field and power
the opening angle is

3 2 2 o) 1 2 202]_2 2 494 1
<92>=%/ d¢>/ pap L2 OUZ 208 D) YO
0 0

(1+ 2078 v
For some applications the projections of the above distribution on the (x, z)-plane and on

the (y, z)-plane are significant. We call the angles in these two planes & and v; see Fig. 3.1.
The relations between the two sets of angles are

Y =0sing, E=0cosp, dQ =0dpdo = d& dy.

The angular distribution expressed in terms of & and i is

dpP _p 3]/2 1— 27/2%-2 + 2]/21//2 + 7/45-4 + 2y2é2y2w2 + 7/41)0.4
@ U (1 + y282 + y2y2)S

Integrating over the angle ¢ gives the projection of the distribution on the (x, z)-plane,

dp » 3y <7y454—16y252+12 522 )

a R AR T (4R

while the integration over the angle & gives the projection on the (y, z)-plane,
dp 21y 5y2y?
— = Prg 1+ .
dyr 32(1 + y2y2)2 71+ y2y?)

We have expressed the two equations above as sums of two terms in view of a later
discussion on polarization. The two projected distributions are shown in Fig. 3.6. We

(3.15)
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Fig. 3.6. The projected power distribution for y > 1.
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calculate the variances

() 3y /co 12p%% — 11p282 + 1252 a 3
32 Joss (1+y2E2)°7 8y?
and
3y [* 129247 5
2 2
= = ———— Y dy = —.
W 32 f_oc (1 4+ y2y2)7/2 8y2

The sum of the variances of the angles & and 1 results in the variance of the angle 6:

EN + (Yh) = (0%) = 1/y™.

3.5 The angular spectral energy and
power density

We calculated earlier the Fourier-transformed field E(w). We can use it to obtain the time-
domain field E(¢) by taking an inverse Fourier transform:

E@) = \/%_n /_ Z E(w)e dw.

Substituting this into the expression (3.3) for the radiated energy gives

dU 2 00 o] 0o 5 . ,
@w__r [ dr / / E(0)E(0)el @ dw do'.
dQ2 27 o€ J—oo —00 J—00

Using the integral representation of the Dirac §-function

o .
/ e dt = 2n8(a),

o0

we obtain for the integration over ¢

dUu Y o e R
— = —/ f E(w)E(0)§(w + o) do do’
ds2 HoC J—o00 J—c0
}"2 o B
= — E(w)E(—w)dw.
HoC J—o00

Since the field E(#) is a real function, its Fourier transform has the symmetry property

E(-0) =E' ), E@E-o)=Eo)] (3.16)
with E*(w) being the complex conjugate of E(w). This gives for the angular distribution of
the radiation energy

dU r2 o 2 2r2 [ )
| Ee))Pde = | R do.
dQ2  poc J_ Hoc Jo
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Differentiating this with respect to w gives the angular spectral energy distribution or
density of the radiation:

U 2r?[Ew)? 3.17)
dQdew ~ pec

We use here a factor of 2 on the right-hand side of the above equation, indicating that we
use positive frequencies only. The spectral energy density is always an even function of w.
In a measurement only positive frequencies are observed. One therefore gives a spectral
power or energy density in positive frequencies only. On the other hand, the electric-field
components are not all even in w and the symmetry relation with respect to w, expressed
by (3.16), can give some information about the properties of the field. For these reasons
positive and negative frequencies are often used for the fields.

The spectral angular energy density (3.17) gives the energy received by the observer
per unit frequency band and solid angle. This energy is given in the frequency domain,
where the independent variable is w and the time ¢ does not appear. In this picture the
radiation consists of constant narrow-frequency-band waves with a certain distribution in
amplitude and phase. Sometimes one wants to give the spectral power distribution. This
leads to a conceptual difficulty since the power is the energy radiated or received per unit
time interval. However, if the energy radiated per unit time is on average constant, like for
a closed circular orbit, the spectral power density is a useful quantity. In the case of a closed
circular orbit in a storage ring the observers around the ring receive during every revolution
of the orbiting charge a certain energy U in the form of a short flash. The average power
received is then just

wo Bc

P=—Us=—U,.
27

We can therefore give a spectral angular power density:

&EP wy U _2r2onE(a))|2' (3.18)

dQdw 27 dQdw  27pec

If the ring has field-free straight sections, the above expression for the power relates only
to the part of the orbit inside the magnetic field.

Sometimes we would also like to give the radiated power and its angular distribution for
a single traversal in a magnet. In this case this refers to the power emitted while the particle
traverses this magnet and is given by the above expression.

A related case is the undulator, which is a device that is often used to produce quasi-
monochromatic radiation and will be discussed in Part III. It consists of a periodic (usually
harmonic) magnetic field of total length L, containing N, periods of length A,. The charged
particle traverses this undulator on a periodic trajectory with drift velocity 8*c and frequency
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Qu = 27w B*c/1y. We would like to give the average power emitted by the charge while it is
passing through the undulator,
Bre Brc Qy

= = ULI = —ULH
L, NyAy 27 Ny

with U, being the energy lost in the undulator. This gives for the angular spectral power
distribution

d’p B*c d*U Q. - 5
= = |E(@)|".
dQdw NyAy dQ2dw T Nypoc
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Synchrotron radiation






4

Synchrotron radiation: basic physics

4.1 Introduction

The radiation emitted by a charged particle moving with constant, relativistic speed on a
circular arc is called synchrotron radiation. It is sometimes also called ordinary synchrotron
radiation or bending-magnet radiation to distinguish it from the more general case of a
non-circular trajectory like undulator radiation. On some occasions this radiation will be
abbreviated as SR.

Some approximations are made in treating synchrotron radiation. First we assume that
the radiation is emitted in a long magnet that has a constant field providing a constant
curvature 1/p over a distance £, > 2p/y. Secondly, the radiation is observed at a relatively
large distance from the source r, > p/y. This approach is similar to the development of
a general field into dipole, quadrupole, and higher-multipole components, for which the
higher-order contributions become negligible at large distances. For an ultra-relativistic
charge the opening angle of the emitted radiation is of order 1/y and therefore very small.
The radiation received originates from a small part of the trajectory and the observer is
usually far away compared with this small source size. The third approximation assumes
that the particle moves with ultra-relativistic velocity, y >> 1, which leads to some simpli-
fications. All three approximations are satisfied for most practical sources of synchrotron
radiation. As a further approximation a classical treatment of the radiation is given here
and any quantum effects are kept for a later discussion. Here we neglect the effect on the
particle of the sudden loss of energy during the emission of a photon. We will first consider
the radiation emitted by a charge that makes a single traversal on a circular arc, resulting
in a deflection much larger than the natural radiation opening angle of 1/y. Following the
standard treatment, the emitted radiation is first calculated directly in the frequency domain.
Since we are dealing with a single traversal of the particle, the resulting spectrum of the
radiation is continuous. We will later also calculate the radiation field in the time domain
and discuss its relation to the spectrum. This is of little practical significance but it helps us
to understand the physics which determines the properties of synchrotron radiation.

Finally, we will also discuss the radiation emitted by a charge moving on a closed circle.
Since this is a periodic motion, the emitted radiation spectrum consists of lines that are
harmonics n of the frequency of revolution of the particle. In practice such lines are rarely

57



58 Synchrotron radiation: basic physics

observed. The emitted radiation is quantized and the charged particle will lose a finite
amount of energy whenever a photon is emitted. As a result the motion is no longer periodic
and the lines smear out.

In this chapter we concentrate on the derivation of the principal expressions for the
field and the radiated power. We will explain the methods and approximations used and
investigate the validity of the results. The properties of the radiation which are relevant for
applications will be discussed in the next chapter.

The radiation field emitted by a charge moving on a circle was calculated early in the
twentieth century [30, 31, 3]. Later, when accelerators approached energies for which this
radiation is important, several theoretical investigations of synchrotron radiation were car-
ried out [32-37]. At around this time also the first experimental observation was made [38].

4.2 The geometry and approximations
4.2.1 The particle motion

We consider a charge moving with a constant velocity on a full or partial circle with bending
radius p and take the geometry illustrated in Fig. 4.1, where the trajectory R(#’) lies in the
(x, z)-plane and the particle moves through the origin at the time " = 0. The radiation is
received by an observer P at a fixed distance r;, from the origin and at a varying distance
r(t’) = r, — R(#') from the radiating particle. The observer is assumed to be located in a
vertical plane at a tangent to the circular trajectory at the origin at an angle v above the
level of the orbit. This geometry of the particle motion has a cylindrical symmetry with the
vertical axis going through the center of the circular orbit. It is therefore not necessary to
consider an observer at a more general location. A second observer in a vertical plane at

Fig. 4.1. The geometry used for the treatment of synchrotron radiation.
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a tangent to the trajectory at a different point receives, apart from a time delay, the same
radiation as that received by our first observer at P. We use the angular velocity of the charge,

wo = pc/p, 4.1)

where the constant bending radius p in a magnetic field B for a particle of momentum p is
given by
1 eB eB eBc

o p  mcBy  mcty

The position R, normalized velocity B, and acceleration B of the particle as functions of
the time ¢’ are

R(t") = p[(1 — cos(wpt’)), 0, sin(wyt’)]
B = Blsin(wyt"), 0, cos(wpt)] 4.3)
B(t") = Blcos(wot"), 0, — sin(wot")]

with
B = Bwo = Bc/p.
We now choose R(0) as the origin and give the position of the observer P by the vector rp:
r, = 1[0, siny, cosy]. 4.4)
The vector r pointing from the particle to the observer and its absolute value r are

r=r, — R=[—p(l — cos(wot"), rpsinyr, r,cosy — psin(wot’)]

2
= rp\/1 - 2rﬁ cos ¥ sin(wot’) + 2<rﬁ> (1 — cos(wot")). (4.5)
p

p

4.2.2 The dipole approximation

At this point we make an approximation similar to that used for the development of a general
field into multipoles. We develop the square root in (4.5) into powers of p/rp:

2
(;) (2 — 2 cos(wpt') — cos® ¥ sin*(wpt")) + - - )

P . n L
r~ry|1— —cosy sin(wot’) + =
p

Tp 2
(4.6)

We will later neglect terms of higher than linear orders. In general this is justified only
if r, > p, i.e. if the radiation is observed at a distance r, from the source that is much
larger than the bending radius p of the trajectory. This is rarely fulfilled in practical cases.
However, for an ultra-relativistic particle motion the condition for fast convergence of (4.6)
is much less restrictive. The vertical and the instantaneous horizontal opening angles of the
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radiation are about 1/y and therefore very small in the ultra-relativistic case, as explained
in an earlier section. The observer P will receive only radiation that is emitted from a small
section of the trajectory around the origin of angular length wy At’ &~ 2/y. We can estimate
the distance r between the source and the observer from the magnitudes of the terms in
(4.5) under the conditions

1 1
|sin(wpt’)| S ;; 1 — cos(wgt’) < [siny| < v

1 .
2y2°
where the symbol ‘<’ indicates that the left-hand side is smaller than a few times the right-
hand side. On applying this to (4.5) and neglecting terms of order higher than 1/y? we

obtain
1 o
r%rp\/1—2£—+<£) —-
oV ) v

Therefore, for the general case we have only to demand that

3 4.7)
rpy
for the approximation
re rp(l — 2 cos 14 Sin(wot/)) =rp — pcos ¥ sin(wyt”) (4.8)
p

to be justified (a more detailed calculation shows that the neglected terms are of higher than
the third power in p/(rpy)). The condition (4.7) is satisfied in most practical applications.
The distance r, is typically between 10 and 50 m whereas the bending radius lies between
a few meters for wigglers and as much as a few hundred meters for the dipole magnets
in a large machine. The Lorentz factor is around 1000 for small machines but can be over
10000 for the very large machines which have also a large p. In all these cases the condition
rp > p/v is fulfilled. There might be special cases in which it is only marginally satisfied,
such as for the observation of radiation emitted by protons in a large machine.

It should be noted that the condition r, 3> p/y applies to the main part of the spectrum
which is emitted within an opening angle of about 1/y. However, this angular distribution
has tails containing mainly low frequencies. If very long wavelengths are observed the
validity of the above approximations should be checked.

We assume now that the radiation is observed at a sufficiently large distance from the
source that the condition (4.7) is satisfied and perform the calculation of the radiation field
either in the time domain using the radiation part in (2.17),

e |mxim-p) =Bl
E@) = , 4.9
@) 47rce0{ r(1—n-B)>3 . “.9)
Tel
or in the frequency domain with (2.38),

_ iwe * L
Ew)= ——— / [n x [n x B]le @+ gy (4.10
¢ A ~/2mweger J—o A )
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For the derivation of this equation in Chapter 2 we already used implicitly the condition
4.7).

4.2.3 The relevant motion

We now approximate the various factors appearing in the field expressions to the lowest
relevant order in p/(rpy ). Sometimes the first-order terms are canceled out or divided by y
and higher-order terms have to be included. Since this is difficult to foresee, we will often
start a derivation including the higher-order terms and neglect them later.

We start with the two triple vector products [n x [(n — B) x ﬂ]] and [n x [n x B]]. Here
it is sufficient to express n to the lowest order, which we do by dividing the vector r, given
by (4.5), by its absolute value r approximated by (4.8):

[—p(1 = cos(wot)), rpsinir, rpcosyr — p sin(wpt’)]

n= - ~ [0, siny, cosyr]. (4.11)
rp — p sin(wot’)

On using equations (4.3) for B and B we obtain the triple vector products

[n x [(n—B) x ]l ~
B[— cos(wot’) + B cos ¥, —cos ¥ sin ¥ sin(wpt’), sin® ¥ sin(wot’)]

and
[n x [n x B]] & B[— sin(wyt’), sin ¥ cos ¥ cos(wot’), — sin® ¥ cos(wot”)]. (4.12)

Next we treat the relation between the observation time ¢ and the emission time ¢’ of the
radiation which appears in the exponent of (4.10):
r(

t)
t=t'+—2~+t+
C C C

Tp _ pCoS ¥ sin(wpt”)

Usually one chooses for the origin of R(¢") and ¢’ a position and time that the particle takes
in an arbitrarily chosen center of the source region. As a consequence the observation time ¢
contains a delay r,/c due to the distance between the center of the source and the observer,
which is of little interest. We define a reduced observation time f, that is shifted by this
delay:

T, r(th) —r, cos ¥ sin(wpt”)
p —t/_‘_ipgﬂ_L.
c c

(4.13)

This relation between the two times is illustrated in Fig. 4.2 for the median plane ¥ = 0.
At the top, wyt,, is plotted against wyt’ for the two cases B = 0.5 and = 0.8. The slopes
of these curves are small around the origin, which indicates that the radiation emitted over
a time interval At’ is received by the observer within the smaller interval At,. This time
compression is best quantified in terms of the derivative dt’/dt, shown at the bottom of
Fig. 4.2. It increases with increasing 8 as the velocity of the particle approaches the speed
of light. This gives a very short and intense pulse of radiation received by the observer.
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Fig. 4.2. The relation between the emission and observation time scales.

Note that so far we have made only an assumption about the minimum distance between
the source and the observer, r, 3> p/y. Further approximations will be made below when
we also assume that the particle moves at ultra-relativistic speed y > 1.

4.2.4 The ultra-relativistic approximation

Here, we assume that the particle is ultra-relativistic:

B~1, y > 1

This results in a small vertical opening angle:

2
coswkl—w—.

1
Y —<K1 > siny =y,
14 2
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The instantaneous horizontal opening angle is also of order 1/y and radiation is received
only from a small portion of the trajectory of angular length A¢ < 1/y < 1. For the
periodic motion of the charge on a closed circle, the observer receives radiation from each
turn k emitted at the times ¢ ~ At + kTy, where Ty = 27 /wy is the revolution time for
the closed circle (or Ty = 27 /wyey for a ring with straight sections). We concentrate on
the revolution in which the particle goes through the origin at #" = 0. However, due to the
periodic motion, these approximations are also valid for any other revolution. We have

c 1
wot’ = 'B—t/ < -
14
and can develop the trigonometric functions
3 "2
. wot’ wol
sin(wopt’) ~ wot’ — (@of’) and cos(wgt’) ~ 1 — ( 5 ) .

We include terms up to the third power because in some applications the linear term
becomes reduced such that its magnitude is of the same order as those of the higher-power
terms. This will become clear shortly in the application. For the relation between the time
¢’ of emission and the time f,, of observation we obtain

, r)y—r, ,  pcosysin(wor’) o ( w2> N c2pit?

t,=1 —_—— =t 1— R
P + c c 'B+'32 6,02

With 1 — 8 & 1/(2y?) and B ~ 1 this becomes
B t/l + J/2w2 N C2t13 _ (1 + J/21[[2)1‘/ . )/2(6002‘/)2
Py 60> 22 3(1+y2y?))

The linear term has been divided by 32 and becomes comparable to the third-power term.
The two time scales are related by a third-order equation. We take the derivative

(4.14)

2,12 2.2
% - Zizw + w‘;t = 2%2(1 + 72 + i wot)).
Since ¥ < 1/y and wot’ < 1/y the radiation emitted during a time interval At’ is received
by the observer over a much shorter time interval Az, ~ At’/y?. This time compression is
strongest in the median plane ¢ = 0 and at the time " = 0 when the particle goes through
the origin, namely At, = At'/ (2y?%). We solve (4.14) for t' using the standard solution of
third-order equations,

wot’ ~ Y L+ y2y? 2oty + 1+ Qo)
14 (1 4+ y2y2)3/2 (14 y2y2)3
1/3
2wety - Quaty)?
(14 y2y2)32 (1 +y2y2)3 '

1/3
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where we introduced the critical frequency w:

ey 3,
=~ 2 —5600]/- (4.15)

Wc

It is, apart from a numerical factor, equal to the typical frequency (1.3), which we found in
Chapter 1 to be representative for the spectrum of the radiation on the basis of qualitative
arguments. We will meet . again later and explain its physical meaning. We treat it for the
time being just as a convenient parameter.

Using the relation

ln(w +V1+ w2> = arcsinhw or &+ w + /1 + w2 = eFaresinhw

with
2wty
W= ——
CERZARE
we obtain
!
Y wot ~ e(axcsinh w)/3 ef(arcsinhw)/S) -2 sinh<l arcsinh w>’
/1+ yzwz 3

or

L 21+t 1 ) 2wty
t' = —————sinh| — arcsinh{ ———— ) ).
Yo 3 (14 y2y2)32

For the ultra-relativistic case we now have the relation between the two time scales expressed
in a symmetric form:

2
wclp . 3ywot’ ! 1 ywot’
(1 +)’2¢2)3/2 4 1+)/21/f2 3 /1 _,_yzwz

, (4.16)
Y wol

(1 2wetp
— — = 2sinh( —arcsinh T L2232 )]
1+ y2y? 3 (A y2yy

The ultra-relativistic approximations for the first triple vector products (4.11) and (4.12)
and the denominator of (4.9) are

nx [(m—B) x Bll = 2%[—(1 + 9292 — yHwot)?), —2ywot'y ¥, 0]

[n x [n x B]] = [—wot’, ¥, 0] “4.17)

1
(I1-n-B) = 2—y2<1 + 7297 + y*(wot)).
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4.3 The continuous spectrum radiated on a circular arc
4.3.1 The Fourier-transformed field

We first treat the case of a single traversal of a charge moving with ultra-relativistic velocity
on acircular arc with bending radius p. The vertical and the instantaneous horizontal opening
angles are both of order 1/y and small, a fact we used before to make the approximations.
For our treatment to be valid this arc has to have a minimum length ¢, X 2p/y since the
observer receives radiation from a part of the trajectory having about this length.

Because the charge makes a single traversal, a single pulse of radiation is emitted, and the
observed spectrum will be continuous. We calculate the Fourier transform of the radiated
field. We saw before that it is more convenient to use the reduced observation time #,,
=1 — r_p =t + m

3

Ip

instead of # and adapt the Fourier transform (2.38) to E(t,):

E(w) = E(t,)e " dt,

1 oo
A/ 27T /;oo
ifl)e o0 S (41—
= - [n x [n x B]le @ H=m)/e) gy
4~/ 2mepcry ./

Since we are considering an ultra-relativistic particle, the radiation received has to be emitted

—00

close to the origin and we can use the approximations discussed before. We also approximate
the distance r appearing in the denominator of the above equation,

r =rp, — psin(wot’) cos ¥ ~ rp(l - %) A1,
P

simply by the constant r A r,. With this we obtain for the Fourier-transformed field

5 iwe 00 ) t,(l + )/2'(#2) 2t ,
E(w) = —/ [—wot’, ¥, Olexp| — 1a)< + dr’.
4 2mepcry J-co of, ¥ p( 2y? 602

This expression gives the radiation field as a function of the frequency w as measured by the
observer. The earlier time ¢’ of emission can be regarded here as a variable of integration. We
express the exponential of an imaginary quantity in terms of the corresponding trigonometric
functions. Since the x-component of the triple vector product is odd and the y-component

even, only the sine term contributes to E . (w), and only the cosine term to E y(w). The two
field components are

y _ 0 1 2.2 243
E.(w) = #'/ wot’ sin(a)t’ + yzl/j + @ > )dt/
A ~/2mepcry J-oo 2y 6p
. iew 0 1+y2¢?  wc*t?
E () = —/ wcos<a)t’ + dr’.
Y 4w /2mepcry J—oo 2y2 60?
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They have the symmetry relations
E(~w)= E\(®), E,(~w)=—E (o). (4.18)

‘We substitute a new variable u for ¢/,

202 1/3 7 \'/3
t' = Lz u = 2) u,
lwlc lwlewy

where we use the absolute sign to conserve the symmetry relation (4.18), and use the critical

frequency w. (4.15),

. 3cy? _ 3woy?
22

We

)

to bring the integrals into a standard form:

_ 1/3 poo 2/3 3
Eo— ey 3|w] / o 3w (14 29 + g
T 2o Peer, \do: ) )M\ o vt 5 du
4.19)

. 2/3 poo 2/3 3

- iey“Y(w/|w]) ( 3w / 3w 2.2 u
E,=——-—"—"— 1 — | du.
"= riener, o) ]\ ) VYOt g fdu

They resemble the integral representation (A.1) of the Airy function and its derivative

discussed in Appendix A:
1 [> 3
Ai(v) = — t+ — |dr
i(v) T /_oocos(v + 3)
dAi Y I
Ai'(v) = i) =—— tsin| vt + — ) dz.
dv 21 J_o 3

On comparing these definitions with the integral expressions for the two field components
we obtain

1/3 2/3
Eiw) = —= (3"‘") Al (3‘”) (1479
()= —— — i
V2megery \ 4w 4w, Y

" " (4.20)

- i 3 3

5@ = lf/)/z(yfe”g')(gl) rv Al ((4:)0) + VW))
oCrp c c
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There is a relation (A.3) between the Airy functions and the modified Bessel functions

of orders 2/3 and 1/3:
Aix) 1 xK <2x3/2>
i(x)=—./= —
V3P T3

AT 1 x © 2x3/2
1(x) =———— — ).
T3 P\T3

We can therefore express the electric-field components also with the modified Bessel func-
tions:

= =Bey (ol 2,2 ® 2,23/

E(w) = m(zwc>(l +vY )K2/3(2wc(1 +vY) )

By = 27 ( “ )ywl + 7K ( “a +y2w2>3/2)
y Q1) egcry \ 20, 2\ 20, '

Without any further discussion, the Airy and Bessel functions represent only names for
the integrals (4.19). However, when we discuss the characteristics of synchrotron radiation,
we profit from many relations of these functions that are presented in the standard literature.
In Appendix A we summarize the properties of the Airy functions which are most relevant
for our application. They are smooth and well behaved as the plot in Fig. A.1 shows. We
can give the expressions describing synchrotron radiation either in terms of Airy functions
or in terms of modified Bessel functions. We choose here to use the first, but will express
all important equations also in terms of Bessel functions.

The Fourier-transformed horizontal field E, (w) is large in the median plane ¢ = 0 and has
its maximum close to the critical frequency w. as we expected from qualitative arguments.
The vertical field E y(w) vanishes in the median plane. We will later compare this Fourier-
transformed electric field with the corresponding presentation in the time domain.

4.3.2 The spectral power density of the radiation
In Chapter 3 we derived the average spectral power density (3.18) of the radiation emitted
by a charge. We found for the power emitted per unit solid angle and frequency

P wy U 27 E)

dQdo 27 dQdo  27uop

The radiated power or energy is a scalar with only one component. However, it is calcu-
lated from a field having two components, E, and £\, which correspond to the two modes of
the linear polarization. The first one has the electric field parallel to the plane of the particle
motion and is often called the o -mode. For the second one the electric field is perpendicular
to the plane of the orbit and it is called the 7w -mode. The radiated power consists of two parts
corresponding to the two modes of polarization. We keep them separated in order to obtain
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the power in each mode and to make the physics of synchrotron radiation more transparent:

&ep &P, &epr, 27
dQdew dQde dQde  2muep

(Bl + | Ey@[).  @2n

On substituting the expressions (4.20) for the two field components we obtain for the spectral
angular power distributions of the two polarization modes

2/3 2/3
dp, _ 2romoc’y? [ 3w / NG 30 (1 + 22
dQdw TP 4w, 4w,

&P, 2rgmoc’y? (3o 7 30 Y
= “W”y(}ﬂ);ﬂwAP<ﬁ§)<r+ﬁw%,
C

dQ dw TP 4w,

where we use again the classical electron radius (3.8).
We calculated the total radiated power for a general transverse acceleration in Chapter 3
using a more direct approach. We obtained in the ultra-relativistic approximation (3.13)

_ 2rocm0c2y4

PS 3p2 ’

and call it now P; to indicate that it refers to synchrotron radiation, i.e. a transverse accel-
eration in long magnets. We use it and the critical frequency (4.15) to present the above
expressions for the angular spectral power distribution in a more transparent way:

PP, _ Py 9 (30 NE (30N o
dQdw we 21 \ 4w, 4o

&P, Py 9 (30N? , , {30\ )2
= — Ai — 1 .
dQdw w. 27 <4a)c) v Al (460c) +ry)

4.4 The radiation emitted on a circular arc in the time domain

4.22)

4.4.1 The radiation field in the time domain

The field radiated by a charge moving on a circular arc is now calculated in the time domain.
We start with the Liénard—Wiechert expression

e {mxun—mxﬂn}
ret

47 cegry (1—n-B)y

E(,) = (4.23)

where we approximated r ~ r,, in the denominator. The expression in the curly brackets
has to be evaluated at the time ¢’ of emission, which is related to the observation time by

r(t) —r
ty = ’+7() Ly

c
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Earlier we calculated the triple vector product and the denominator of (4.23) in the
ultra-relativistic approximation (4.17), giving for the field

EG) = ewgy* [=(1 +y*¢* = (yoot')*), =2yant’ y i, 0]
P meger, (1 +y2Y? + (ywot)?)? '
We express this with (4.16) in terms of the observation time #,:
1 2wt
t'=2y1 242 sinh( = arcsinh| —————— ) ).
ren 7797 s arsio y2w2>3/2>)
To prevent the expressions from becoming too lengthy, we introduce the dimensionless time
variable
_ 2wty
ECERZRE

which leads to the fields in the time domain,

E\(t,) = — cwny* (1 — 4sinh’(§ arcsinh 7))
P 7T60Crp (1 + yzl’[/Z)Z (l + 4Sinh2(% arcsinh '[))3
4 4 (1L i
E,(tp) = — ewoy vV sin (3 arcsin r)

TECTp (1 4 y242)5/2(1 4 4 sinh*(§ arcsinhr))3 ,

where E.(t,) vanishes in this approximation. The field components have the following
symmetry properties with respect to time #, and angle v:

Ex(_tpa ¥) = Ex(tpv V), Ey(_tp’ 1/[) = _Ey(tpv ¥)
E (ty, =¥) = Ex(tp. ), Ey(tp, —=¥) = —E\ (5, V).

The horizontal field value has a maximum at , = 0, ¥ = 0 of

ea)oy4 4r0moc2y4
Emax = = .

TTENCTp eprp

The two field components, normalized with respect to Ej.x, are plotted in Fig. 4.3 as
functions of the observation time multiplied by the critical frequency w.t, for various
vertical angles . Since the radiation field has no DC component the time integral and the
related Fourier-transformed field at zero frequency both vanish:

/ h E(t,) dt, = V27 E(0) = 0.

For the vertical component this is automatically fulfilled by its asymmetry. The horizontal
component has a positive center and a long negative tail. Some interesting discussions about
this point can be found in [39, 40]. It is worthwhile to note that the horizontal field in the
median plane goes through zero at 1, = 1/w,, which is a very short time. At larger vertical
angles i the field pulse becomes longer, in agreement with the behavior of the spectrum.
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Fig. 4.3. The normalized horizontal (top) and vertical (bottom) electric fields as functions of the

observation time £, for various vertical angles .
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4.4.2 The radiated energy and power in the time domain

We derived in Chapter 3 the expression (3.2) for the radiated energy received by the observer
per unit solid angle, which must be equal to the energy emitted per unit solid angle by the
charge:

aw

SR rlf <
— =_F E2(t.)|dt, = -2 E“(t)|(1 —n-B)dr.
G = [ Eea, Moc/_oo| )1 —n-B)

The second form of the integral is easier to evaluate:
v _ oy’ /°° [+ 7297 — (oot 1) + Qyonty*y7]
dQ  27m%epc J_o (1 4+ y2¢? + (yawot')?)?

The first term in the square brackets is due to the x-component of the field and represents

the o-mode while the second term gives the w-mode of the polarization. We first have a
look at the constant factor

t/

Ewjy®  2cromoc’y®  3y?P

3

2m2epc 0?2 T

where we use the classical electron radius 7y (3.8) and the total radiated power P (3.13).
The integration gives

dU 21 p y 5 y2y?

—=P————— |1+ -— .
dQ 32 ¢ (14 y2y2)y/2 T14y2y?

This is the energy per unit solid angle radiated by the charge in one traversal. If this charge

is actually circulating in a storage ring with the Larmor frequency wy, this energy will be
radiated each turn, giving an average radiated power per solid angle of

P ¢ dU K21 y 5 y2y?
dQ  27mp dQ T 27 32(1 4 y2y2)52 71+ y2y2 )
Since we are here treating the synchrotron radiation in the time domain we are also

interested in the instantaneous power P, which the observer receives per unit solid angle as
a function of the time #,:

dPy(1,) U EXt)
dQ  dQdf,  poc

With the expression for the field we obtain

dPy, » 6y* (1 — 4sinh*(§ arcsinh 7))?

A2 U (14 p292)4(1 + 4 sinh? (L arcsinh 7))°

dPyy, 6y* 4y sinh® (3 arcsinh 7)
ds2 o a+ J/2W2)5(1 + 4sinh2(% arcsinh r))6'
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The flash of the radiation received by the observer lasts a time of the order of 1/w..
The instantaneous power is therefore about w./wy ~ y> times larger than the average
power.

4.4.3 The radiation field in the time and frequency domains

The normalized horizontal field component in the median plane ¥ = 0 in the time and fre-
quency domains is shown in Fig. 4.4. This field decreases rapidly with time and reaches half
its maximum value at about w.t, = 0.32. It goes through zero at t, = 1/w. and ends with a
long tail. The Fourier-transformed field E .(w) extends to rather low frequencies due to the
long tail in the time domain. It has a maximum slightly below the critical frequency w,, as we
already expected from qualitative arguments discussed in Chapter 1. At higher frequencies
the spectrum decreases slowly but extends quite far, corresponding to the relatively sharp

time domain 3

frequency domain -

|
|
|
|
|
|
|
|
|
|
|
l T T

1 2 3 4 5 6 To/oc 8

Fig. 4.4. The median-plane field in the time and frequency domains.
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peak at the origin of the time-domain representation. At w = 0 the Fourier-transformed
field vanishes, in other words, E,(w) has no DC part and the time-averaged field is
zero.

4.5 The line spectrum radiated on closed circles
4.5.1 The relevant motion

We consider now a charge moving with constant velocity on a closed circle of radius p
and approximate again for observation at a large distance. At first we do not assume that
the particle moves with relativistic velocity. This makes the derivation only slightly more
complicated and not only leads to a more general result but also clarifies some of the
approximations used in earlier sections. This case of a charge moving on a closed circle
represents a periodic motion with the period

2rp

2
T e
The field of the emitted radiation is therefore also periodic and its spectrum is expected to
consist of lines with frequency
Bc
Wy = NwWy) = n—
P
using n for the harmonic number to distinguish this case from that of strong undulators,
which is to be discussed later.

We assume that the radiation is observed from a large distance r;, and use the approxima-
tion discussed in Section 4.2. Since we do not start with an ultra-relativistic approximation,
an observation distance r, 3> p is in principle required in order for the dipole approximation
to be valid, which is not very realistic. On the other hand, the results will be applied to a
relativistic case and this condition can be relaxed.

Within these approximations we have from (4.8) the distance r, from (4.12) the triple
vector product, and from (4.13) the relation between the emission and observation times:

ﬁ
Il

o (1 — r£ cos sin(a)ot/)w) =rp — p cos ¥ sin(wot”)

P
[n x [n x B]] = Bl[— sin(wot’), sin ¥ cos ¥ cos(wot’), — sin® ¥ cos(wpt”), 0]

r')—ry Y 0 cos ¥ sin(wot”)
" .

"p ’
h=t—L=r+ (4.24)
c

Since the electric field is perpendicular to the direction of propagation, two components
are sufficient to describe it. We use the coordinates ¢ and i as shown in Fig. 4.5. Since we
always observe the radiation in the (y, z)-plane, i.e. at ¢ = 0, we have the relations

Ey = E,, Ey =—Eg = E,cosy — E;sinvy, E, = E,siny + E cos .
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Fig. 4.5. Spherical and Cartesian coordinates.

We express the triple vector product in these coordinates,
[ x [m x B11, ., = Bl—sin(wot’), cos(wpt”) siny, 0],

which has no component in the radial direction.

4.5.2 The line spectrum of the electric field

The particle motion is periodic with period T, and we develop the radiation field into a
Fourier series. Following the treatment carried out in Chapter 2, we start with the radiation
field in the time domain (2.34) using now the reduced observation time #,:

E@) =

e {[nx[(n—ﬁ)xm]

1
4megc r(1 —n-p)> }ret’ B(t) = Z[n x E].

This periodic field is expressed in terms of the Fourier series (2.39):
00 ) 1 To )
1nwot, 1 —1nwot,
Et,) = E E,e"“" with E, = Fo/o E(t)e™"" dt,.

n=—0oo

The Fourier components of the field are given by integration over f,, which we express in
terms of ¢’ using the relation given above (4.24):
inwge

T
= / 0 [Il x [n x ﬂ]]efinwo(tur(r(t’)7rp)/c) dr’.
4megerpTo Jo



4.5 The line spectrum radiated on closed circles 75

This result was already obtained as (2.40) for a general periodic motion and observation
time 7.
The triple vector product, given by (4.12) in Cartesian coordinates, is

[n x [n x Bll, 4., = Bl—sin(wot’), siny cos(wpt”), 0]

in the [¢, 0, r] system. We express the distance r in the exponent by use of (4.24), use
wop = Bc/p, and rewrite the exponential in (4.5) in terms of trigonometric functions:

e—inw(t/+(r(z/)—rp)/c) — e—in(wot’—ﬁ cos ¥ sin(wpt”))
=cos(nwpt’ — np cos ¥ sin(wpt)) — isin(nwot’ — nf cos ¥ sin(wot’)).  (4.25)
This is multiplied by the above triple vector product and integrated over ¢’. Since the ¢-

component of the triple vector product is an odd function in #’ and the 1y-component is even,
only the sine term of (4.25) contributes to E,, and only the cosine term to E,,,. We obtain

newpf 1 [T . , . , /
E.p = — sin(wot’) sin(nwpt” — nf cos ¥ sin(wpt’)) dt
dmeocry To Jo
. . TO
inewyB sin .
E, = of siny cos(wpt") cos(nwot’ — nB cos ¥ sin(wgt”)) dt’
dmwegcr, To Jo
E.. = 0.

We use the integral representation (B.1) of the Bessel function and the relation (B.2) given
in Appendix B to express the integrals appearing above in terms of J,(z) and its derivative
J(2):

To
I = / sin(wot”) sin(nwot’ — nB cos ¥ sin(wgt’)) dt’
0

To
e é / [cos(nB cos ¥ sin(wpt’) — (n — Dwopt”)
0

— cos(nf cos ¥ sin(wpt’) — (n + Dawpt’)] dt’
= l[fn—1 (nBcosr) — Jur1(nBcos )] = Z—nf,;(nﬁ cos V)
wo wo
(4.26)

To
L = / cos(wot’) cos(nwgt’ — nf cos Y sin(wpt’)) dt’
0

To
=3 [cos(nB cos v sin(wot’) — (n — 1wopt”)
0
+ cos(nB cos ¥ sin(wpt’) — (n + Dagt")] dt’

= Z[Ju1(nB cos ¥) + Sy (nB cos )] = Ju(n cos ).
wo ()

21
0 cos ¥
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We can now write the Fourier components of the electric field:

ewof
E.p = —nlJ (nBcosyr)
4mepcryp
t.
E,, = 1ew0 an 1!/nJ (nB cos ).
dmegcry

These Fourier components exist both for positive and for negative harmonics —oo <
n < 0o. The electric field is now represented by the Fourier series

Ey(ty) = Z nJ!(nf cos i )e"

47‘[6 0Crp oo

Ey(ty) = i—— tanlﬁ Z nJ,(nB cos yr)e" ™.

n=—0oo

drep

On combining terms with positive and negative n and using the symmetry relations of the
Bessel functions (B.5)—(B.7),

Ju(na) = J_,(—na),  Jy(na) =—J' (—na),

we obtain a sum over positive frequencies only, which contains trigonometric functions
instead of exponentials:

Eylty) = 5 E;’f - ;nJ (nB cos ¥) cos(nwoty)
Ey(ty) = — ZMOC —~ tany Z nJ,(nf cos ¥) sin(nawot,).
n=1

The spectrum radiated by a charge going through a circular arc has a maximum close to
the critical frequency w.. We expect therefore that the line spectrum obtained from a charge
moving on a closed circle peaks around a harmonic number n. given by

we 3,
ne=—=—=y".
e= =7

For a relativistic particle most of the spectrum lines are at very high harmonics of the Larmor
frequency, n > 1. Unless one is very familiar with the Bessel functions of very high order
and argument it is difficult to visualize the spectrum given by the above equation. We will
later approximate these expressions for n >> 1 and compare them with the results obtained
for the continuous spectrum.
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4.5.3 The power of the line spectrum

The energy radiated per unit area and time is given by the Poynting vector

S= L [E x B] = L L(Eg, + Ej)n.
Mo Hoc o€
It points in the direction n of propagation and consists of two parts given by the two directions
of polarization. Since we have expressed the field as a Fourier series, the Poynting vector
also has a component at each harmonic n. Since they have the same value for positive and
negative frequency, we sum the pairs with the same absolute value of n and use n > 0 as
we usually did for the power:

1 2 2
S, = —(E?> +E’Yn=-—"FE>n=—"/[E2, +E? In.
! MOC( - ") poc " MOC[ "o mp]

The average power radiated by the charge at a single harmonic » into a unit solid angle is

P _ ®S) 1 g
dQ 2 Hoc "
romocza)g 2

== 0y (/32J,£2(n,3 cos ) + tan® ¥ J2(nB cos ¥)),
2rc

where we expressed some fundamental constants by using the classical electron radius
ro = e?/(4mwegmoc?). We know the total emitted power from the general expression (3.9),

2cromoc pry*
P = 302 s
0

and use it to express the factor in front of the power distribution,

romoc*wi B> _ 3
2me T agyt
where we also expressed the angular velocity by using wy = Bc/p. Finally we integrate
over the solid angle and can cross check the total power. We distinguish between the two
parts of the radiated power due to the field components E4 and E, which correspond to
the o- and -modes of polarization. For the first one the direction of the electric field is
parallel to the plane of the orbit of the particle and for the second one it is perpendicular to
it. The angular distributions of the two modes are

APy, 3 )

dSnZ = Ps4ny4n2J’n(n,3 cos Y)

For _ p 3 12 2(nB cos ) tan® v/ 2 (427)
aQ  dmyrt '
dp, 3 /

10 = P ﬁ2y4n2(Jn2(nﬂ cos ) + J2(np cos ) tan v/ ).
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The power radiated per unit solid angle at all frequencies is obtained by summing over
the contribution of each harmonic given by (4.27). For this we need sums (B.17) and (B.19),
which are derived in Appendix B:

2 2 o 2
4+z°) 20 443z
Z" 10D =t MR =

n=1

With z = f cos ¥ we obtain

p, i AP, 3 4 4 38%cos® yr

dQ 4 dQ 4wyt 16(1 — B2 cos? ¥)*2
dpP, idP,m 3 sin’y 4+ Brcos y)
dQ 4 dQ 4wyt 16(1 — B2cos? y)2

Finally, we obtain the total power radiated for the two polarization components by integrating
the above equations over the solid angle d2 = sin ® d® d¢p = cos ¥ diy d¢, which is just
dQ2 = 2 cos ¥ dyr since there is no dependence on the azimuthal angle ¢:

3 /2 4 3 2 2 6 2
P(TZPS—/ 3" cos ¥ cosy dyr = P i
2y* )2 16(1 — B2 cos? yr)3/2 8
3 /2 il 4 2 2 2 — 2
Pn: s_/ o w( +‘B cos w) OSwdwzps IB
2y* J_zpp 16(1 — B2 cos? yr)7/2

The above integrals were calculated with the substitution sin ¢y = x. Adding the two po-
larization components gives the total power Ps. The distribution into the two polarization
modes is, in the ultra-relativistic case y > 1,

P, 7 P, 1

P, 8 P 8
and, for a non-relativistic charge for which <« 1,

P, 3 P, 1

P, 4 P 4
The total energy U radiated in one revolution is obtained from the power P by multiplying
it by the time Ty = 2w p/(Bc) taken for the particle to pass around a closed circle:
_ 2cromoc? By ?

27p 4nr0m0c2,33y4
302 '

, U= P— =
Bc 3p
So far we have assumed that we have an electron moving on a closed circle with bending
radius p. If there are field-free straight sections between bending magnets the motion is
still periodic but the revolution time is longer, T, > T, and the corresponding frequency
smaller, ey < wy = Bc/p. As aconsequence the spectrum consists of lines with frequency
W, = Nwy. The energy U radiated per turn is not changed but the power P now refers
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to its value taken while the electron traverses the magnet and the average power is (P) =
Pswyey [ wo.

4.5.4 The relation between the continuous and the line spectra

We take now the ultra-relativistic case with 8§ ~ 1 and y > 1. As a consequence we also
have a small vertical opening angle ¥ < 1 and we can approximate the argument of the
Bessel functions:

wZ

1
B=~1 cosy ~1— —, nﬂcosw%n<1—

1 + y2w.2
2y2’ 2 '

2y2

The line spectrum emitted by a charge moving on a closed circle was expressed in terms
of Bessel functions of order equal to the Larmor-frequency harmonics n. For most of the
radiation this order is rather large, as indicated by the critical harmonic n. = 3y3/2 and the
value of the Bessel function is not easy to evaluate. However, approximations for Bessel

functions of large order and arguments are given in the standard literature and are derived
in Appendix B as (B.12) and (B.13) for y > l and ¥ < 1:

ns [ n VP S
niyneosy) ~2(3) Ai (273) (1 + 7297

NG n P )
nJ,’l(n,BCOSI//)%—2<§) A (2—)/2> 1+ ).

Using n. = 3y3/2 and substituting these approximations into the expression (4.27) for the
angular distribution of the nth harmonic, we obtain

dPy _ , 3 (3n 2/3 an( (3 2/3(1+ 2y
= S_ — l R
aQ 772 \dn, 4n, v

P _ , 3 2y 3n \? anf(3 2/3(1+ 2y
= Pk— — 1 — .
a0 2y’ Y \an, 4n, 4

We can find an approximate expression for the angular spectral density since each spectral
line gives the power in one frequency bin of width wy and frequency o ~ nwy,
d?p 1 dp,
dQdw wy dQ’

giving, with . = 3wy /2,

d’p P, 9y [ 3n \* 3n V?
o _ Ly (on Azl (2™ 1 2.2
dQdo w271 (4nc> ! (4nc> I+

AP P9y o o(3n\"7 {3\ ) s
= — — a— A - 1 .
© oo’ Vs \\g) dF7rYD

This is identical to the corresponding expression (4.22) for the continuous spectrum.
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A charge moving on a closed circle with constant angular velocity represents a periodic
motion and the emitted radiation is expected to be represented by a line spectrum. However,
this is strictly correct only in the classical treatment, in which the emission of radiation
is continuous and its effect on the particle motion is neglected. In reality the radiation is
emitted as photons and the particle suffers a sudden loss of energy in the process. We will
show later that the frequency of revolution in a storage ring depends on the particle energy.
The calculated line spectrum consists of harmonics of a fixed frequency of revolution. A
change of the latter after the emission of each photon will smear the lines out, particularly
at the high frequencies. The synchrotron-radiation spectrum from a realistic storage ring is
therefore continuous except at very low harmonics.
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Synchrotron radiation: properties

5.1 Introduction

On the basis of the equations derived in the previous chapter, we present now the properties
of synchrotron radiation that are relevant for applications. We use here the ultra-relativistic
case, observe the traversal of a single particle from a large distance, and describe it in the
frequency domain as a continuous spectrum. This is also a very good approximation for
a charge moving on a closed circle, since the line spectrum is in practice almost always
smeared out by quantum excitation.

The spectral properties of the synchrotron radiation can be described using either modified
Bessel functions K,3(z), K»/3(z), and f Ks/3(z) dz or the Airy function Ai(z), its derivative
Ai'(z), and the integral f Ai(z) dz. It does not matter which set of functions is used. The Airy
functions are easier to find in tables [41] and will be chosen here for all derivations, but the
important results are also given in terms of modified Bessel functions. The mathematical
properties and applications of the Airy functions are discussed in Appendix A.

5.2 The total radiated power and energy

In Chapter 3 we derived the power (3.13) radiated by a particle of rest mass m( and charge
e undergoing a transverse acceleration 82c?/p by moving with velocity Bc on a circular
arc of bending radius p,

2rocm0c‘2ﬂ4y4

P, = o (5.1)

with the classical particle radius ry = &2 / (4 egmoc?). In most cases the acceleration is due
to the Lorentz force provided by a magnetic field B perpendicular to the plane of the orbit.
This results in a curvature of

1 eB eB

pp  mcBy
and in an expression for the radiated power:
_ 2roc’e? B2y’ B? _ 2roc’e’ B2 EX B?
3mpc? 3(moc?)?

P, (5.2)

81
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From now on we assume that the particle moves with ultra-relativistic velocity, § ~ 1,
y > 1, and make the corresponding approximations. The total power P emitted by one
electron on a trajectory of bending radius p is

2.4 3,2.2p2 3,2 2 p2
:2rocmocy :2rocey B _2r0ceEeB

P, -
3p2 3 moc? 3(moc?)?

(5.3)

The derivation of this equation was very general, involving, apart from the properties of the
particle, only the instantaneous curvature 1/p or the magnetic field B. It is also valid for an
inhomogeneous field as long as 1/p(s) refers to the local curvature.

The local loss of energy by a particle per unit time element d¢’, length ds, and bending
angle d¢ is

du dU P 2rgmoc?y* v

Py

—=pr, _ - — =P, 5.4
dr’ * ds ¢ 3p2 d¢ (54)

o 2romec’y?
c 3p

Of importance is the energy Uj lost by a particle in one revolution, which is obtained
from the integral

P 2 2,,4 1 2 2,4
%=¢<®®:mmm/¢_®=1ﬂ£L&. (5.5)
c 3 p? 3

Since this case has to be evaluated often, a special synchrotron-radiation integral has been
introduced [42]:

1
@:fTw. (5.6)
0

A ring with magnets all having the same field B and radius of curvature p and field-free
regions in addition is called isomagnetic. Its synchrotron-radiation integral and the loss of
energy are

27 p 2 47rr0m0c2y4
lo="F==, U=—P"1.
o p 3p
Owing to the field-free straight section such a ring has a circumference C., that is larger
than 2w p and has a correspondingly large revolution time T;., and frequency wrey:
2nc 2w c
<

Wrey = —— = = — = wo.
Crey Trey 1Y

This does not affect the instantaneous power (5.3) or the energy lost per turn (5.5). However,
in some rare cases one is interested in the emitted power averaged over one revolution:
Us Wre,
(Pg) = =P—

Trev o

So far we have been concerned with the energy or power radiated by a single particle
of charge e. We will now consider a storage ring with a large number N, of particles
representing an average beam current I = eN,/Tiy. In most practical applications the
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radiation of one particle is independent of that emitted by other particles. The radiation
has in this case no time coherence. To obtain the total radiated power we simply add the
contributions of each particle. If Uj is the energy lost by one particle in one revolution the
total average power emitted in an isomagnetic ring by a current / is

NUs 11Uy dmwromoc?y?l
PI = = =
Trey e 3ep

This equation can also be applied to a part of the storage ring, e.g. a single magnet. In
the following sections we will investigate the angular and spectral distributions of the
synchrotron radiation. We will write most expressions such that the total radiated power Ps
appears as a factor. Depending on whether one is interested in the distribution of the radiated
energy or the power emitted by one or many electrons, this factor P; can be exchanged for
the energy Us or P;.

5.3 The angular spectral distribution
5.3.1 The general distribution

We discuss now the so-called angular spectral power or energy distribution which is the
power or energy radiated per unit solid-angle element and frequency band. For the ultra-
relativistic case the angles are small and the solid-angle element becomes

dQ = dy do.

The radiation is uniform with respect to the azimuthal angle ¢ and we have to consider only
the y-dependence of the distribution. In the previous chapter we derived an expression
(4.22) for this angular spectral power distribution, which we present now in a compact
form,

PPV (e 00+ Funto, ) = 2
= — |l (W, ST ) =
iQdo o s e

Fy(w, ¥), (5.7)

by giving the dependences on angle and frequency with two dimensionless functions that
can be expressed with the Airy functions,

- 9 (3w 2/3A,/2 3w 2/31 ) o
con=2(22) ae((2) arre

9 /30 \¥3 30 \2/3
Fgﬂ<w,1/f)=g<4;”) y2w2Ai2<<4Z)> (1+y2w2>),

(5.8)
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or, using the relations (A.3), by use of modified Bessel functions,

3 2
Foo(@,9) = (i) <i> (1+ y2w2>21<§/3(%<1 + y2w2>3/2)

2 2w, (5.9)
3V o\ w
Fo(w, ) = <E> (§> Y2l + y2w2>1<%/3(ﬂ<1 +y2w2>3/2).

These two functions give the distributions of the two modes of polarization; the o-mode
having the electric field in the plane of the particle trajectory and the 7 -mode with the electric

Fig. 5.1. Normalized angular spectral power density for the horizontal (top) and vertical (bottom)
polarization modes of synchrotron radiation.
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Fig. 5.2. The angular spectral power density in the median plane.
field perpendicular to it. As we will see later, these functions fulfill the normalization

2w 00 00
/0 d¢[ d(wﬁ)[o Fyw, ) d(w/w) = 1. (5.10)

To illustrate the form of the distribution the normalized spectral angular distributions
Fy, and F; of the two modes of polarization are plotted in Fig. 5.1 against the angle v
and the logarithm of the frequency w. Both modes are symmetric with respect to ¢ and
their angular distributions are narrow at high frequencies and wide at low frequencies. The
o-mode is large in the median plane ¥ = 0, with a peak close to the critical frequency w.
The m-mode vanishes in the median plane.

In Fig. 5.2 the angular spectral power density in the median plane ¥ = 0 is plotted
against frequency on a double-logarithmic scale and the normalized function F;(0) is listed
in Table 5.1. At the critical frequency w, itis Fs, (wc, 0) = 0.0396 and it reaches a maximum
value of 0.0401 at w = 0.83 w.. The angular distribution of three selected frequencies is
shown in Fig 5.3.

5.3.2 The distribution at low frequencies

Next we investigate the angular spectral power density at low frequencies and assume that
@ < . In this case the argument of the Airy functions is very small unless y 2> becomes
very large. Only then will the value of these functions change and we make a small error
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Table 5.1. The normalized angular power density Fs(w/w.) in the median plane and the
normalized power spectrum Ss(w/w;)

w/w Fyw/w., 0) Sso(@/ @) Ssr(@/wc) Ss(w/we)
0.001 00 0.00079 0.099 40 0.03280 0.13200
0.002 00 0.001 26 0.12500 0.04090 0.166 00
0.004 00 0.00199 0.156 00 0.05070 0.20700
0.006 00 0.00261 0.178 00 0.05730 0.236 00
0.008 00 0.003 16 0.19500 0.062 30 0.258 00
0.01000 0.003 67 0.21000 0.066 40 0.276 00
0.02000 0.005 81 0.26000 0.079 80 0.33900
0.04000 0.009 15 0.31800 0.09330 0.41100
0.06000 0.01190 0.35500 0.100 00 0.45500
0.08000 0.014 30 0.38100 0.104 00 0.48500
0.10000 0.01640 0.401 00 0.106 00 0.507 00
0.20000 0.024 60 0.454 00 0.106 00 0.56000
0.40000 0.03420 0.468 00 0.09150 0.55900
0.60000 0.03870 0.44100 0.07500 0.516 00
0.800 00 0.040 10 0.40000 0.060 60 0.460 00
1.000 00 0.03960 0.35500 0.04870 0.404 00
2.00000 0.026 60 0.17100 0.016 10 0.18700
4.000 00 0.00679 0.03090 0.001 83 0.03280
6.00000 0.001 35 0.00501 0.00022 0.00523
8.000 00 0.00024 0.00077 0.000 03 0.000 80

by replacing 1 + y2 by y 22 and obtain for the argument

3w\ 2,9 3w\ 5.9 o\ 5 To\/3
<4wc) <1+yw)~<4w0> Y2y =(2—wo> W =(7) 2,

where we expressed the critical frequency w. = 3wyy>/2 in terms of the angular velocity
wp. With this we obtain from (4.20) the radiation field at low frequencies,

. e
E (WA =———
. 1) N 2meger

<G () ) ()]

and the angular spectral power distribution

EP P o)+ Pt )] = DY B, )
Qo w, L@V Erlo ] = On @,y
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Fig. 5.3. The angular spectral power densities of the total radiation and the two modes of polarization
versus the vertical angle for various frequencies.
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Fig. 5.4. The angular distribution of synchrotron radiation at small frequencies.

with normalized distribution functions for low frequencies:

9 1 ) 2/3 » ® 2/3 5
Fso(a)v 1//) ~ EF(TCL)O) Ai ((2_600) lﬁ ) (512)

910)4/32.2602/32
an(wﬂ/f)%gﬁ<2—wo> Yo Ai (2—0)0> [/ (5.13)

We express o, with (4.15) and P with (5.3) and obtain explicit equations for the angular
spectral power distributions at low frequencies, w < ,:

d’p, =2romoc2 o 2/3 a2 2/3W2
dQdw o 2wy 2wy

d’p, _ 2rgmoc? o 3 ¥ AR w 23
dQdw i) 2wo 2o ’

It is interesting to note that this expression is independent of y (Fig. 5.4); in other words,
for a given storage ring the properties of synchrotron radiation much below the critical
frequency are independent of the beam energy. Using the approximation (A.5) of the Airy
function for large arguments given in Appendix A, we find that, for large angles ¥, the
two modes of polarization have the same intensity. This will be discussed in more detail
later.

This low-frequency part of the spectrum is often used for beam diagnostics. To obtain
information about the cross section of the beam, one forms an image using the visible part

(5.14)
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of the synchrotron radiation. In most storage rings the critical frequency is much above the
visible spectrum and the above approximations are justified.

5.3.3 The distribution at high frequencies

At the other end of the spectrum we can make an approximation for @ > w. using
the development (A.5) of the Airy function at a large argument x > 1 explained in
Appendix A:

1 ) . 1 X 3
Ai(x — o0) & 76_2*3/2/3, Ai'(x — o0) ~ = £63_2"%/2/3.

2 /x 2V n

This gives for the normalized distributions
/1+ 7/2wze—(w/wc)(1+y2wz)3/2

27w vy’ e~ (@/@)(1+y2y) 2
3212w /T + y2y2 ’
For this case of very high frequencies the opening angle of the radiation is small, Y2y < 1,
and we can approximate further:

27w
Folo> )~ 55
C

Fg(w > o) =

w
o3 € e (0> w) 2 0.
We

For very high frequencies the contribution of the m-mode becomes negligible and the
o-mode approaches a Gaussian angular distribution with RMS opening angle

We
YYrRMs(@ > @) = [ —.
3w

5.4 The spectral distribution

Foo (0 > o) =~

5.4.1 The general spectrum

For many applications of synchrotron radiation the vertical angular distribution is not re-
solved and one is interested in the spectral density only. It is obtained by integrating the
angular spectral power density over the solid angle:

dP_/ d’p dQ—PS s (2)is (2 —PSS w (5.15)
do ) dQdw T we i we . we T we * w. ) ’

We describe the normalized spectral power density by using a dimensionless function S
that depends only on the ratio between the frequency w and the critical frequency w.. It

has two parts, Ss, and Ss;, which correspond to the two modes of polarization. Since the
synchrotron radiation is independent of ¢ the integration over this angle results simply in
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a factor of 2. To obtain these functions Sy, and S, we integrate the normalized angular
spectral power density (5.8) over the solid angle d¢ diy:

w 3w \? [ 2f (3w 23 2,2
ssa(;>=9(4w) f Ai (%) 1+ 7299 | dov)
4/3 00 2/3
sm(3> - 9(3“’) y 2y / AP((&”) a +y2w2>) d(y ).
(O 4wc -0 4a)C

These integrals are obtained from some general expressions, (A.13) and (A.22), derived
in Appendix A by setting a = b = 3w/4w.)*/?, giving for the functions S, using Airy

functions,
27 Al 1 z
so(2) =222 (s I(Z)——+/ Ai(Z) d7’
e 16 w, Z 3 0
27 Al 1 :
so(2) = e (A ——+/ Ai(z)d7’ (5.16)
e 16 w, b4 3 0
54 Ail 1 z
s(2)=22(-2 1(Z)——+/ Ai(z") dz’
e 16 w, Z 3 0
with

3 \2/3
z= )
2w,
or, using modified Bessel functions,

w 9\/5 w o w
S (=) =222 / Ks/3(z)dz' + Kop3| —
We 167 W w/w: @e

1) 93 w o0 o )
sa( L) =2 f Ksja(2)d — Ko 2 (5.17)
we 167 we \Jw/w, We

Ss(ﬂ) _3o / Ks/3(z)dz.

We 8T w. /e

These normalized power-spectrum functions are some of the most important expressions
characterizing the properties of synchrotron radiation. They are shown in Fig. 5.5 on a
double-logarithmic plot and in Fig. 5.6 on a linear scale as functions of w/w,.. They are also
listed in Table 5.1. At the critical frequency their values are

S (1) = 0.3554,  So (1) =0.0487,  S(1) = 0.4040.

The maxima of the three functions occur somewhat below the critical frequency. The power
spectrum is rather broad and smooth, as expected from qualitative arguments made earlier.
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Fig. 5.5. The normalized power spectrum in double-logarithmic representation.
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Fig. 5.6. The normalized power spectrum in linear representation.
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5.4.2 The spectrum at low frequencies

At low frequency we can approximate the spectrum by using the lowest term of the Airy-
function developments (A.4) for small arguments given in Appendix A:

w 272\, w0\ w\"?
Sol—)~-=3=(2) AlO(—=) =099993(—
we 16 \ 3 we we
w 27 (2\*? . o \? o \/?
Sal— ) =—-——|=) A0 — =0.33331( — (5.18)
we 16\ 3 we we
27 (2 2/3 1/3 1/3
S(Z)~—422(2) aro(Z) =133323(2) .
we 16\ 3 we we

At these low frequencies the spectral power increases with the third root of the frequency.
It is interesting to note that three quarters of the power is radiated into the o-mode and one
quarter into the ;r-mode of the polarization.

It is instructive to give the explicit spectral power distribution by expressing w. with
(4.15) and P with (5.2):

2

dpP, Fomoc? . o \/?
=-3———AI'(0O)| —
2p

dw o

dP, Fomoc? . o \"?
= — AI'(0)| —

dw 20 wo

dP, Fomoc> . o \'?
=—4 Ai'(0)| — .

dw 20 wo

For a given ring the spectrum at low frequencies is independent of the energy of the par-
ticle. This is not astonishing, since we found this property before for the angular spectral
distribution.

5.4.3 The spectrum at high frequencies

For the high-frequency end of the spectrum we find from the lowest-term approximation of
the Airy function given in (A.5) of Appendix A that the w-mode becomes negligible and
the o -mode decays with frequency like

272 [ /o
- N —e e,
¥ 1633\ @

g

5.4.4 The spectrum integrated up to a given frequency

Sometimes the total power radiated below (or above) a given frequency is of interest. It is
obtained by integrating the spectral power density over the frequency using the integrals
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Fig. 5.7. The spectral power density integrated from O to w.

(A.27) and (A.28) given in Appendix A:

ol 7 37 21 214328 [
/ Ses d(ﬁ) = L2 A — SAIG) — LA / Ai(Z) d7’
0 z

) T8 7% 8
w/w; 1 322 3 34373 [
f Sod( ) = = = 2X i) — 2z AiG) — 228 / Ai(Z)dz’
0 W¢ 8 8 8 8 z

S~
3
B
A
o
P
Sle
S~
I

3 2 12 3 3 o0
1— % Ai'(2) — 3z Ai(z) — —12% / Ai(z) dz’

4
30 \23
with z:( a)) .
2w,

This integrated power spectrum is shown in Fig. 5.7.

5.4.5 The integral over all frequencies

The integration over all frequencies gives the distribution of the total power emitted into the
two modes of polarization and confirms that the total normalized power-spectrum function
Ss(w/w.) has a normalized area

L@ @) i o
0 e we we 8 8
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If the integration is carried out up to the critical frequency only, we obtain

@e w w w
f <Ssg <—) + Ssr (—)) d<—) =042+0.08=0.5.
0 wWe wWe (O

The critical frequency
We = 36007/3/ 2

divides the total power spectrum into two equal parts. So far we have treated it as a convenient
parameter with which to characterize the spectrum. With the above relation it receives a
precise physical meaning.

5.5 The angular distribution
5.5.1 The angular distribution as a function of frequency

In the discussion of the spectral angular power density we gave the angular distribution for
some selected frequencies shown in Figs. 5.3 and 5.4. Here we would like to investigate the
overall behavior of the vertical opening angle and calculate its variance as a function of w:

&P,
[y -—da

T (o)
(Y = g — = = / Y22 Fy (0, ¥) d(y )
f o dQ So —00
dQdw
&P,
f)/zwz dQ 27_[ o]
(Y = SR — = = / Y2 (0, ) Ay ).
f o dQ ST —00
dQdw

We substitute the expressions (5.8) for the functions Fy, and Fy, and obtain two integrals
that can be solved from the general forms (A.14) and (A.23) given in Appendix A by setting
a=>b=Cw/bw)*?:

Y2y = 1 2T (5 AI(ZZ) + AIZ(Z) +/ Ai(z") dz/>

Sso 64w, z (5.20)
1 8lw [Aiz) Ai(2) f“ ‘ '
2y, = — Ai(z)d7’ ).
(y°v7) S 64%( i i i(z') dz

The variance of the vertical opening angle for the total radiation is obtained by adding the
properly weighted values for the two components of the polarization:

Seo (V2o + S (V2 ¥ H)n

202y
(yoy) = S. TS,
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Fig. 5.8. The vertical RMS opening angle versus the frequency.

The RMS opening angle is the square root of the variance,

(y¥)rums = V(y2Y¥2),

and is shown in Fig. 5.8 as a function of the frequency w. Figures 5.3 and 5.4 show the
o-mode being large in the median plane ¥ = 0 and decaying smoothly for larger angles,
which can be characterized quite well by a Gaussian fit and a RMS opening angle. This is
much less the case for the distribution of the 77-mode, which has a minimum at the center.
Still, the RMS opening angle can give a rough idea about its size. At the critical frequency
the RMS opening angles are approximately

V{y?¥?)e ~0.53, V{y*¥?). ~ 0.80, V{r?y?) ~ 0.57.

They are a little smaller then the value of 1/y usually considered as being the typical
opening angle of synchrotron radiation.

To obtain the opening angle for very small frequencies, w < w., we can either approx-
imate the expressions (5.20) for small values of z or form the proper integrals over the
angular spectral power density (5.14). Using for the ratio between the Airy function and its
derivative at the origin

_AiO) _ [31°1(3) _ 31/3F(1)\/@= 1.1712
AT ~ | 32T (2) VB
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we obtain for the RMS angles at small frequencies

C12A70) \ @ w

S, = -2 (“’0)1/3 - 0.756(@)1/3 - 0.410(

PRVE
:)

: 1/3
S, = |- 220 (w°)1/3 - 1.014(@)1/3 - o,5so(ﬁ> (5.21)

1A\ » w 0

Vi) = |- 6Ai.(,0) <@>1/3 - 0.828(@)1/3 - 0.449(5)/3.
12A1'(0) \ @ 1) o
We found before that the angular spectral distribution at low frequencies is independent
of the particle energys; it is therefore obvious that this holds also for the opening angle.
The latter decreases with the third root of the increasing frequency w. Obviously these
expressions are no longer valid once the wavelength of the radiation becomes comparable
to the radius of curvature.

5.5.2 The frequency-integrated angular distribution

To obtain the angular distribution of the total radiation we integrate the spectral angular
power distribution over all frequencies:

dp—fm P o B /W[F( ) + Fnlw, ¥)1d
Q" ), d4Qde T o Jy srA@, YL e

Using the expressions (5.8) for the distribution functions Fy, and F;;, we obtain integrals
that can be solved by substituting p = 3w/(4w.) and b = 1 + y>? into equation (A.26)
in Appendix A,

dpP, Py 2l 1 dp, Py 15 Y2y
dQ 27 32(1 + y2y2)52° dQ 27 32(1 + y2y2) /2’

and, for the total radiation after integrating over ¢,

2.1.2
b _ p2l ! < S vy ) (5.22)

——  _—_p=_ (14T F
a9y~ R AR T
The latter result was derived in Chapter 3 in a more direct way, (3.15). These angular
distributions of the frequency-integrated radiation are shown in Fig. 5.9. By integrating
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Fig. 5.9. The angular distribution after integrating over frequencies.

97

over the normalized angle y 1 we regain the partition (5.19) of the total radiation into the

two modes of polarization P, = 7P;/8 and P, =

/8.

The variance of the frequency-integrated angular distribution is

1
=4/
_ L [rdb 5
—Pn/_wdwywd(yw)

_ L rar o,
—PS/_OOdedfd(W)

o dy”

Wrdyy) =

| W N

The square root of the variance gives the RMS values of the normalized vertical opening
angle (y ¥ )rms, these being 0.707 for the o-mode, 1.225 for the w-mode, and 0.791 for the

total radiation.

Later we will calculate the vertical beam size due to quantum excitation during emission
of synchrotron radiation. For this we need the variance of the product of the angle and the
frequency, (y>w?). We scale the frequency and angle with . and 1/y, and use the angular
spectral distribution function (5.8) with the normalization (5.10) to obtain

2 2 00 00
<(§yw>>= /0 d¢ f d(yy) fo Fy(o, y) /o)y ¥ dw/o).  (5.23)
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The integration over ¢ gives just a factor of 2. Next we integrate (5.8) over frequency:

) 3 \23 o \2

I = 9y f ( 4w) A ((5) (1+y2w2>>(;) d(w/we)
4/3 3 \2/3 2

L = 9y / ( 4w) iz<( 4;‘)’) <1+y2w2)><wﬁ) d(w/we).

The substitution

3w

p= b=1+yy?

do,’
brings the integrals into the forms (A.25) and (A.21) solved in Appendix A,

a\* e , 5.7.23
I = 9V2¢2<§> /0 p8/3 A1’2(bp2/3) dp = yzwz

27.3.pl12

AN W5-7-11
12 — 9y4w4<§> /0 10/3 Ai (bpz/'i) dp =y w W

with the sum

L+ L=

5.7-23 yy? L Y2y
27.3 (]+y292)ll/2 231“1‘)/292

Integrating over the angle gives the variance:

2 ) 2.1.2 4.4
5-7-23 33 8
e 27.3  J_ N +p202)112 7 23 (1 4 y202)13/2 27

(5.24)

5.6 The polarization
5.6.1 The description of linear and circular polarization

As an introduction we start with a general description of linear and elliptical polarizations
of synchrotron radiation. To make the underlying physics more transparent, we give the
field in real notation. A more general treatment using complex functions can be found in
many books on optics and electrodynamics, e.g. [9, 12].

We consider an electromagnetic wave with field components [E,, E,], wave number k
and frequency w propagating in the z-direction,

E(z,t) = [Ex cos(kz — wt), E,cos(kz — wt — ¢)]
= [E cos(kz — wt) n, + Ey cos(kz — wt — @) ],

where we introduced two unit vectors 1, and 1, in the x- and y-directions:

n.=1,0, n=00, |nP=mF=1  -n)=0 (525
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The phase shift ¢ between the two field components determines the type of polarization.
These components are /2 apart for synchrotron radiation emitted in dipole magnets and,
as we will see later, also for the radiation from a helical undulator. On the other hand, we
have ¢ = 0 for the radiation emitted in a plane undulator. We restrict ourself to these two
cases.

We start with ¢ = 0, which gives a field with polarization

E(z,t) = [E, cos(kz — wi) n, + E"y cos(kz — wt) ny]

oscillating in a plane at an angle of arctan(£ v/ E.) relative to the median plane. At a fixed
location z = r, we can express the field as a function of the time #, =t — r,/c:

E(ty) = [E, cos(wty) 0, + Ey cos(wty) n,].

The power radiated by this wave, averaged over one oscillation period, is of interest. From
(3.2) we obtain for the average angular power density

<dP> - np) gy rX(1—n-B)

ary _ p2 P2
dQ LoC 210C [Ex+ EY]'

Next we choose ¢ = /2 and obtain elliptical polarization:
E(z,t) = [E, cos(kz — ot)n, & E sin(kz — wt) n,].

The field vector rotates around the z-axis as a function of z or ¢. Its head describes an ellipse
with main axes in the 7,- and n,-directions as a function of kz — wt.
To illustrate this we consider first the case £, = E y = Ep, giving circular polarization:

E(z,t) = Eo[cos(kz — wt) 9, £ sin(kz — wt) ny].
We take first the minus sign and set ¢+ = 0, giving the field as a function of position z:
E(z) = Eo[cos(kz) n, — sin(kz) n,].

With increasing longitudinal coordinate z the head of the field vector describes a left-handed
circular helix (anti-corkscrew) with period A = 27/ k. On setting z = 0, we obtain the field
at a fixed location as a function of the time #:

E(t) = Eo[cos(wt) n, + sin(wt) n,].

For an observer looking towards the source the head of the field vector rotates anti-clockwise
as a function of time with frequency w. We call the light left-handed circularly polarized.
However, since, on looking in the direction of propagation of the wave, the electric-field
vector rotates like a corkscrew having positive helicity, we label it with E. . For the opposite
sign, the wave has right-handed circular polarization and a negative helicity. We have
therefore the field for the two modes of polarization as a function of time:

E, = Ep[cos(wr) 1, + sin(wt) ], E_ = Eg[cos(wt) n, —sin(wt) n,].  (5.26)
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E. « /Fy

Fig. 5.10. Elliptical polarization at w = w,, ¥ = 1/y.

We concentrate on observing the field as a function of time at a fixed location, choosing
still ¢ = £77/2 but allowing different values for the component amplitudes £, and £ e

E(t) = [E, cos(wt) n, £ E, sin(wt) n,].

The electric-field vector rotates with frequency w and positive or negative helicity while its
head describes an upright ellipse with main axes £, and E, as indicated in Fig. 5.10. To
give a quantitative description of the elliptical polarization we split the field into the two
circular polarization helicities with amplitudes £ and £ _:

E@®) =E,.(t)+ E_(1)
cos(wt) N, + sin(wr) n, LB cos(wt) N, — sin(wr) 7,

V2 B V2

_E,

(5.27)

with
E.+E, £ _E.-E,
V2 2

This decomposition of the field into two modes of circular polarization of opposite helicities
is illustrated in Fig. 5.11.

We described the linear polarization in terms of two oscillating vectors, cos(wt)n,
and sin(w?)n,, each with RMS value 1/ V2, which are (in terms of the time average)
orthogonal. We now describe the elliptical polarization with the two rotating vectors

E, = (5.28)

cos(wt) N, + sin(wt) 1, cos(wt) N, — sin(wt) 1,
and ;
V2 V2

which have also RMS values of 1/+/2 and are (in terms of the time average) orthogonal to
each other.

The electric vector E(¢) is the same in both cases but it is decomposed into different
components. Therefore we can also present the angular power distribution (3.2) of the
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Fig. 5.11. The elliptical polarization as a superposition of two circular modes having opposite helic-
ities forw = w,, ¥ = 1/y.

radiation as a sum of either two linear or two circular polarization components:

21 _n. 21 =n-
<j—g> B ey OB g g
noc o€
P20 -n-p)| (Ex+E, 2+ E.—E,)2 2 529
O 2puec V2 V2 '
(1 —n-B)

PB4 (52)

E2+ E?] =
2poc [£5 ] Hoc

We explained the elliptical polarization using a monochromatic wave. However, in most
cases the radiation field is described by a continuous spectrum:

E() = [E (@), E (o).
Since this is the Fourier transform of a real function E(¢), we have the symmetry relations
E(—w) = E (o), Ey(-w) = —E (o). (5.30)

The time-domain presentation is obtained with the inverse Fourier transform:

E(t,) = E(w)er dow = E.(om, + E (o)n,1e“" do.

1 0 1 o0
o — [ 1
2 /;oo V2 /40

We filter a narrow frequency band at w of width dw. Since the above integration covers
positive and negative frequencies, we obtain a contribution at @ and one at —w. Consid-
ering the above symmetry conditions (5.30), we combine the two exponentials to give
trigonometric functions and use positive frequencies only:

dE(t,) = J%[Ex(w) cos(wty) 1, +iE () sin(wty) n,)] do. (5.31)
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We split this into two modes of circular polarization:

[Ex(w) +iE (w) cos(wty) 0, + isin(wly) 1,
V2r V2 V2
E (o) —iE,() cos(wtp) N, — isin(wt,) m]
=~ | dw.
V2 V2
On comparing this with (5.27) and (5.28) we obtain for the two circular-polarization com-

ponents of the Fourier-transformed field at @ > 0 (note that £ y changes sign for negative
frequencies)

dE(ty) =

= Ex(w) + IE)(w) = Ex(a)) - IEy(w)
Ei(w)= ; —(w) = ; (5.32)
" V2 V2
which gives for the angular spectral power distribution (3.18)
d’p 2r2wy -~ - 2rlwy -~ _
= EP+IE_|"]= E.)*+|E,*]. 5.33
19 do Zny,oc[l T+ E-I7] Zﬂuocﬂ 1"+ [EyI7] (5.33)

5.6.2 The linear polarization

The linear polarization of the angular spectral distribution. In the previous discussions we
divided the spectral angular power density into two parts. One originates from the horizon-
tal component E, of the electric field and the other from its vertical component E,. These
parts represent the two modes of linear polarization, which we call the o-mode and the
m-mode. In Fig. 5.3 the normalized spectral angular power densities F, and Fy, for these
two modes of polarization are plotted against the vertical angle i for three different frequen-
cies, w = 0.2w., ., and 2w, and in Fig. 5.4 they are plotted also for small frequencies. In
the median plane the horizontal polarization has a maximum and the vertical one vanishes.
With increasing vertical angle v the horizontal component decreases monotonically while
the vertical component first increases, then reaches a maximum, and thereafter decreases,
always being smaller than the horizontal component. This behavior is to be expected from
the qualitative picture shown in Fig. 1.6.

So far we have discussed the values of the two components of the polarization. For many
experiments the degree of the horizontal polarization is of importance, [43]. It is defined as
the difference between the two power components divided by their sum:

d’pP, d’P,

dQdo  dQdw _ Fo = Fux

&P, | &P Fo+Fy

i0do T IQdo
This quantity is plotted against the vertical angle v in Fig. 5.12 for @ = o, and in Fig. 5.13
for w < w,. It starts with unity in the median plane where there is perfect horizontal

polarization and decreases monotonically with increasing angle 1. For some applications
this degree of polarization has to be weighted by the power radiated at a given angle, which
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Fig. 5.12. The degree of horizontal polarization of the angular spectral power density versus the
vertical angle ¥ at w = ..

is shown as its normalized value Fj in the figures. At the higher frequency w = w,, shown in
Fig. 5.12, the degree of polarization is relatively large over most of the angular distribution,
whereas for the lower frequencies, shown in Fig. 5.13, it is already much reduced where F;
reaches its maximum.

The linear polarization of the spectrum. We can integrate the spectral angular distribution
over the angle 1 to obtain the spectral power densities with their normalized polarization
components Sy, and Sg;. They are shown in Figs. 5.5 and 5.6 in logarithmic and linear
representations. At low frequencies the horizontal polarization component of this angle-
integrated radiation reaches three quarters of the total. This fraction increases with increasing
frequency to reach an asymptotic value of unity. This is clearly shown in Fig. 5.14, where
the degree of polarization

dpP, dpP,

do _E _ Sso — Sz

dP;, L dP; Sy + S

dow do
is plotted against frequency. Integrating the polarization components over the vertical angle
¥ has some practical applications. In many experiments the vertical angular distribution is
not resolved, either because one uses a large sample, which accepts the full angular spread
of the radiation, or because the electrons emitting the radiation have themselves an angular
spread that smears out the natural angular distribution of the radiation. In both cases the
angle-integrated polarization is relevant for polarization-dependent phenomena.
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Fig. 5.13. The degree of horizontal polarization of the angular spectral power density versus the
vertical angle  at low frequencies w < w..
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Fig. 5.14. The degree of horizontal polarization of the spectral power density versus frequency.
The frequency-integrated polarization. Polarization-dependent effects usually occur at

a well-determined frequency. Integrating the polarization components over frequency is
therefore of little practical interest but it can still reveal some properties of the radiation.
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Fig. 5.15. Horizontal polarization degree after integrating over w.

In Fig. 5.9 the two polarization components of the frequency-integrated radiation are plot-
ted against the vertical angle ¥ . The resulting degree of the polarization is given by the
equation

dp, _ dp, .
diyy) dlyy)  1+2y“y/7
dP, dPr 1+ 12y2y2)7
a9 T a0 i’

and is plotted in Fig. 5.15. As expected, it starts with unity in the median plane, where
the vertical polarization component vanishes at all frequencies. For very large angles it
approaches the value %.

The polarization of the total radiation. We integrate the spectral angular power distribu-
tion over all frequencies and obtain the fractions radiated into the two modes of polarization,
which we discussed before, and the degree of horizontal polarization of the total radiation:

7 1 P, — P, 3
P(IZ_Ps» PﬂZ_PSa — = —.
8 8 P,+P, 4

5.6.3 The elliptical polarization

To understand the elliptical or circular polarization we have to go back to the radiation fields
treated in Chapter 4, where we obtained the expression (4.20) for the Fourier-transformed
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electric-field components of synchrotron radiation:
1/3 2/3
- ey 3|w| . 3w 2,2
Ex(w)=7< ) Ai A +y7y9)
V2meocry \ 4o 4w,

) 3 2/3 3 \3
Ey(w) = lf/”ﬁ”e”:;') < 4';”') v Ai<<4:)) ) 1+ y21//2)).
0Crp c c

We bring this into a more compact form using the functions F;, and F;,; which we introduced
as normalized angular spectral power density functions in (5.8),

-3 <3w Tar((22Y a s e
Fro(@. ¥) = o 4a)c> "\ o, vy
4/3 2/3
Fo(w,¥) = 23(3“)) yzsziz((3”) <1+y2w2>>,
7 \ 4w, 4w,

By =—-Y JFy,  Ew=i-Y—2Y Jr (5.35)

36()CVP 36Ocrp |w| ¥l

(5.34)

giving

Since we take here the positive sign of the square roots +/Fy, and /F,, we have to express
explicitly the sign of the field as given in (5.34). The derivative Ai’ is negative, resulting
in a minus sign for £ (w). The vertical field E y(w) changes its sign with frequency w and
with vertical angle .

According to (5.32), we can give the field components in the frequency domain for the
two modes of circular polarization:

E+(w) _ Ex(w)+1Ey(a)) __ ey ( /—+ ) w /—)

V2 3\/560ch w| |1/f|
. E () —iE,(w) ey ( w Y )
E_ = = - so
@) 7 3aeger, V1 T T TV

With (3.18) and (5.33) we obtain the angular spectral power distribution:
d2P+ Psy F90+F§n +2(¢/|'¢/|) Fsann Psy

= : = Fy.
dQdw we 2 we
dzP— _ Psy Fsa + an - 2(¢/|¢/|) Fsann _ Psy F
dQdo 2 oo T

The two normalized spectral angular power densities Fy; and F,_ for the two modes of
circular polarization can be expressed as combinations of the corresponding quantities Fy,
and Fi, of the linear polarization:

1
Fs+: 2<Fsa+an+2

|:Z| v FF)

1 (5.36)
F_ = _<Fsa + Fz — 2_ Fsann>~
2 [Vl
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Fig. 5.16. The normalized angular spectral power distributions for the two modes of circular polar-
ization and the total radiation versus the vertical angle ¥ at = .

The latter, Fy, and Fy,, are expressed by using Airy functions (5.8) or by using modified
Bessel functions (5.9) as explained earlier. For the angular spectral power density the sum
of the two modes of circular polarization is the same as that of the two linear modes:

Fs++F7=Fsa+Fsrr:Fs-

In analogy with the linear case we define the degree of circular polarization as

&’p, &P
dQdw ~ dQdw _FS+_FS—_21// anan
5 e G0 — Sy R L AL (5.37)
di_kdi Fop + Fo Y| Fso + Fox
dQdew ' dQdw

To illustrate the circular polarization of synchrotron radiation, the two normalized angular
spectral power densities Fy; and F;_ of the two modes, together with the value of the total
radiation as well as the degree of circular polarization, are plotted in the next few figures
as functions of the vertical angle 1. First, Figs. 5.16 and 5.17 show these quantities at
the critical frequency whereas Figs. 5.18 and 5.19 show the lower part of the spectrum.
In the median plane, ¥ = 0, the two circular modes are equal and the degree of elliptical
polarization vanishes. With increasing angle 1 the two modes become more different and
the degree of polarization grows monotonically. However, the total angular spectral power
density decreases at large angle. In the case of small frequencies this happens only at angles
for which the degree of polarization is already large. At low frequencies and very large
angles the degree of polarization approaches unity and the radiation becomes circularly
polarized. For negative angles the elliptical polarization reverses its sign.
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Fig. 5.17. The degree of circular polarization of the angular spectral distribution versus the vertical
angle ¥ at w = w,.
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Fig. 5.18. Normalized angular spectral power densities for the two circular polarization modes and
the total radiation versus vertical angle ¢ at v < ..

The polarization is a well-determined quantity at a given angle ¢ and frequency w
and should be expressed as such. However, it is sometimes useful to integrate the modes of
polarization over one of these variables in order to gain some knowledge of the properties of
the synchrotron radiation. We have done that already for the linear polarization components
and we will do it now for the circular ones.
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Fig. 5.19. The degree of circular polarization of the angular spectral distribution versus the vertical

angle ¥ at w < ..

Since the degree of circular polarization (5.37) is antisymmetric with respect to v, there
should be no elliptical polarization after integrating it over this angle.
We integrate now over frequency w to obtain the angular distribution,

dpP
dg2

T dyde o

14

j - /OO Fy(oy) do,
0

which gives for the two components of the circular polarization

dp,

doyy)

dpP_

doyy)

This involves an integral,

o0
/ Fy, Fy; dw
0

Iy [ 3w (3w
=—— Ai
27 Jo b 4w

We \/§ 144

2t (1 + 2y

T
S

We

T

s
We

—/O <F+2wm)

V]

ff( T nilm)

which is obtained from (A.34) in Appendix A using

p:

3w

b=1+y*y%

4w,

2/3 30 2/3
) (1+ y%ﬁ) Ai’(( ™ ) (1+ y%/ﬂ)) do

5.

38)
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Fig. 5.20. The two modes of circular polarization of the frequency-integrated radiation as a function
of the vertical angle.

We obtain for the angular distribution of the frequency-integrated modes of circular polar-
ization

— N R
d(yv) S64(1_i_),2¢2)5/2 +71+y2w2+ 217 /1+J/21//2

p- 21 ! PO G R
dyy) 64 (1 22y T+ 2rx Jitp92)

They are plotted in Fig. 5.20 as functions of y .

P, _ 21 1 ( 5 2 643y )

5.7 The photon distribution

So far we have treated synchrotron radiation as electromagnetic fields and corresponding
power distributions. However, radiation is emitted in the form of quanta, called photons,
each having an energy

E, =hw with h=h/Q2m), (5.39)

where w is the frequency of the electromagnetic wave and 1 = 6.6262 x 1073 J sis Planck’s
constant. We will now introduce an ad hoc quantization by taking the classical power
distribution in terms of frequency and calculate the photon distribution using the above
relation between energy and frequency. One could ask whether this procedure is correct
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or whether a complete quantum-mechanical calculation of the radiation is necessary. An
electron circulating in a storage ring can be regarded as a macroscopic atom. Obviously it is
in an energy state having a very large quantum number, in which case the classical treatment
is a very good approximation. However, a complete quantum-mechanical treatment of
synchrotron radiation can be found in several publications [4, 7, 36].

We investigated before the spectral power density of the radiation which is the power
element d P(w) of frequency w emitted into a frequency interval of width dw given by (5.15):

P P
_ _SSS<2>_ (5.40)
do  wc we

We convert this into an energy distribution of the photon flux, which is the number of
photons of energy E., emitted per second, 71(E\,), into an energy band of width dE,:

, dn dp dn dn
dP =E,dn = E, ——dE,, — =E, =h . (5.41)
dE, dw dE,/h dE,/E,
We introduce the critical photon energy
3chy®  3moc*hcompy?
Eye= hoe = —¥ - 2M0C ZCompY (5.42)
4r|pl 4r|pl
where
Acomp = h/(moc) = 2.426 x 1072 m (5.43)

is the Compton wavelength. Since E,. > 0 is positive while the curvature 1/p can have
positive and negative signs, we take its absolute value.
With (5.41) we obtain the photon flux per relative energy dE. /E, or frequency band
dw/w, which is directly related to the frequency distribution of the radiated power:
dn dn 1dpP P,

dE, /E, = /o = i = E—«,C[SSG(EV) + Ssx (Ey)]. (5.44)

The functions Ss, and S, given in (5.16), can be expressed as functions of E,/E,.
instead of w/w, to describe this photon distribution, which now has the same form as
the corresponding power distribution with respect to w shown in Fig. 5.5.

By integrating over the distribution (5.44) we obtain the total number of photons 7
radiated per unit time:

g =

P, /00 Sy(Ey) P, 153
0

d(Ey/Eye) = ——
Ey. Ey/Ey. YT Ey, 8

This integral is obtained from (A.30) and (A.31) given in Appendix A. The average photon
energy is simply given by
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The variance of the photon energy ( E%} is of special interest for later applications:

1 P [ Ss(E 22
(E2) = —— f Ezgd(Ey/Ew) =_"E2.
ns Eye Jo  YEy/Eyc 5477
This integral is also solved in Appendix A, (A.32) and (A.33).
We summarize the relevant quantities of the emitted photons and give them also for the
individual modes of polarization:

, 1243 Py , 3V3 P, , 153 P,
No = —o— 7> Ny = ————, ng = ——
8 EVC 8 Eyc 8 Evc
3543 203 3243
(Eyo) = —vac, (Eyx) = —nyc, (Ey) = —IEW (5.45)
180 180 180
25 10 22
2\ — 2 20\ _ 2 2\ _ 2
<E‘/‘7) - §EVC’ (Evn> = aE*/c’ (Ev) = gEyc'

The numbers of emitted photons given in the top line contain the ratio between the total
power P; and the critical photon energy E. given in (5.1) and (5.42):

P _ 8mromoc’y . 2%y _ 4wy ag
Ey 9  9hp 9

, (5.46)

where we used the angular velocity wy = c¢/p and introduced the fine-structure constant

62

(Xf = =
2epch  137.036

= 0.007297. (5.47)

With this we obtain for the total number of photons 715 radiated per second or n per revolution

ary = 0.0662y. (5.48)

g = ——aswpY, N

6

In cases in which the ring has field-free straight sections the angular frequency wy is replaced
by the revolution frequency wrey < @y to obtain the average number of photons per second.
On the other hand, the number of photons emitted per revolution stays the same. In a
storage ring operating at 1 GeV energy about 132 photons are emitted by each electron per
revolution.

With the total number of radiated photons we rewrite the distribution of the photons per
relative energy increment dE, / E,,. For some applications the distribution with respect to
an absolute energy band dE., is more important. We give both distributions below:

5V3 5143
-3

dn P, 8371, darwoy Ss(w)
— = S S(E)= ——[S,(E S (Ey)] = —————~
T E = £ S = g [Sa(E) + Sa(Ey) 5

dit P S(Ey) 83 [Sw(Ey) + Sex (Ey)] _ 4y So()
dEy  E2 Ey/Ey. A45E, E,/Ey. 9E, . w/w.
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Fig. 5.21. The normalized photon spectrum.

As mentioned before, the first distribution has the same form as the spectral power distri-
bution shown in Fig. 5.5. The second distribution is plotted in Fig. 5.21, which shows that
there is a large enhancement at low photon energies compared with the distribution in terms
of frequency.

For experiments in which the full vertical extension of the radiation is accepted, the
number of photons radiated per horizontal angle element d¢ and relative frequency band
dw/w is of interest. For one electron we have

d’n _Aary Ss(w/wc)
dpdw/w 9

and, for a current I representing I /e electrons passing per time unit through a point on the
orbit, the resulting photon flux per angle and relative frequency band is

d*n _ 4ary I S(w/ we)
dpdw/w 9e '

(5.49)

We can also give the angular energy distribution of the photon flux from the angular

spectral power distribution (5.7) using the relations (5.41),
d’n &P

dQdE,/E, dQhdw’

(5.50)
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giving this distribution per relative or absolute energy increment,

d2n Py 8+/3isy

- = Fs E s = Fsa E , an E ,
dQdE, /E, E.c (Ey. ¥) 45 [Foo(Ey, ¥) + (Ey, ¥)] 55
i Py F(Ey, %)  8V3its [Fo(Ey, %) + Fr(Ey, ¥)]
dQdEy  E2, Ey/Ey.  45E E,/Ey. ;

with the normalized angular spectral distribution functions for the two modes of polarization
Fy, and Fg; given by (5.8) but expressed in terms of E., / E, instead of in terms of w/w.
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Undulator radiation






6

A qualitative treatment

6.1 Introduction

An undulator is a spatially periodic magnetic structure designed to produce quasi-
monochromatic synchrotron radiation from relativistic particles. There are several types
of such devices and we start here with a plane harmonic undulator having a magnetic field
of the form

B(z) = By = Bycos(2mc/Ay) = By cos(kyz) (6.1)

as illustrated in Fig. 6.1. The period length of this field is A, and k, = 27 /A, is the cor-
responding wave number. If the field By is relatively weak, the trajectory of an ultra-
relativistic particle going along the axis of the undulator is, to a good approximation, of the
form

d
x(z) = acos(kyz), d_i: = —aky, sin(k,z) = —yg sin(kyz),

which will be shown later in detail. This trajectory is characterized by the amplitude a and
the maximum deflection angle ' = vy with respect to the z-axis. The properties of the
undulator radiation depend strongly on the magnitude of the deflection angle /) compared
with the natural opening angle 1/y of the emitted radiation. This ratio is quantified by the
undulator parameter K,:

_ Yo

Ko= 20 =y 6.2
1y v¥o (6.2)

Depending on the value of K, we have two possible cases.

¢ For K, < 1 the angle v of the particle trajectory is smaller than the approximate natural opening
angle 1/y of the emitted radiation. As a result, the charge traversing the undulator emits a smoothly
modulated field, leading to so-called weak-undulator radiation, which has a simple pattern and
quasi-monochromatic properties.

e For K, > 1 the deflection angle v is larger than the natural opening angle 1/y of the radiation.
As a consequence the emitted fields are strongly modulated, leading to so-called strong-undulator
radiation with a more complicated pattern and a spectrum containing many harmonics.

117
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Fig. 6.1. The geometry of undulator radiation.

We treat first the plane harmonic undulator, which is widely used, and abbreviate its
radiation sometimes by UR. It has a median symmetry plane with a perpendicular magnetic
field, in which the nominal particle trajectory lies. This field is periodic with period length
Ay, given by (6.1), of total length

Ly = Noha 6.3)

and contains N, periods. There exist other undulators that have no simple period, such as
the modulated undulator, or have no median plane, such as the helical undulator. Some of
these will be discussed later.

Many properties of undulator radiation can be understood from a qualitative treatment.
This also helps us to understand the basic physics, to estimate the importance of the param-
eters involved, to judge the validity of certain approximations, and to obtain some basic re-
sults. In the following we use various pictures to describe and understand undulator radiation.

6.2 The interference

The frequency emitted by a particle going through an undulator can be obtained by con-
sidering the interference between the parts of the radiation created at successive periods.
A charge traversing the undulator with velocity B¢ is moving along a sinusoidal trajectory
(Fig. 6.2). For a strong undulator its drift velocity (8)c = B*c, i.e. its average velocity
along the axis, is slightly smaller than the instantaneous particle velocity Bc. However, we
consider here weak undulators and neglect this difference.
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observer

Fig. 6.2. Constructive interference of the fields emitted at different periods.

We investigate first the radiation observed in the forward direction, § = 0. The wave
emitted in the first period is propagating with velocity ¢ while the charge is moving with
the drift velocity Bc along the axis. The radiation arrives one period A, downstream at a
time t, = A,/c while the charge takes a little longer, f. = A,/(Bc). The radiation emitted in
the second period is delayed with respect to the first wave by At = t. — t,. The same delay
occurs between the emissions at later successive periods. An observer at 8 = 0 therefore
sees a periodic field emitted in each period with successive delays f. — t,. These field
contributions will add up for a wavelength equal to this delay multiplied by the speed of
light. We therefore have constructive interference for the wavelength and frequency:

A 2rc B
211(0) =Arip =cAr = F(l—ﬁ), wyo = -

For an observer at an angle 0 the situation is different since the projection of the particle
velocity on this new direction is relevant for the observed delays. In the direction of angle
6 contributions from successive periods are delayed by A, /(B8¢) — A, cos 8/c. We therefore
have constructive interference for a wavelength

_ 2nfe 1

Au
A1(0) = —(1 — BcosH), = _— 6.4
1) ,3( p ) w) w 1= poost (6.4)
Making the ultra-relativistic approximation 8 ~ 1, y > 1, we have
2 2y?
o) = e 14 _ w10 6.5)

o 149207 149207

At a given angle 6 there is a frequency w;(6), which we will call the ‘proper frequency.’
Since in a strong undulator also higher harmonics are emitted, we use the subscript ‘1’ for the
lowest harmonic and ‘m’ for the higher harmonics. On the axis, 8 = 0, the proper frequency
is w1(0) = wyp. It is 2)/2 times larger than that of the particle motion, 2, = 2w ¢/A,. This
allows us to obtain radiation of rather short wavelength from an undulator having arealizable
period length of a few centimeters. For a limited number of periods the frequency w observed
at the angle 6 has a distribution around the proper frequency w; that becomes narrower with
increasing number of periods.
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Fig. 6.3. An illustration of undulator radiation using the wave fronts of the fields emitted at different
periods, B = 0.8.

6.3 The undulator radiation as a wave front

Undulator radiation can be illustrated by drawing the wave fronts created in each period.
This is shown in Fig. 6.3 for B = 0.8. A more relativistic particle velocity would be closer
to practical examples but the resulting small angles would be difficult to draw.

As we saw before in the interference picture, a particle going through the undulator
creates in each period a wave with intervals spaced by A, /(B¢) in time and A, in longitudinal
position. The particle passing the center of the undulator at ¢ = 0 emits a spherical wave
that has reached a radius r; at the time ¢t = r|/c. The next period is reached by the particle
at the time t' = A,/(Bc¢) and it emits there a spherical wave that has reached a radius
ry = c(t — t') = ct — Ay/ B atthe same observation time ¢ as when the first wave has reached
a radius r;. Since the origin of the second wave is displaced by A, from the first one, the
two wave fronts are separated at time ¢ by Ay/8 — Ay = (1 — BAy/B =~ ku/(Zyz) in the
forward direction, and about A,(1 + ¥262)/(2y?) in the direction of the angle 6. This is
shown in Fig. 6.3, where the emitted wave fronts are compressed strongly in the forward
direction but less so at larger angles 6.
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Fig. 6.4. The modulation of the field emitted in a weak and a strong undulator.

6.4 The modulation of the emitted field

Another way to understand the radiation emitted in a weak and a strong undulator is illus-
trated in Fig. 6.4. Owing to the transverse acceleration, a charge going through an undulator
emits radiation with an instantaneous natural opening angle of about 1/y. In a weak un-
dulator the deflection angle v is small or comparable to this natural opening angle. As a
consequence an observer sees just a small angular modulation of the incoming radiation, as
indicated in the top part of Fig. 6.4. The observed proper frequency w; is the Doppler-shifted
frequency €2, of the particle motion:

Qy N 2y?

N g
T " Beost 1+ 202

For a strong undulator the angular modulation v of the radiation is much larger than the
natural opening angle 1/y. Instead of a smooth modulation the observer receives the field
as a periodic train of short pulses, as indicated in the lower part of Fig. 6.4. The spectrum
of this field contains many harmonics of the basic frequency, [44].

6.5 The weak undulator in the laboratory and moving frames

Probably the best understanding of undulator radiation can be obtained by considering a
system moving with the drift velocity Bc along the z-axis. In this frame the particle motion
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Fig. 6.5. The weak undulator in the laboratory and moving frames.

is not relativistic for a weak undulator and consists of a simple harmonic oscillation that
emits dipole radiation. On going back into the laboratory frame, the frequency of this field
is Doppler shifted.

The situation in the two frames is shown in Fig. 6.5. The angle of the trajectory is
very small, 1o < 1/y, and the drift velocity is approximately Bc. In the laboratory frame
the particle follows a sinusoidal trajectory with frequency 2, = 2w fc/A,. In the moving
frame this motion becomes a simple harmonic oscillation. Its frequency is increased by
the Lorentz factor y corresponding to the frame motion, because the period length of the
undulator seen by the particle becomes Lorentz contracted, A} = A,/y. The motion of the
particle represents an oscillating charge that creates the well-known dipole radiation. It is
emitted mainly perpendicular to the x*-axis but with a large opening angle. Transformed
back into the laboratory frame, this radiation becomes confined mainly into a cone around
the z-axis with opening angle 1/y. The spectrum of the radiation in the moving frame has
a single frequency, 2} = Q,y. The transformation of the field into the laboratory frame
creates a Doppler shift, resulting in a higher frequency w;, which depends on the observation
angle 0. For the ultra-relativistic case it can be approximated by

_ Q N 2y2Q,
 y(1—=Bcosh) 1+p20%

(] (66)

In the laboratory frame the spectrum is therefore no longer monochromatic but has the
above relation between the proper frequency w; and the angle 6 of observation.
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6.6 The strong undulator in the laboratory and moving frames

In the case of a strong undulator, K, > 1, the angle of the trajectory is larger, ¥y > 1/y,
and the drift velocity of the particle is smaller than its instantaneous velocity:

B*c < Be, v =1/{1—-p2 < y.

The moving frame has a Lorentz factor y* that is smaller than that of the particle. The
period length A, of the undulator is contracted to A = A,y *. Since the absolute value of
the particle momentum is constant in the laboratory system, its components in the transverse
and longitudinal directions are modulated by the large deflection angle. As a consequence
the motion in the moving frame is no longer a linear oscillation but follows a ‘figure eight’
as indicated in Fig. 6.6. As an approximation we can decompose this non-linear motion into
an oscillation along the x*-axis with odd harmonics of the frequency Q¥ ~ Q,y* emitting
radiation mainly along the z-axis, and an oscillation along the z*-axis having even harmonics
of this frequency with the radiation emitted perpendicular to the axis. The transformation
back into the laboratory frame results again in radiation emitted mainly in the forward
direction, but now only the odd harmonics are concentrated along the axis with opening
angle 1/y*, while the even harmonics are distributed in a ring around it. The spectrum in
the moving system consists of lines of both odd and even harmonics of the frequency 7.
Observed in the laboratory frame these frequencies are Doppler shifted resulting in the

Laboratory frame Moving frame
magnet poles magnet poles —pre
getpoles agnel p g
e
N TN
M motion
X
_ odd
- even
R
N <
T angular distribution v
dpP dp*
dw dw*
1 2 3w/w 1 2 30"
spectrum v

Fig. 6.6. The strong undulator in the laboratory and moving frames.



124 A qualitative treatment
proper frequencies

Q 2y*2Q,
~m .
y*1 — B*cos@ 1 + p*202

Wy =mMw; =m 6.7)
The overall spectrum is broad, but at a given angle 6 it consists of a series of lines mw;. In
the forward direction 6 = 0, only odd harmonics are observed.

6.7 The helical undulator

Helical undulators provide radiation with circular polarization. The electron trajectory in this
device has the form of a helix around the longitudinal z-axis, given in Cartesian coordinates
by

R =[x, y, z] = [a cos(kyz), a sin(k,2), z].

This represents a superposition of two plane undulator trajectories, rotated by an angle of
/2 and shifted by a quarter of an undulator period. The emitted radiation has the same
superposition properties and consists of two waves, one with horizontal and the other with
vertical linear polarization, with a phase shift of 77 /2 with respect to each other. This results
in a wave with circular polarization. Circular polarization can in fact be obtained with two
separate plane undulators rotated and shifted with respect to each other [45, 46].

Going into a frame that moves with the electron drift velocity along the z-direction
can help us to understand helical-undulator radiation in a different way. In this frame the
electron moves on a circular orbit with a normalized velocity 8 < 1 for a weak undulator,
and with 8 & 1 for a strong undulator. In the first case the electron radiates over a large
solid angle. The waves emitted along the axis have circular polarization whereas the ones
emitted in the orbit plane have linear horizontal polarization. Transforming this back to the
laboratory plane results in circular polarization along the axis and linear polarization on a
cone with half opening angle 1/y . For a strong helical undulator the circular electron motion
in the moving frame is relativistic and represents a little storage ring emitting synchrotron
radiation concentrated close to the orbit plane. Transformed back to the laboratory frame,
this radiation will be concentrated around a cone of half angle 1/y* with little intensity
along the axis.

6.8 Undulators and related devices

Undulators as sources of quasi-monochromatic radiation were proposed [47, 48] and real-
ized [49] early on. Most of the properties of undulator radiation can be found in the review
article [50], which is followed closely here. This radiation is also treated in books and
articles [8, 9, 17, 25, 51-56].

So far we have considered undulators having a periodic magnetic field that emit quasi-
monochromatic radiation of high intensity, due to the superposition of the radiation from
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each period. For most applications the narrow bandwidth is of importance and its frequency
can be tuned to the desired value by varying the strength of the magnetic field, i.e. the
undulator parameter K, which changes the drift velocity 8*c. The bandwidth obtained is
rarely sufficiently narrow to be used directly, but it helps to reduce the heat load on the
monochromator, which is usually needed. For some experiments monochromaticity is not
as important as intensity. In this case the overlap of the radiation emitted in each undula-
tor is important. Devices that are optimized for this aspect usually have a high value for
the magnetic field and the undulator parameter K. These devices are called wigglers. The
distinction between wigglers and undulators is not sharp and is determined more by the
application of the radiation than by its nature.

Undulators and wigglers produce in general no overall deflection or displacement of the
electron beam. This allows us to adjust the strength of the magnetic field with negligible
effects on the electron beam in the rest of the ring. For this reason they are often called
insertion devices that can be inserted into a straight section of a storage ring. They also
include short assemblies of magnets with very high fields but no overall deflection. Such
devices are supposed to provide radiation with a high critical frequency and are called
wavelength shifters. Apart from the mentioned books on synchrotron radiation, there is
a rich literature on insertion devices, of which we mention here only two review articles
[57, 58].

Undulators and multipole wigglers are usually realized with permanent magnets since
the short period length leaves little space for the coils needed in electromagnets. The field
is adjusted by mechanical variation of the gap between poles of magnets. The very high
fields in a wavelength shifter are realized with superconducting magnets.

Insertion devices produce no overall deflection and displacement and are located in
straight sections. Usually the radiation emitted along the axis of the insertion device is used.
As a consequence, also radiation from the adjacent ring magnets upstream and downstream
of the straight section enters the experiment. This contamination not only gives additional
intensity but also leads to interference among the three sources and can alter the spectrum.
In the case of long undulators the intensity of the monochromatic peaks dominates and the
effect of the ring magnets is not important. A similar situation exists for high-field wigglers,
which emit a very high critical frequency. However, there are other situations in which the
interplay among the sources has to be considered.
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The plane weak undulator

7.1 The trajectory
7.1.1 The equation of motion

We consider a plane magnetic undulator with a harmonic field of period length 1,, corre-
sponding wave number k, = A,/(27), number N, of periods, and total length L, = NyAy,
as shown in Fig. 7.1. The strength of the undulator field is assumed to be weak in the sense
that the maximum angle of the trajectory is small compared with the opening angle of
the emitted radiation, ¥y < 1/y. The ratio between the two is expressed in terms of the
undulator parameter K, defined in the introduction, (6.2),

Ko = V‘ﬂo,

which will be assumed to be smaller than unity.

We investigate the trajectory and the related parameters of the particle going through this
undulator. We start with the general case, approximate first for a weak undulator, K, < 1,
then for observation from a large distance, r, 3> L, and finally for ultra-relativistic particles,
y > 1

For the field in the median plane y = 0 we take (6.1)

B(x, 0, z) = By[0, cos(kyz), 0]. (7.1

This determines also the field outside the plane in a current- and iron-free region, but we
will not consider this here. The undulator has a length L, = NyA, containing N, periods.
However, a sharp termination of this periodic field or its derivative at z = &L, /2 leads to
unrealistic high frequencies in the calculated spectrum. Since the radiation emitted in the
relatively long, periodic main part of the undulator dominates, we may ignore the end field
and its effects for the time being. Undulators are usually inserted into a straight section
of a storage ring. For this reason they are, together with wiggler magnets, called insertion
devices. To minimize the disturbance of the electron orbit in the storage ring one usually
demands that the overall transverse deflection and displacement due to the undulator field
vanish:

dx dx
¥(=Ly/2) = x(Ly/2) and  —(=Ly/2) = —(L,/2) = 0.
dz dz

126
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Fig. 7.1. The trajectory in a plane harmonic undulator.

The second condition can be expressed with a vanishing field integral. By integrating twice
over the field we could also satisfy the first condition. However, there are several reasons
that favor either a symmetric or an antisymmetric field with respect to the longitudinal
coordinate z. With this we can satisfy both conditions,

Ly/2
By(—z) = B,(z) or By(—z)=—B,(z) and / By(z)dz = 0.
~Ly/2
Both choices of symmetry have been realized in practice. Apart from an unimportant phase
difference, the radiation from both solutions has the same properties. With the field (7.1)
we have here already chosen the symmetric case.

We calculate the nominal trajectory of a charged particle going through a weak undulator
with K, < 1. It follows on average the z-axis, as indicated in Fig. 7.1. Since we have only a
magnetic deflecting field the absolute value of the particle velocity stays constant, v = Bc.
We assume that the particle traverses the origin z = 0 at time " = 0. The chosen symmetry
condition results in a vanishing transverse velocity at this moment, leading to the initial
conditions

z(0) =0, x(0) =0, 2(0) = Bc (7.2)
with X = dx/d¢’. The Lorentz force on the particle in the magnetic undulator field,
F = e[v x B] = mgy[X, ¥, Z] = eBo[—cos(kyz) z, 0, cos(k,z) x],
leads to the system of two differential equations

. dx eBy . . d’z  eBy .
X = ok _W cos(kyz) Z, 7= = TJ/ cos(kyz) x. (7.3)

The first one can be written as

: eBy
dx = ——— cos(kyz) dz
moy
and integrated to give
B
i =——2% Gin(kiz)

m()yku
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satisfying the initial conditions (7.2). The z-component of the velocity is obtained from the

Conser\/ation Of enel‘gy:
xz -2 ’82 2 . ﬂc ] ; ( ] 4)
’ ﬁ C ' ’

7.1.2 The approximation for a weak undulator

We assume that the angle of the trajectory is much smaller than the natural opening angle of
the radiation, K, < 1, and approximate the above expression for the longitudinal velocity
z &~ Bc. The derivative of x with respect to z is

=22 O sin(ky2)
= — =—=—————5in .
PO ETET Tmechrk,

We introduced before the undulator parameter K, as the ratio between the trajectory and
the opening angle 1/y of the radiation. We give now a more exact definition,

o eBy
K, = Byx' =By = , (7.5
mocky
and use it to express the trajectory in the weak undulator,
/ Ku . u
x'(z) = _E sin(kyz), x(z) = cos(kyz) = a cos(kyz)
with the maximum angle and excursion
Ve tayp<s, 3 L 7.6)
X = — = o< —, X =a= . .
By Y Byku

From the longitudinal motion z = B¢, z = Bct’, we obtain the trajectory as a function of
the time ¢/, which we write in vector form with Cartesian components

R({) = :ﬁy;{u cos(Su1), 0, ﬂct’]

[ Ky .
B(t) = —7sm(szut’), 0, /3} (1.7)
s = |- KekB ). 0, 0}

using the frequency of the periodic particle motion in the laboratory frame,
Qy = kyfe. (7.8)

In this approximation K, < 1, the z-component of the velocity is nearly equal to the full
speed of the particle, neglecting the influence of the transverse motion which is only of
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second order in K. On the basis of this trajectory we calculate some expressions needed
later for the radiation field.

The vectors r(¢') from the particle to the observer and r,, from the center of the undulator
to the observer are, according to Fig. 6.1,

r(t) =r, — R(?), r, = rp[sinf cos ¢, sinfsing, cosb],

which gives with the first equation in (7.7):

o . Bet’
cos(2,t"), sinf sin¢g, cosd — — |. (7.9)
rpByku p

u

r(t)=r, |:sin9 cos ¢ —

7.1.3 The observation from a large distance

As a next approximation we observe the radiation from a distance 7, large compared with
the length of the undulator L,, resulting in

|Bet'| _ Lu Ko _ LKy
’ roByka  2mr,By Ny
We calculate first the absolute value of the distance r from (7.9) which is needed in order

to obtain the relation between the time scales. Since this depends on the small difference
r — Bet’, we have to consider the above quantities in (7.10):

< L (7.10)

p 2rp

, , K, sinf cos ¢ ,
r(t) =rp — Bet cos — —————— cos(82,1"). (7.11)
Byky
The relation between the emission and observation times becomes
r(t’ T r(t) —r
t=t/+—), ,Pzt__Pth_w.
c c c

Since the time ¢ consists to a large extent of an irrelevant constant traveling time 7,/c for
light to pass between the center of the undulator and the observer, we use the reduced
observation time #, = t — rp/c relative to the arrival time of the radiation originating from
the center of the undulator as we did previously for ordinary synchrotron radiation (4.13).
We obtain

K, sin6 cos ¢

Beyky

This consists of a linear relation and an oscillating term. To estimate the importance of the
latter, we multiply the time by the frequency of the radiation, w; = k,8(1 — B cos ), which
is expected from the qualitative arguments in (6.4). This results in a phase modulation of

K, sin 6 cos ¢
y(1 — BcosB)

To obtain its magnitude we take a typical opening angle of the radiation (1.1),

to=1'(1 —Bcosh) — cos(Q,t)). (7.12)

ity = Qut’ — cos(Qut).

sinf ~ 1/y, cosf ~ f
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and obtain for the factor
K,sinf
y(1 — BcosH)
This quantity is smaller than unity and results in a phase modulation of small amplitude,

which we will neglect. We are left with a linear relation between the time scales for a weak
plane undulator:

~ K, <1.

thy =1'(1 — Bcosh).

The distance r, as it appears in the denominator of the Liénard—Wiechert equation, can
be determined with less precision since its variation leads only to a smooth change in
amplitude of the radiation. We neglect the corresponding terms of the quantities (7.11) and
are left with a constant for this distance and the unit vector pointing from the particle to the
observer:

rit)

r=rp, n=—= ~ — = [sinf cos ¢, sinf sin¢p, cosh]. (7.13)
r(t’) p

With these ingredients we obtain the relation between the emission and observation
times, the denominator and the triple vector product appearing in the Liénard—Wiechert
equation:

ty = t'(1 — Bcosb)

I-n-B=1—pBcosb (7.14)
[n x [ B) x BI] = m

[1 — Bcos® — sin® 0 cos> ¢, — sin> O sin ¢ cos ¢, sinb cos p(B — cos H)].

7.1.4 The ultra-relativistic approximation

For an ultra-relativistic particle y > 1 we have only to consider small angles 8 <« 1 and
can make the usual approximations, leading to

1+ %07
th = L/
2y2
1+ %02
l-n-g=—" 7.15
nep=— (7.15)
; ky Ky cos(S2,t' .
nx [ — ) x A1l = RSO 202 00i09), —y 0% sin29), 01
14

The particle motion in a weak undulator has a periodic velocity and corresponds to this
class treated in Chapter 2. It has a drift velocity (8) = B* = B[0, 0, 1] along the axis and
a time period Tr., = 27w/ €2,. For the observer at an angle 8 the time period of the radiation
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(2.42) and the corresponding frequency are
1 + 7292 2]/2
I, = Tnew w) = mgw
We could calculate the emitted field from (2.44) in the frequency domain. We will do

that later for the strong undulator, but here we use the more transparent Liénard—Wiechert
equations.

(7.16)

7.1.5 The particle motion in the moving system

It is interesting to calculate the particle motion in the undulator also in a frame $* moving
with the drift velocity of the particle along the z-direction. Applying the Lorentz transfor-
mation

x*=ux, 7 = y(z — Bct)), ct* = y(ct’ — Bz) (7.17)

to (7.7) gives

ke N KU A / ko I\
x (@) = Bk cos(Q,ct’) = acos(Quct’), 7°(t")y = 0.
YV Ku

We express ¢’ with the time ¢* of the moving frame,
ct* =yet'(1— g2 =ct'/y,
and obtain in this frame only a motion along the x*-axis:

Ky Ky

x*(t*) =

cos(y Qut*) =
Byky By ku

In the moving frame the particle executes a harmonic oscillation with the same amplitude
a but a frequency Q¥ = yQ, that is increased by the Lorentz factor. We found this result
already in the qualitative discussion of undulator radiation.

cos(§251"). (7.18)

7.2 The radiation field
7.2.1 The field calculated from the Liénard—Wiechert equation

We calculate the radiation field emitted in a weak undulator from the second term of the
Liénard—Wiechert expression (2.17) in Chapter 2:

B - {[nx[(n—ﬁ)xm]} g [nxE
ret

. 7.19
47 ceg r(1—n-B)> c (719

Using equation (7.14) and expressing the emission time and frequency in terms of those of

the observer,

Ip Q2

Ul = Qe —wr, with =
1 — Bcosh 1 —pBcoso
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we obtain the radiation fields as functions of the observation time z,,

QK
E@,) = B cos(witp)
dmcegyr,
[1 — Bcost — sin® @ cos? ¢, — sin’ O sin ¢ cos ¢, sin 6 cos p(B — cos H)]
X
(1 — BcosBH)?
(7.20)
eQu K,
B(t,) = ————— cos(w; t,)
P Ameoc?yry, '
y [Bsin’ 6 sin ¢ cos ¢, cos® — B(1 — sin® @ sin® ¢p), —(1 — B cosH)sin 6 sin @]
(1 — BcosBH)?
and, in the ultra-relativistic approximation,
QuKuy? [1 — 202 cos(2¢), —y?6?sin(2¢), 0
E(y) = e Ky [1 — y707 cos(2¢) - 32/3 sin(2¢), 0] cos(@rty)
TENCTp 1+ y<62) (721
eQuK,y? [y?67 sin(2¢), 1 — y?6> cos(2¢), 0] '
B(,) = > 5773 cos(witp).
TENC T 1+ y26?)

Since the radiation is concentrated within a small angle 6, the z-component of the field
becomes negligible.

7.2.2 The undulator field as Lorentz-transformed dipole radiation

It is illustrative to calculate the weak undulator radiation as a Lorentz transformation of the
field emitted by an oscillating dipole. In the previous section we calculated the motion of a
charge traversing the undulator in the moving frame, (7.18), and obtained in the weak-field
approximation K, < 1

xX*(t*) = acos(Qt"), ¢ =0 (7.22)
with
K, .
a= Bk Q= Quy.

This motion (7.22) represents a harmonic oscillation along the x*-axis with frequency
QF = Quy, amplitude a, and dipole moment

M*(t*) = ae[l, 0, 0] cos(2%t").

In Chapter 2 we calculated the field emitted by such a dipole oscillating along the z-axis;
see Fig. 2.11. We adapt it to our present case, with the dipole moment along the x-axis, and
mark the coordinates and angles by asterisks to indicate that they correspond to the moving
system S*, Fig. 7.2. Taking now only the far fields E* and B* = [n* x E*]/c in (2.29) and
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*

Fig. 7.3. The angular power distribution of the dipole radiation.

expressing them in terms of the coordinates of Fig. 7.2 which are rotated relative to those
in Fig. 2.11, we have

%2

E*(r*) = [EI, E*, E}] = ——"%_ cos(kir* — Qit*)
R 4 egc?r*
x [1 — sin® 8* cos® ¢*, — sin® 6" sin @™ cos ¢p*, — sinH* cos 6* cos ¢*]
(7.23)
Kok eanZ k% K% * . * e *
B*(t*) = ——=—cos(kyr* — ;1) [0, cosf”, —sinf*sin¢g"]. (7.24)
4 egc3r*

The properties of this radiation field were discussed in Chapter 2. It has cylindrical symmetry
around the x*-axis and is emitted mainly around the (y, z)-plane but with a large opening
angle. This is illustrated in Fig. 7.3, which shows the distribution of the Poynting vector.

We have obtained the trajectory (7.22) in the moving frame from the motion in the
laboratory system,

x(t) = acos(Qt"), z(t") = Bct'.
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We then calculated the fields E* and B* emitted in the moving frame by the oscillating
dipole moment. We would like now to transform the fields into the laboratory frame by
applying an inverse Lorentz transformation to the fields E* and B*.

We first establish the relation of coordinates and angles between the two frames and use
the Lorentz transformation

*

x*=x, 7" = y(z — Bcet), ct* = y(ct — Bz). (7.25)

For the radiation emitted at the origin of space and time in both frames and observed at

> and time ¢* in $* and at rp, ¢ in the laboratory frame we have the coordinates

the distance ry

S* S
emission z¥=0 t*=0 z=0 =0

: ko ok * * ok — —
observation z* = r cos 1 =ry/c Z =rpcosf t=rpyfc

On expressing ¢* with a Lorentz transformation, we find the relation between the distances
r, and rp from the center to the observer in the two frames:

ct* = r;‘ =rpy(1 — Bcosh). (7.26)
The Lorentz transform for the components of the vector r; is
r, = [x*, y*, 2] = r;[sin0" sin ¢, sin6” sin¢", cos*]
= rplcos@sin¢g, sinfsing, y(cosd — B)].

From this, and using tan¢ = y/x and cos6 = z/r,,, we obtain the relations between the
angles:

6 — in6
cost — B sinf* = — Y (7.27)

* = s 9*:7’ .
A Ol pyyy (1 — Bcosd)

Next we treat the phase (kir* — Q*¢*) of the emitted radiation which is invariant under
a Lorentz transformation,

&Kir* — Q") = (kir — wy1) = &, (7.28)
with the wave vector
k! = k[sin0* cos ¢*, sinO* sin ™, cos 6], ki = vky
and a corresponding expression for k,. The left-hand side of (7.28) can be written as
& = ky(sin 0" cos ¢* x* + sin0* sinp™ y* + cos 6% z*) — Qir*.
With the angle relation (7.27) and the Lorentz transformation (7.25) this becomes

_ ky(sinfcos¢px +sinfsing y +cosb z) — Qs
N y(1 — B cos6) ’

3
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The Lorentz invariance (7.28) can be satisfied with the relations
k: ky 9 Qq

kl = = . a)l = = .
y(1 —pBcosh) (1 — pBcosh) y(1 —pBcosh) (1 — Bcosh)

In the moving frame the observer moves towards the oscillating charge and thus the distance
r* between the two changes. This change is relatively small during the duration of the
oscillation and we neglect it, as we did in the laboratory frame for L, < r,, and replace r*
by ;. Its transformation has been obtained in (7.26), but can also be calculated by taking
the vector ry, and transforming the components according to (7.25),

r, =rp(sinf cos @, sin6sing, y(cosd — B)),
where we used the relation r, = ct’. The absolute value of r; becomes
r; =rpy (1 — Bcosh).

For the relation between the electric and magnetic fields in the two frames we use the inverse
Lorentz transformation
E.=y(Ef +BcB)),  E,=y(El —fcBY), E, =E
B, = y(Bf — BEY/c), B, =y(B} +BE/c),  B.=B

to calculate the field in the laboratory frame from (7.23) and (7.24). We obtain a propagating
wave:

eQu Ky
E@) = m cos(kirp — wit)
p
[1 — Bcosh — sin® 6 cos® ¢, —sin’ 6 cos ¢ sing, (B — cos@)sin6 cos @]
x (1 — Bcosh)?
B = — K oskir, — o)
4egcyr, P
[Bsin® 6 sing cos ¢, cos® — B(1 — sin’ @ sin’ ¢p), —(1 — B cosH)sin@ sin P]
x (1 — Bcosh)? '

On expressing this in terms of the reduced observer time f,,, we obtain oscillating fields that
are identical to those in (7.20) and (7.21), which we derived from the Liénard—Wiechert
expression.

7.2.3 The undulator radiation in the frequency domain
The undulator radiation field E(#,) was derived before in the time domain. We take the
Fourier transformation of this field:

E(w) = E(t,)e " dt,.

71
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The only time-dependent part in the expression (7.20) for the electric field is the factor
cos(w1tp), and we can restrict ourself to the Fourier transform for this term:

1 Nyrt /oy o
F(cos(wity)) = — cos(wit,) €' dr,,.
P A/ 2 Nym/w) P P
We take u = wt, as the new integration variable which goes from —m N, to 7 N, during
the passage of the particle through the undulator with N, periods. This gives

7T Ny
F(cos(wity)) = \/%wl /NNU cos(u) cos(uw/w1) du
_ 1 Ny [(sin((w/w; — D Ny) = sin((w/w; + D) Ny)
CV2r o ( (w/w; — DTN, (w/wi + DN, )
_ 1 7N, sin((Aw/wl)nNu)( Aw/w ) (7.29)
V2 o1 (Aw/w)mN, 2+ Awjw)’

where we introduced the relative deviation of the observed frequency o from w;:
Aw=w— wy.

The function sin z/z appearing above has the first zero at z = 7, i.e. at Aw/w; = 1/N,,
which is small for a large number of periods. We assume now that N, > 1, in which case
the second term in the brackets of (7.29) can be neglected relative to unity and we obtain

approximately
. [ Aw N
sin| — Ny
12N "

V2 i &TL’NU ’
w)

F(cos(wity)) =

which is shown in Fig. 7.4. The Fourier transformation of the electric field (7.21) is therefore

Aw
. sinf — Ny
B ()= eQuK,y3 [1 — y260% cos(Qp), —y26%sin(2¢)] 7N, < | )
. TTeocTy (1 + 7202 Nor PN
—a Ny
w

At a given angle 0, the radiation field has a basic frequency w; with a distribution of the
form sin z/z around it. It has a typical width Aw/w; = 1/N, where the field vanishes. For
a large number of periods the field becomes more and more concentrated around w; .

7.2.4 A discussion of the weak-undulator radiation field

The electric field emitted in a weak plane undulator with many periods and observed from a
large distance can be written in the ultra-relativistic approximation in the time and frequency
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Fig. 7.4. The frequency distribution of the field around w; .
domains as
. . [1 — 9202 cos(2¢), —y26? sin(2¢)]
E (t,) =Lk, (1 72027 cos(wity)
sin &nN (7.30)
. . [1 —y%6%cos(2¢), —y26%sin(2¢)] [7 N, w
= £ (1 + 202y oy Aw
Y ! —a N,
wi
with the on-axis amplitude used before in (3.11),
A A QK3 koKuy?  4rocByy?
E,=cB, = S0lvr Rl ooy (7.31)
TENCT) TETp p

It has the following main properties.

¢ The magnetic field in the time or frequency domain is obtained from the relation

[n x E]

c

* The horizontal electric- and the vertical magnetic-field components E, and B, represent the hor-
izontal polarization or o-mode. They have a maximum on-axis 6 = 0 with amplitudes £, and
E\/c, respectively.

¢ The vertical electric- and the horizontal magnetic-field components represent the vertical polar-
ization or 7-mode. They vanish not only on the axis but also in the horizontal (¢ = 0) and vertical
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(¢ = 1 /2) planes.

e The horizontal and vertical electric-field components are both in phase, which indicates that the
polarization is everywhere linear without any circular component.

* The fields observed as functions of time #, consist of harmonic oscillations with frequency

23/2 w10

Q = s
1 + yzgz 1+ yzgz

w) =
having a maximum value of w;o on the axis. At an angle & = 1/y the frequency is half this value.
e The wave from an undulator of length L, = N,\,, observed at an angle 0, lasts for a time 7,

T Ly 1+y%0?
P77 e 292

)

and contains N, periods.

7.3 Properties of weak-undulator radiation
7.3.1 The energy and power radiated in an undulator

The instantaneous power emitted by one electron traversing a harmonic undulator is, ac-
cording to the general expression (3.13),
2roc’e® E2BS cos*(Qut")

3(moc?)?

P(t) =

with E, = moc?y being the energy of the particle. We are interested not in the fast variation
with time of the power but rather in its average value. We use the undulator parameters
2

B2 [To 1
= and (B*) == / cos*(Qut)dt' = ~B;
mocku T() 0 2

eBO

to express the emitted power averaged over one period and the energy radiated in one
traversal through the undulator by one electron,

giving

roc3ezE§B§ rocmoczyzkﬁKf ezcyzkgKf

YT 3(mge?)’ 3 T 127
(7.32)
U — roczezEeZBgLu _ romoczyzkafLu _ ezyzkquNu
YT 3(mec?)? 3 - 6¢o '

So far we have calculated the power or energy emitted by a single particle of charge e.
We can also give it for a beam of many particles n, representing a current I = en, with
n. being the number of electrons entering an undulator per unit time. In most practi-
cal cases there is no systematic time relation between the fields emitted by individual
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particles and the total power radiated by the current is just the sum of the individual power
contributions

Py =nUy = IUu/e:
giving

b roc’e EZIByLy  romoc’y* IKIKINyhy ey Ik,KZN,
YT Bmec®d 3¢ T e

(7.33)

In Chapter 15 we will discuss cases of coherent radiation in which groups of particles
radiate in phase for certain frequencies, leading to an enhancement of the emitted power.
We exclude this rather rare condition here.

7.3.2 The angular spectral power distribution

The angular spectral energy density of undulator radiation can be obtained from the expres-
sion (3.17),

d*U 2r§|E(w)|2
dQdew ~ poc

Since 6 < 1, the solid angle d€2 can be approximated in the ultra-relativistic case by
dQ2 =sinf do d¢ ~ 6 do d¢.
The average power distribution is

P, U ¢ 25E)P

- - - = 7.34

dQdew dQ2dw L, oLy ( )
From (7.30) we obtain for the spectral power density of undulator radiation

d’P, _ rocmoc?k2K2y*
dQdo w
5 [(1 — ¥262 cos(2¢))% + (262 sin(2$))*] N, ( sin(r Ny Aw/wy)\
(14 y2602) ] TNy Aw/w) '
(7.35)

where we use again the classical electron radius ry = €2 /(4 egmyc?) introduced before in
(3.8). The two terms in the square brackets correspond to the horizontal and vertical electric
fields, i.e. the o and 7 polarization modes.

We give the angular spectral power distribution in compact form by expressing the factor
in front by the total power (7.32),

rocmoc* k2 K2y 4 _p 3y?
O T p e
b
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and we use three normalized angular-distribution functions, Fy,(0, ¢), Fu: (0, ¢), and

Fu(0, ¢),

er o,
Toas = P (Fu®, )+ Fur(0, ) fr(80) (7.36)
with
_ 3 (=207 cos2g)y’ 3 (67 sin(2¢))
Fur®,9) = T (14 y202)> ’ Fuz (0, ¢) = ;W
_ 3 [1—2y%0% cos(2) + y*6*] (7.37)
P09 = Foo oo =5 (I + 7267y

and the spectral function fn(Aw),

Aw =w — w

(7.38)

N, (sin( Ny Aw/w)) ) 2y2Q,
fnAw) = =2 sin(z Ny Aw/wy) W) = yizz’
(O] TNy Aw/w) 14 y2%0

o
MNAw) — §(w—w;) for N, — o0, / MNAw)dw =1,
which is plotted in Fig. 7.5.

This expression for the angular spectral power density contains the total power P, as
a factor. On replacing it by the total energy U, we obtain the spectral angular energy

0.8 L

]‘;—lfN(Aw) 0.6 -

0.4+ —

0.2 4 —

I
1.5 NyAw/w; 2.0

0.0 T T T T | T T T T T
0.0 0.5 1.0

Fig. 7.5. The spectral function fy(Aw/wy).
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distribution. The functions F,, and F,, represent basically the angular distributions. They
depend only on the product ¥262, not on y or 6 individually. We will now discuss the
dependences of undulator radiation on the angle and frequency separately.

7.3.3 The angular power distribution

To obtain the angular distribution, we integrate (7.36) over the frequency deviation Aw =
@ — w;. For a large number of periods, N, >> 1, this is reduced to an integration of the
spectral function fy(Aw):

dp,

0 = 2V [ Fuo (0, @) + Fur (6, )] / n(Aw)do.

According to (7.38) the above integral gives unity, resulting in the angular power distribution

B Py [Fun(6. ) + Fun (8. )]
1o = D7 Fuw(0.9) + Fux (0. 4)
2 _.,2n2 2 202 o 2
_p, 3y~ [(1 — y°67 cos(2¢))” + (¥ =0 sin(2¢))"] (7.39)
T (I +y20%y
_ 3771 = 2y%6% cos(29) + y*6%]
T (147207

‘We summarize the properties of the angular power distribution.

¢ In the first two lines of the above expression we keep the two modes of polarization separated.
The -mode vanishes at ¢ = 0 and ¢ = 7/2, i.e. in the median plane and the perpendicular (y, z)-
plane. This can be understood from the picture of undulator radiation being Lorentz-transformed
fields emitted by an oscillating dipole, as illustrated in Fig. 7.2. In the two planes corresponding to
¢* = 0and ¢* = 7 /2 the electric field emitted by the dipole has no component in the y*-direction
that could give rise to the vertical polarization of the undulator radiation. The w-mode of the
power distribution is proportional to sin’(2¢) = (1 — cos(4¢))/2 and has therefore a four-fold
axial symmetry.

¢ The o-mode of the polarization vanishes in the two directions ¢ =0, 6 =1/y and¢p =7, 6 =
1/y. These two values correspond to the +x*-directions of the dipole axis in the moving system,
along which no radiation is emitted.

e [tisinteresting to note that the sum F, (6, ¢) of the two normalized modes of polarization is identical
to the expression (3.14) for the instantaneous distribution of the radiation due to a transverse
acceleration shown in Fig. 3.5. Since the maximum angle, ¥y < 1/y, of the trajectory in a weak
undulator is smaller than the natural radiation opening angle, this instantaneous distribution can
be observed.
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Fig. 7.6. Normalized angular power densities of the horizontal (upper) and vertical (lower) modes of
polarization for weak-undulator radiation.

To illustrate the angular distribution we plot in Fig. 7.6 the angular distribution for the
two modes of polarization and in Fig. 7.7 two cuts along the planes ¢ = 0 and ¢ = /2.
The latter represent the o-mode only since the 7-mode vanishes here. Figure 7.7 is therefore
identical to Fig. 3.4, where we plotted the instantaneous power distributions in the same
planes.

Instead of the spherical coordinates ¢ and 6 we use now the angles & and v, lying in
the (x, z)- and (y, z)-planes, respectively, as shown in Fig. 6.1. The two sets of coordinates
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are related by

The angular distribution expressed in these angles is given by the two functions

Fig. 7.7. Cuts through the power distribution for y > 1.

Y =0sing,

& =0cos¢,

dQ = 0 dg do = dé dy.

uo —

_ 3=y 4y
w (14262 +y2y2)

and the total angular distribution becomes

dpP

aQ

umw

3 Q>
S (L y2 2Ry

P 3)/2 1— 2]/252 + 2)/2102 + y4€4 + 2y2$2y2w2 + V41,[/4

= u

T (1+y%> +y2y2y

Integrating over & or Y gives the projections of the distribution onto the horizontal (x, z)-
and vertical (y, z)-planes,

dap 3y

e "32 (1 + y2£2)°2
dpP 3y 7

— =P, =

dy 32\ +y2y2)y2

12 — 16y%€% + Ty4E?

A+ 2827

Sy’

(1+y2y2)r2

)

5y%? )

where we have again separated the two modes of polarization inside the large brackets. It is
interesting to note that the projection on the (y, z)-plane d P /dyr has the same expression as
the vertical distribution of frequency-integrated synchrotron radiation from long magnets.
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Fig. 7.8. Projected power distributions for the total radiation and the two modes of polarization.

This is, of course, expected, since the latter represents an integration over the horizontal
angle, which is equivalent to a projection onto the vertical (y, z)-plane. The two projected
distributions are shown in Fig. 7.8.

We calculate the variances of the two distributions:

3 3 3
(53) = 14)/2’ <E73) = 27/2’ (52> = 8_)/2
and
2 _L 2 _ 3 0D
(]/f0> - 2)/27 (1//71> - 2)/2’ (10 > _8)/2.

Summing up the variances of the angles £ and v results in the variance and RMS value of
the angle 6:

1 1
EY+ W) =0 ==, rus=—.
14 14

We consider now the angular distribution of the radiation at a given particular frequency
w. We start with the general angular frequency distribution (7.36),

d’P,

. 2
A9 de WY (Fu (@, 0) + Fur (¢, 0)) fn(Aw)

and replace the frequency w; in fN(Aw) by the angle 6,

w10

-0 7.40
1+ 202 (7.90)

wi
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giving

NG, w)

(142N, (sin((w(l +y20%) — wl())nzvu/wlo))z

1o (w(1 4+ y2602) — w10)T Ny/wio

For w < wypand Ny >> 1, this angular distribution of the monochromatized radiation forms
a cone around the axis with half opening angle 6, and a conical region of width A6y:

o= |20 2L pg~ L0
0 o y 7 V2N, o

Of special interest is the angular distribution for the frequency w = w)o, which is often
selected by a monochromator. We can obtain this power distribution directly with the help
of (7.36); however, we will later also need the electric field. In (7.30), we set w = w9 and
express w; in terms of 0;

ey’ QuKy
\/ﬂneocrp
[1 — y%60%cos(2p), —y267%sin(2¢)] w N, sin(y26%w N,)
* (1 +y20%)° wr Y0P N,

EL(Q)IO) =

)

where the negligible z-component is omitted and the remaining two components are
marked with a subscript ‘L. The last term of the above expression is large only for
y6 < 1/4/Ny, < 1 and we can neglect y26? terms relative to unity in the rest of the
expression. The resulting field has only a horizontal component:

ey QK. mN, sin(y20%w N,)

|E(w)| = E () = (7.41)
V2rmeocr, w0 Y0P Ny
We calculate the spectral angular power density at w = wy,
&P, 3 N, (sin(y2627N,)\’
— L =Py’ M , (7.42)
dQdw Twp\ yO*TN,

and plot the resulting distribution in Fig. 7.9. It has a diverging variance (9*) — oo. The
unphysical termination of the undulator field at =L, /2 creates high frequencies in the
spectrum. As a consequence the selected frequency w) is still present at relatively large
angles. In many cases only the central part of the above distribution is of interest, and we
approximate it by an exponential, having at the origin the same value and the same first
non-vanishing derivative,

. 2

sin(y*0’ 7N\ _eans

sin(y“ 0" N\ , (7.43)
y2027 N,

giving

d2Pu _ Puyziﬂe’(yze%m)zﬁ,
dQdw T W10
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Fig. 7.9. The angular distribution of undulator radiation filtered at w = wo.

0.0

with the RMS value

) V3ir 1 0.5577
RMS — = 5
T yJNoe YNy

which can be used as an approximation.

(7.44)

7.3.4 The spectral power distribution

We calculate the spectrum of the undulator radiation with respect to the proper frequency
w1, which consists actually only of a conversion of the observation angle into frequency.
For a large period number, N, 3> 1, we observe at a given angle 6 a narrow band around
w) given by

10 2kycy?
wxXw = =
1 292 1 292
t . Ty . (7.45)
2
doj =~ _9do = —2w10y2(ﬂ) 0do.
(1 + Y 9 ) w10

Increasing 0 reduces the frequency, which is expressed by the minus sign in the relation
between the differentials. This is of no importance since it will just interchange the limits
of integration. With the above relation we can convert the angular distribution into a power
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density with respect to the nominal frequency w, at an angle 6:
P 1 (o dP 1 [(op 2/2" 4P s
do;  2wi0y2\ @ ) 0d0 2wy \ o o dQ

1 ®10 2 2
210 \ 1 0

We integrate the angular power distribution functions over the azimuthal angle ¢,

b4 3(2 + J/494) /n 3)/494
Fpodp = —F——, Foirdp = ————,
/_n w40 = ey = ey
and obtain for the power distribution in 6
dp 2y (2400 + (1M
7d0 = 3y°P, (1T (7.46)
Using (7.45), this is converted into a distribution with respect to w;:
P 3P 2
AP SR (i p@n Lo en) ), (7.47)
dw; w10 W10 w10 w10

We would like to obtain the distribution with respect to the frequency w, which is a little
different from the above for a finite number of periods:

dP @0 §2p © 4p
_ / doy = / 9P h(Aw)do
0 dw;

dw dw; dw o
3Pu w10 2
- / o (1 22 z(ﬂ> )mew) do,. (7.48)
w10 Jo w10 w10 w10

We assume now that we have a very large number of undulator periods and approximate
the spectral function by the §-function;

n(Aw) = 8(w — wy) for N, — o0,

whereupon the integral (7.48) vanishes except if w = w;. This results in power spectra of
the two modes of polarization and the total radiation:

Py 3R o (1 o 3(o ?

do  wpwo\2 oo 2\wp

dPur = 3hoo (1 o + (e ’ (7.49)
dw wip wio\2 w2\ wp

dP, 3P, 2
_3h o 1_21+2(1) ,
dw w10 W10 w10 w10




148 The plane weak undulator

1 | 1 I 1
3 L
; A |-
§3] — L
==
o = 1 L
K 4 L
el
ol . 27 B
R I
I ] // r
S I
Sl.= 14 e L
S i total -7 L
i -7 o-mode L
’//’/’ ——————— »ﬂ;mfdf_ Eyi/Eyiof
0 T T T T T T T 7 == T
0.0 0.2 0.4 0.6 0.8 1.0 @i/®

Fig.7.10. The spectral power density or photon distribution per relative energy band of weak undulator
radiation with N, > 1.

This spectrum is shown in Fig. 7.10 for the two modes of polarization and the total radiation.
It is interesting to note that, at very small frequencies, w < wjo, we have

dP,;  dPy _ 3P, o
da)1 - da)l 2601() 0)10’

and the two components of the polarization have the same intensity and increase propor-
tionally to w. It should be noted that this spectrum is obtained by converting angles into
frequency. The full spectrum is therefore observed only if we accept the total solid angle
of the radiation. Replacing the spectral function fn(Aw) by the §-function is for N, > 1
a good approximation for the whole spectrum except around w & wo. There, we have to
replace (7.49) by the proper convolution (7.48), as shown in the example in Fig. 7.11, where
the sharp drop is rounded off.

For a smaller number of periods the more general expression (7.29) for the spectral
function has to be used. In this case the end fields of the undulators can have a significant
influence on the spectrum and should be included in a numerical computation.

7.4 The photon distribution
7.4.1 The number and energy of photons

We can express the spectrum as the power or the photon flux per frequency band. Each
emitted photon of frequency w has a certain energy

E, =ho (7.50)
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with 72 = h/(2m) and h = 6.6262 x 10734 being Planck’s constant. If di2 photons are emit-
ted with energy E, in a band dE.,, the power carried by them is dP = E, dn. This relation
was used before in (5.44) to convert a spectral power distribution of synchrotron radiation
into one of the photon flux and is applied now to undulators:

di 1 dP 1 dP
dQ  E, dQ o dQ

dn 1 dpP 1 dpP dn 1 dP
— = — — =— — or =_—, (7.51)
da)] E'yl da)1 ha)l da)1 da)l/a)l h da)1

d*i 1 d&*p

dQdw/o  h dQdo’

The bottom equation gives the number of photons radiated per unit time into a solid angle
d<2 and a relative frequency dw/w or photon-energy increment dw/w = dE, /E, .

From the power spectrum (7.48) with respect to the proper frequency w; we obtain the
photon flux per relative proper frequency or energy band,

dn dn 3P, E E Ey \
W dn T PR +z(—“> , (7.52)
dwi /oy dEy1/Eyi Eyi0 Eyio Eyio Eyio

with the proper and maximum photon energies
Eyl = 710)1, Ele = 716010. (753)

This distribution is shown in Figs. 7.10 and 7.11 and can be given in terms of the photon
energy or frequency E,/Ey10 = w/wio.
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Fig. 7.11. Details of the total spectral power density or photon distribution per relative energy band
of weak-undulator radiation for a finite number N, of periods.
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Integrating these spectra (7.53) over all photon energies gives the total number of photons
emitted per unit time, called the photon flux, by an electron traversing the undulator. We
also calculate the average value of the photon energy, its variances for the two modes of
polarization, and the total radiation emitted by one electron:

, 3 P . 1 Py , Py
Ny = s Nyp = 3 s =2
2 Eyl() 2 EVIO EVIO
7 3 6
(Eya) = 12 7107 (Eyn) = EE-ylm (Ey> 12 le (754)
26 6 21
2 2 2 2 2 2
(Ev<7> = @EVIO’ <Ev ) 60Ev10’ <Ev> 60Ev10

We refer here to the photon energy E., but could also give the expressions in terms of the
frequency w = E., /h. Of the total number of photons emitted, three quarters correspond to
the horizontal polarization and one quarter to the vertical one. The average photon energy
of the total radiation is just half of the peak energy.

We now express the photon flux 7, in terms of basic parameters and give also the number
of photons n, radiated by the electron during one traversal and the flux due to a beam current
I, which represents [ /e electrons entering the undulator per unit time:

) 2P, P, romoczkqu afckqu
n, = = = =
“ Ele hckuy2 3n 3
ne = auly _ 20s _ 2 romoc? K2 N, _ 2rasK2N, (7.55)
c Eyio 3hc 3
] nyd  2U,0  2mromoc’IK2N, 2moglK2N,
nuI = = = = .
e eEy o 3ehc 3e

It is interesting to compare this with the number of photons emitted in ordinary syn-
chrotron radiation presented in (5.48), expressed in a similar way. The two cases have
different y-dependences. The radiated power in ordinary synchrotron radiation for a fixed
bending radius is proportional to y* while the photon energies are proportional to 3.
For a weak undulator we have a fixed magnetic field, making both the total power and
the photon energies proportional to y2 and resulting in a number of photons that is in-
dependent of y. The number of photons emitted by one electron during one undulator
period is

Ny 2710sz3

N, 3
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This is much smaller than unity, which is of interest for discussing interference for a small
number of photons.

7.4.2 The photon spectrum

For an undulator with many periods, N, > 1, we can substitute w & w; into (7.52) and
obtain the photon flux per relative observed frequency dw/w or energy band dE, /E,. We
now give the results also for the two modes of polarization and use the total photon flux
fiy = 2P,/ E 19 to express the spectrum

ditg /vy _ dig /iy _3 0 (1 o  3(w :

do/o ~ dEy/E, 2wio\2 i 2\wp

Qi /ity _ dixfiy 30 (1 o 1(oY (7156
dw/w dE, /E, 2wio0\2 w0 2\ wio

din/n,  dafie 3 o w o\
= =-——(1-2— 42 — ,
da)/a) dEy/Ey 2(1)10 w10 w10
which is shown in Figs. 7.10 and 7.11.

It is sometimes interesting to give the photon distribution with respect to the absolute
frequency or photon-energy increment dE., = 7 dw:

dn /i, 1 di/ny 3 2
afe 1 difhe 1—2ﬂ+2<ﬂ) i
dw w) doj /oy 2w w10 @10
whichis shownin Fig. 7.12. This distribution looks very different, being large at low frequen-
cies because, for the same power injected into an energy band, more photons are necessary

at low than at large energy. The total distribution is symmetric around /w9 = 0.5, which
is consistent with the average photon energy being half the maximum value.

7.4.3 The angular spectral photon distribution

We obtain the photon-flux distribution in terms of angle and relative frequency or energy
from (7.37) using the relations (7.51),

d2n _PVZFG A= 1.0 5 g A S 57
Qdoje ~ D O D) == @, ) u(ho), (7.57)

or with respect to an increment in absolute frequency dw or energy dE,

i Ay’ [Fus (0, 9) + Fur (6, 9)]
dQdew 2 w/wio

IN(Aw). (7.58)
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Fig.7.12. The photon distribution per absolute energy band of weak-undulator radiation with Ny, > 1.

7.4.4 The undulator radiation on the axis

Undulator radiation is mostly used close to the axis and to the maximum frequency
0 =0, w = wjp, which gives, from (7.37) and (7.38),

RO =Fo®=2  faw) =2 (Sin(nNu Aw/on)

2
, Aw = w — wyp.
TNy Aw/wi

w10

‘We obtain for the on-axis angular power and photon flux or photon distribution radiated by
a single electron or a current /

P p 3y2 dn 1 dP P 3y2 _ arcyk, K2
aQ " dQ ~ R dQ T hoyp T 2
dn  dn N, 3my _— dn;  ogy*IK2N,
—_— = — = = K N , =
aQdQ ¢ R R

aQ e ’
where we used the relations (7.51) and n, = 1y NyAy/c.

With the relation (7.45) we convert the angular distribution into one with respect to the
proper frequency:

dpP _p 3 dn . 1 dP . ozfckqu
do; "wi’  doy/o; hde; 2
dn di;, nor KIN,

= nafoNu,

dw; /w, doy /o) e
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The angular spectral distributions on the axis is

ep » 3y2N, (sin(rrNu Aw/a)lo))z

dQdw oo TTwi0 JTNu Aa)/a)m
d%n . afcyzkquNu sin(w Ny Aw/w) 2
dQdw/w - 21 TNy Aw/wi

If we also select the frequency w = wjg, we obtain the photon flux due to one electron
traversing the undulator:

d’n _ ozfcyzkquNu
dQdw/w 2 '

For practical applications the photon flux emitted by a current / is important:

(7.59)

d’n; I dn ary? I K2N?

dQdw/o e dQdo/o e
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The plane strong undulator

8.1 The trajectory
8.1.1 The trajectory in the laboratory frame

We consider again a plane, harmonic undulator with period length A, = k, /27, as shown in
Fig. 7.1. However, we allow the maximum deflecting angle v, to be larger than the natural
radiation opening angle of about 1/y, resulting in a related undulator parameter (7.5),

eB()
Ky =—F, 8.1)
mocky
which can be larger than unity. We follow here the method used in [50].
To calculate the trajectory of the particle going along the axis through the undulator, we
generalize the calculation performed before for a weak-field device. It is determined by the
Lorentz force, leading to a pair of differential equations (7.3):

. d2x EB() ) . dZZ €B() .
=07 Ty costkuz)z,  ZI= = oy cos(kyz) X. (8.2)

The first one can be integrated,

eB cK
i =% Sin(kyz) = — —2 sin(k,2),
mOVku Y

satisfying the initial conditions (7.2) for our choice of an undulator field that is symmetric
in z. Using the constancy of the velocity,

we obtain for the z-component

K2
=Bl - ﬁz;z sin® (ky2). (8.3)

154
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From the ratio between x and Z we obtain the derivative of x with respect to z:

dx i K sin(k,
Y=o sinkuz) . (8.4)
dz Z KS L,
By, /1 — ﬁ2yzsn1(kuz)

The trajectory x(z) is obtained from the above expression, which leads to an elliptical
integral. This exact solution is of little practical interest. We see already from the above
equation that, for |K,,/By| > 1, the trajectory has points with a vertical slope and the particle
might be trapped within a single undulator period.

‘We discuss now the approximations to be made. First we assume that the maximum angle
of the trajectory stays small relative to unity:

K
2 =tanyg = =

. N Ky

<1, giving ' ryy~ — K 1.
KS By
B*y?
This condition is fulfilled in all practical cases. Synchrotron radiation from electrons is only
of interest in the ultra-relativistic case, for which v is small even for relatively large values
of the undulator parameter K,. We will later consider also radiation from protons, which
are not extremely relativistic. However, due to the large mass in the denominator of (8.1),
the parameter K, is in this case small for fields that can be obtained in practice.

The square of the term K, /(By) is usually very small but we can not neglect it here. In
calculating the relation between the emission and the observation time it will be compared
with the normalized difference in velocity between the radiation and the particle, | — § ~
1/(2y?), which is of the same order as (K,/y)?. For other parameters, such as the triple
vector product, we can make further approximations. Therefore, we include here terms
up to order (K,/By)? at first and see later which terms can be neglected. As a second
approximation we assume that the radiation is observed from a large distance r,, much
bigger than the length L, of the undulator,

L, _ 27w Ny

By, /11—

l ’
p Ipky <

and make the corresponding approximations later in the derivations.
With this we obtain the transverse motion up to square terms in K, /(8y),

u
Byku
where we chose the integration constant to satisfy the initial conditions (7.2) in order
to obtain a symmetric trajectory with respect to z having vanishing average transverse
excursion (x) = 0. This is an arbitrary choice since we could equally well consider the
antisymmetric trajectory. The amplitude of the trajectory is

j— Ku

 Brke

x'(z) = —5—; sin(kyz), x(z) = cos(kyz) = £ cos(kyz), (8.5)

X=a
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We would like to know the particle motion as a function of time ¢’ and apply our approx-
imation to the expression (8.3):

K2 K?
7= Bc ,32 51n2(kuz) ~ ,Bc< 2527 sin (kuz)>

We obtain z(¢') by integrating the above equation, satisfying our initial condition (7.2). This
integral is listed in standard tables, giving, for K2/(28%y?) < 1,

N 1
Bct’ :/ dz
0 K2 2
1-— 2527 sin”(kyz)
1 K?
= T arctan 1— W tan(k,z)
K;
ko 1 —
2/32 2
or
k t ! t 1 K‘% kyBct’
z = arctan| ———tan — ——kyBc
1 _ u
2p2y?

We take the derivative with respect to #’, obtaining in the first step
K2
1- Bc
(- 7)
2 2
_ K cos?| /1 — Ky kuoBct’
2 ﬂzyz ,32 27

and develop this with respect to K,/(v/28y), neglecting terms higher than the quadratic

ones,
K? . K2 ,
2t ~ Bel 11— 2'32 7S 1 - T;ﬁkuﬁﬂ

K? K2 K?
%,BC<1—4132‘;/ Iy 2cos((l PV 2)2ku,36t>> (8.6)

where we used sin® x = (1 — cos(2x))/2 and approximated the square root.
The motion in the z-direction consists of an average drift velocity

K2
(2) = ﬁc(l - W) = B*c (8.7)

(1) =

)
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and a modulation with frequency 22, and velocity amplitude Z:

K? K?
_ u _ * s u
Qu = (1 — W)kuﬁc = ku,B c, = W,Bc
From (8.7) it is evident that, by neglecting terms of order (K, / (ﬁyku))z, we would miss an
important property of the motion in a strong undulator. We use here the normalized drift
velocity §* of the particle motion and also the corresponding Lorentz factor y*,

ﬁ-ﬁ( Kz) (L SV (8.8)
4p2y? Ve Jir k2 '
which we introduced briefly in the qualitative treatment presented in Chapter 6. As a further

parameter we introduce K7, which is related to K, by

« K, K
Ki=——="~voy", Ki=———, (8.9)

CVITFRL2 J1— K22

which can take a range of values 0 < K < /2. This allows us not only to make some
equations more compact but also to express them in forms similar to the ones for the weak
undulator. In the qualitative treatment, we investigated the undulator radiation in a moving
system with normalized velocity 8* and Lorentz factor y*. The transformation back to the
laboratory system gives 1/y* for the typical opening angle of the radiation. The physical
meaning of the reduced undulator parameter K| is still the ratio between the trajectory
angle v and the natural opening angle 1/y* of the strong-undulator radiation.
We can write the longitudinal velocity and position components as functions of ¢’

2 2

N @ g K
4,3 cos(Zkﬂct) z) =8 Ct+8,32 %,

With this we can express also the transverse motion (8.5) as a function of time:

72t = B¥c+

sin(2k,B*ct’).

cos(Qut),

C CKu . CKu . / ’ Ku
x(t) = ——— sin(kyz) & ——— sin(Q2,t'), x(t) =
Y Y By k.
where we neglected again terms of higher than second order in K, /(8y). We summarize
the particle motion in a plane strong harmonic undulator:
sl CKU : / Sy * ¢ l% /
1) = ———sin(Qyt"),  z(t) = BFc+ 15 cos(2$2,t")
v Py (8.10)

2
B, OS2t = Brel + gt sinQQut).

x(t) =

8.1.2 The trajectory in the moving frame

Many aspects of the particle motion and the radiation emitted in an undulator can be
understood by investigating them in a frame F* that moves with the drift velocity 8*c along
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the z-axis. Using the Lorentz transformation

f=x,  "=yfe—p), ot =yt —p2) ®.11)
we obtain
/  aK.sin@Qt) ak? | ,
x*(t") = a cos(Qyct), () = = —Lsin(2Q,t) (8.12)
! 86 /1+ K2/2 8B ’
with

K, K:
a= = .
Brk.e  By*ka

To obtain the complete motion in the moving frame we should express the coordinates as
functions of the corresponding time ¢* instead of the time ¢’ of the laboratory frame. However,
we concentrate here on the form of the trajectory and eliminate the time dependence in (8.12)
to obtain a relation between the components of the motion:

K* * *2
e L (8.13)
48 a a?

This trajectory z*(x*) in the moving frame is shown on the left-hand side of Fig. 8.1,
normalized by Byk,. It has the form of a ‘figure eight’ which is very thin for small values
of K, but becomes wider for larger values. The maximum excursion in x* is reached at
z* = 0 and the largest horizontal excursion is obtained at x* = a/+/2 with values

*
* * aKu
Zmax — Sﬁ .

(8.14)

At the origin the trajectory has an angle ;' with respect to the x*-axis given by

dz*
dx*

max

Ky 2z
4 a

tan ¥y =

which grows with K, to reach a maximum of V2 /(4p) for K, — 00. On the right-hand
side of Fig. 8.1 the trajectory is normalized with the maximum transverse amplitude a to
show how the trajectory becomes wider with increasing K.

We discuss the nature of the approximation made. The expressions (8.10) for the trajec-
tories x(¢') and y(#') in the laboratory frame were accurate up to second order in K, /(8y).
If this term is neglected there is no z*-motion in the moving frame and an important part of
the particle trajectory and the resulting radiation from strong undulators would be missed.
The expression (8.13) for the trajectory in the moving frame is now accurate up to first
order in K, /(By). Because there is a 8 in the denominator in the equation for z*(¢') one
could think that this quantity becomes large for small velocities. Since we assumed at the
beginning K, /(By) < 1 we also have K /8 < y, which is of the order of unity for small
values of 8.
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x*Byky ' x*/a |
2 - 1.0 —
1 — 0.5 -
0 —— | 0.0 - -
K,=04
—1 - —0.5 -
~2 - =~ - —1.0 -
| T
—1 0 Z'Byka 1 —-0.5 0.0 7*/a 0.5

Fig. 8.1. Particle motion in a system moving with the drift velocity through a strong undulator with
parameter K, = 0.4, 1.0, and 2.0. Left: actual scale; right: normalized with the amplitude a.

8.1.3 The relevant motion in a strong undulator

We calculated the motion in the laboratory frame of a particle moving with velocity v = B¢
along the axis through an undulator with period length A, in the laboratory frame, and
introduced the parameters

2 B
o g B
Au mocky
K N K K
t=a=_—-  ¥=_—=ak~—~1
Byky By Y (8.15)
1 Y

2
4p2y? Ji=p2  J1+K2)2
K,
Q= kperke,  Kf= e,
V1+KZ2/2
which are used to express the trajectory R(z') = [x, v, z] and velocity v(t') = [x, y, 7]
given in (8.10).

ﬁ*
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We take the ultra-relativistic case y > 1, but still include terms up to order 1/y2. This
is necessary for the relation between the emission time ¢" and the reduced observation time
tp, for which the main term is of the form 1 — B cos 8, being itself of order 1/ y2. For
calculating the triple vector product in the Liénard—Wiechert equation, fewer terms need to
be included.

The trajectory R(¢’), the normalized velocity B = v/c, and its derivative B are, within
our approximation,

B 2

R(t) = — cos(Qut"), 0, Bret’ + —2— sin(ZQut’):|
_ﬂyku 8/32)/2](11

/ I Ky . / Kl% ’

B(t') = | —— sin(Qut), 0, B* + —*5 cos(2Qut)

L v 4By
Q4! i IBCkuKu ’ K&kuc . ,

B(t) = | ———— cos(Qut"), 0, —— == sin(2Qut") |

L 4

To calculate the emitted radiation we need some other parameters that are determined
by the trajectory. First we calculate the vector r pointing from the charge to the observer.
According to Fig. 6.1 we have

r(t') =r, — R(),
where 1y, is the vector pointing from the center of the undulator to the observer,
r, = rp[sinf cos ¢, sin@ sing, cos o],

and r, is its absolute value. We need r for the relation between the two time scales, ct, =
ct’ +r — rp, where its difference from r,, appears. For this reason we have to carry terms
L,/rp along. Furthermore, 7(t') changes with the speed of the particle Sc and is, in the
above relation, compared with ct’ changing with the speed of light. For this reason we take
terms of order 1/y? along but neglect higher powers.

We obtain for the vector r(¢') and its absolute value

t K Qut’ *ct'  KZ2sin(2Qt’
r(@) = |:sin0cos¢—M, sin 6 sin ¢, cos@—ﬁ @ us1n(2 )]
p rpByky I 8rpy2ky
(8.16)
r(t) cosf B*ct’  Kysinfcos¢cos(Qt’)  KZcosH sin(2€,t")
=|1- - — . (8.17)
p Tp rpBYky 8Vp7/2ku

From this we obtain the relation between the time ¢’ of emission and the time r =
t'+r(t")/corty, =1t —ry/c of the observation:

K, sinf cos ¢ cos(2,t") K2 cos 6 sin(2€2,1)

() =1t'(1 — B*cosH) —
p(f) =1L = 7 cost) Beyke 8¢y 2k,

(8.18)
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Using the expressions for €2, and K and applying the ultra-relativistic approximations
y > 1,0 < 1, we have

1 *292
1 —pB*cosf = %
2%
and
) = 14 y*%62 o 2Kiv*0cos cos(Qut') K2 sin(2Q,t")
T e T L+ y*26? 41 +y+262)
1
= —(Qut’ — by cos(Qt’) — a, sin(22,1")) (8.19)
(]
with
2y*2Q K*? 2K*y*0
) Y u u b, = M (8.20)

T ity T a0+ 02y 1+ 7262

All three terms in the above equation (8.19) are of the same order with respect to 1/y,
whereas all omitted terms contain an extra factor of either 1/y or L,/r,. The frequency w;
was encountered before in the qualitative treatment of strong-undulator radiation (6.7). At
a given angle the emitted radiation contains this frequency and harmonics m of it. It should
be pointed out that, with the above definition, the observation time 7, does not vanish for
t' = 0. This is caused by the fact that the particle is at the longitudinal coordinate z(0) = 0
at t' = 0 but has a transverse excursion x(0) = a, which contributes to its distance r from
the observer.

For the denominator 1 — n - B in the Liénard—Wiechert expression we need the unit vector
n = r/r pointing from the particle to the observer. We calculate it from (8.16) and (8.17),
neglecting terms of order L,/r, since we are not comparing it with another distance:

n = [sinf cos ¢, sinf sing, cosO] ~ [fcos ¢, psingp, 1 —H2/2].

However, we retain terms of order 1/y? in the expression for B since we compare the
product n - B with unity:
dtp Qu . , ’
— =1—-n-B=—( 4 bysin(Rut") — 2a, cos(22,t")). (8.21)
dr’ wq
Next we calculate the triple vector product appearing in the Fourier transformed Liénard—
Wiechert expression for the radiation field (2.44). Since its largest term is of order 1/y we
neglect higher terms in B and B. We also assume that the radiation is observed from a large
distance and neglect terms like L, /rp:

B(t") = B*[—akysin(Q,t"), 0, 1]

. (8.22)
B(t") = B**[—ack? cos(Qu,t), 0, 0].
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For the triple vector product appearing in the expression (2.44) we find
K:lk s 2 2 . / * .
[n x [mnx B]] = | —(1 — sin” 6 cos” @) sin(2,t") + B cos O sin O cos ¢,
y*
Ky 2 L N o
— — sin“ 0 cos ¢ sin ¢ sin(2,¢') + B* cos B sin 6 sin ¢,
y*
Ky : : N g2
— —, cos 0 sin @ cos ¢ sin(€2,¢") — B sin” 6
14
and, in the ultra-relativistic approximation,
1
[n x [nx Bl = —[y*0cos¢ + K sin(Qut), y*0sing, 0]. (8.23)
y*

To make the connection to a weak-field undulator we can approximate the above expres-
sions for K, < 1. We do this in two steps. First we omit terms containing K2 but keep the
parameters 8*, y*, and K. This leads to approximations that are slightly more accurate
than the weak-undulator expressions derived in Chapter 7. In this form the expressions are
first-order developments in the parameter K. In a second step we replace the parameters
B*, v*, and K by the original ones 8, y, and K, to end up with the expressions for weak
undulators.

8.2 The radiation from a plane strong undulator
8.2.1 The radiation field

We calculate now the radiation from a strong undulator with a large number of periods
N, in the frequency domain and follow closely the methods used in [50]. While traversing
this undulator, the radiating charge has a periodic velocity with period Ty = 27/ 2,. We
investigated this situation in Chapter 2 and found in (2.42) that the radiation is approximately
periodic with period

14 y*262 _ 2n

T, =To 2y%2

. (8.24)
w1
Here we use the reduced observation time #, =t + (r — r,)/c and expand the radiation
field E(#p) into a Fourier series, with coefficients E,, given in Chapter 2 by

= imw t, : 1 T —imaw t,
E(1,) = Z E, e with E, = /0 E(t,)e ™" dr,,. (8.25)
P

m=—00

Changing the integration variable from ¢ to ¢’ and integrating by parts gives, according to
(2.44),

i 2 To . ’ ’
E lemw; / [n x [n x ﬂ]] % e—lma)](z‘ +(r(t")—rp)/c) dr'. (826)
0

m =
2
8mw=eocry
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The expressions for the triple vector product (8.23) and the relation between the two time
scales (8.19) with abbreviations (8.20) are inserted into (8.26), giving

E iemw% /‘T“ [y*6 cos ¢ + K sin(Qut'), y*6sing, 0]
0

)
8 epcry y*

s i N o ,
x e im(Qut"—by cos(Rut")—ay sin(22,t")) dl‘/.

To solve the integral we expand the exponential of the trigonometric functions into series
of Bessel functions J,, according to (B.21),

[e¢]

eizsinE — Z Jn(z)einé’

n=—0o0

which gives for our two cases

00
eimbu cos(R,1") — eimbu sin(Qut'+7/2) — Z Jn (mbu)einrr/ZeinQut’
e (8.27)

00
elmau sin(2€2,t") — elMmau sin(—2Q,t" —m) — § Jl (mau)efllnefllZQut )

l=—00

The exponent of the second equation seems unnecessarily complicated but leads to a simpler
expression later on.
The Fourier component of the electric field for the mth harmonic becomes

imew? To

E [y*0 cos¢ + K sin(2,t"), y*0sing, 0]

m =
8 2epcryy* Jo

o0 o0
x Z Z =212 1 (mby)J)(may)e’ =2 gy’ (8.28)

n=-—00[=—00

We have two integrals to solve:

I, = o ot (=m4n=21) 4, _ 0 if —-m+4+n-21#0
0 Ty, if-m+n—-20=0

To . ,
12 — f sin(Qut’) elQ“t (—m+n-21I) dt/
0

To
= / sin(Qut") [cos(Qut' (m — n + 21)) — isin(Qut' (m — n + 21))]1dt’.
0

The first integral in the lower line of I, vanishes and the second one gives

I —iTO sina(m —n+2l+1)) sinQa(m —n+ 21— 1))
T 2r(m —n+20+ 1) 2r(m —n+20—1)

2

Each of the two terms vanishes unless the argument of the sine function is zero, in which
case sinx/x — 1 and |I;| = Ty/2 for each case. This gives the conditions for the summing



164 The plane strong undulator

indices to obtain non-vanishing values for the integrals,

in I, m=n—-2l—>n=m+2 — I, =T
term 1in I, m=n—-2l—1-n=m+2+1— L =ily/2
term 2in I, m=n—-2+1—-n=m+2l-1— I, =—-1Ty/2,

which allows us later to eliminate the sum over n. We split the vector [n x [n x B]] into
two parts and obtain from (8.28) the Fourier component E,,;:

imew%

E, ~([y*0cos ¢, y*0sing, 011, + [K sin(Qut"), 0, 0]72)

81 2epcryy

o0 o0
x Z Z e =272 1 (mby)Ji(may). (8.29)

n=—00[=—00

With the above selection rule for the sum index n, we obtain the Fourier component E,,
using e”7/2 = i" omitting the vanishing z-component:

94 mew? Ty . >
im=—————|[y*0cos¢, y*Osing] Y Juiu(mby)Ji(may)
8w egcrpy =

1 00
+ 5[_K|_T7 0] Z Jl(mau)[-]m+2l+l(mbu) + Jm+2]—1(mbu)]>-

I=—00
To make the expression more compact we introduce abbreviations for the sums:

o0

St = Y Jimay) 21 (mby)

[=—00
00

Sy =Y Jima) et (mba) + Jpia-1(mby)] (8.30)

I=—00
X 2>m +20)
= Y T Jmay)Js2(mby).
mby,

I[=—00

The alternate expression for X,,, is obtained from the relation (B.2):

2n
Jn—l(Z) + Jn+l = ?Jn(Z)

With this and the expression (8.24) we obtain the Fourier component of the electric field
emitted in strong undulators:

i(]+m)meku 7/*3
E m = *0 cos Em — lI(*Em y *@ sin Zm . 8.31
L 7T€()}"p (1 + 7/*292)2 [J/ ¢ 1 2P 2, Y 1 ¢ 1] ( )
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The electric field can now be expressed as a Fourier series of frequencies mw;:

ek, y*3
meory (14 y*202)?

oo
EL(IP) = Z Emeimwltp =

m=—00

o0
x Y i me™ e [y 0 cos g Tt — $ K B, YO sing ] (8.32)

m=—0o0

Since this series is presented in complex notation, it contains positive and negative fre-
quencies +mw;. To obtain a purely real presentation we collect the two terms at each
harmonic and obtain a series expressed in trigonometric functions with positive harmonics,
m > 0 only. The values of the sums (8.30) for negative values can be obtained with the help
of the symmetry relations of Bessel functions (B.5) and (B.6),

Jom(@) = (=1)"Ju(2) and Ju(=2) = (=1)"Ju(2), (8.33)
giving the relation between the sums (8.30) for positive and negative values of m:
Y =XZm and X_,p =X,

We obtain the radiation field in the time domain expressed as a Fourier series with the
components

—ekuy*3 .
Eun(tp) = 2 sm(ma)ltp + mm/2)
meory(1 + y*26?)
X [2y*0 cos ¢ Xy — K[ Zp2, 270 sing X, ] (8.34)

o0
Ei(tp) = Z ELm(tp)s
m=1
where we have absorbed the factor of two into the square bracket. The two components of
the vector in the sum X,,, give the horizontal and vertical polarizations of the radiation.
For a given harmonic m the two are in phase, indicating that we have linear polarization
without any circular component as in the case of a weak undulator.
We express the oscillatory term separately for even and odd harmonics m:

(=1)™=D/72 cos(mawyt,)  form odd

sin(mw, t, + mw /2) { (—1)ym/2 sin(maw;1,) for m even.

The fields of odd and even harmonics are out of phase. This is expected from the qualitative
treatment of this radiation illustrated in Fig. 6.6, and from the particle motion in the moving
frame shown in Fig. 8.1. The transverse acceleration responsible for the odd harmonics has
a maximum when the longitudinal acceleration vanishes.

It is instructive to check the field (8.34) on the axis, & = 0, and at the central time 7, = 0.
According to the time relation (8.18) this field was created at the time # = 0 when the
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charge was in the center of the undulator in the magnetic field By = Kymock,/e. From
(3.12) or (7.31) we know that the field must be

ezBoy3 ekuKuy3
Y megmoer,  meorp,

To calculate the field also from (8.34), we evaluate first the square bracket, which reduces

in the forward direction to K*X,,,. Since b, = 0 for 6 = 0, the Bessel functions of this

argument vanish except if they are of order zero. Therefore ¥,,, reduces to two terms with

m+2l+1=0andm+ 2] — 1 =0, giving Jo(mb,) = 1. This results in

2 = (=D (Jouoyp(may) — Jonsryp(may)), (8.35)

where we used the symmetry relation (8.33). The time-dependent part of (8.34) reduces for
tp = 0 tosin(mm/2) = (— Dm=D/2 At 1, = 0 we obtain for the field on the axis

ek Koy | Xy m(Jon—1yy2(may) — Jui1y2(may))
€Ty (1+ K2/2)°

E (0)=

It can be shown numerically that the expression in the curly brackets is unity and the field
agrees with the general expression (3.12).

Going back to the general case (8.34), we now take the large but finite number N, > 1
of periods into account, and calculate the Fourier transform of each harmonic component
m. The time span N, Ty = 2w N,/ €2, of emission translates into the observation time

1+y*02 27N,

ZV*Z - ) ’

N.T, = N, Ty

both containing N, periods.

The time-domain signal (8.34) consists of oscillations at different harmonics m > 0, each
lasting NV, periods. To obtain their Fourier transform we separate out the time-dependent
term

7 Nu/w)

V21 J—aNy o

. [ Aw N
) sin| —m
i aN, w
- Aw ’
2m w1 ey VA

(]

Flsin(maorty, +mm/2)] = [sin(mawyt, + mm/2)]le " dt,

where we used the abbreviation
Aw, = w — mw.

With this we obtain from the expression (8.34) the components E,, of the strong-undulator
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field harmonics in the frequency domain:

7 mekyy*> [2y*0 cos ¢ Ty — K Sz, 2y*0 sing 1]
N2 egry (1 + y*262)

ELm(w) =

x . (8.36)

It should be noted that this is a complex Fourier transformation, containing positive and
negative frequencies w, but only positive harmonics m.

8.3 Properties of strong-undulator radiation
8.3.1 The angular spectral power distribution

The averaged total power and the total energy emitted by a charge e in an undulator are
given by the general expressions (7.32),

_ 2roce? (B2 E? rocmoczkgl(gy2

YT B(mee?)’ 3 8.37)
U — romoczyzkafLu . ezyzkquNu
" 3 660 ’

which we will use to express the various distributions of the radiation in a compact form.

We assume that the number of undulator periods is sufficiently large that, at a given
angle, the contributions from different harmonics are separated in frequency and there is
no overlap between them. This allows us to calculate the power P,,, for each harmonic m
separately and to obtain the total power as a sum, P = Y_ P,,. If the number of periods
were not large enough we might receive at the same angle radiation of the same frequency,
but belonging to different harmonics, which can produce interference effects. We exclude
this possibility here.

We start with the angular spectral power distribution of each harmonic m, obtained with
the relation (7.34), and obtain the total radiation as a sum over the harmonic contributions:

&P, _ 23 En(@) i
dQdw oLy dQ dw dQ da)

m=1

From the expression for the radiation field (8.36) we obtain the angular spectral power
density for each harmonic m > 0,

d’P, _ dP, e
10de = dg N0 = Py [Fue(®. ¢) + Fux (0, )] fn(Awn), (8.38)
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with the normalized angular distribution functions

3m? QEy*0cosp — T,nK))?
Fm(T (97 ¢) = 2 2 ly 3 2
m(1+K2/2)°K; (1+ y*%02) (8.39)
3m> (2%, 7*0 sin ¢)? '
an(9’¢) = 2 2 %2 2\3
m(1+K2/2) k> (1+y*67)
containing the sums
o
Tt =Y Jimay) I i(mby)
l=—00
o (8.40)
Swa = Y Jiman) (a1 (mby) + Jnio-1(mby)),
|=—00
which involve the parameters (8.19)
K*Z 2K*1*0
o u b, = RuriOcosd (8.41)

= 4(1 + y*202)’ 1+ )/*292

The spectral function fN(Aw,,) has the same form as (7.38) but is generalized to include
higher harmonics w,, = mw;:

(o)
sin T
iNn(Awy,) = — @1 - W = M| = m 277
JN m) — w1 Aa)mnN ) m — 1= 1+)/*292
w1 "

Aw,, w — mw

_ , /OO (Do) do = 1. (8.42)
w1 w1 —0

8.3.2 The angular power distribution

Integrating this over the frequency w gives the angular power distribution of each
harmonic m:

dpP,

—=Pu *szae’ anes
i Y [Funs (8, @) + @, 9]
<2 3m2[(22m1y*9 cos ¢ — EmzK:)z + 2Z,1y*0 sin¢)2]

7 (1+ K2/2)° K22(1 + y*262)3

(8.43)

=Puy

To discuss the above representation of strong-undulator radiation we start by giving
with Fig. 8.2 an overall graphical representation of the angular power density. A value of
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Fig. 8.2. Normalized angular power densities of the horizontal (left) and vertical (right) modes of
polarization for the first three harmonics of the radiation from an undulator with K, = +/2 (K a=1.
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Ko =2 (K = 1) was chosen, which is still not very large but produces clearly higher
harmonics. The fundamental mode, shown at the top, has the same features as that for weak
undulator radiation shown in Fig. 7.6. The horizontal mode of polarization has a maximum
on the axis with a smooth distribution around it. The vertical polarization vanishes in the
two symmetry planes and has four maxima located close to the two diagonals. The second
harmonic (center) has no intensity on the axis. Its horizontal mode has two maxima located
in the horizontal plane, whereas the vertical polarization has no intensity in this plane but a
group of three maxima below and above it. The pattern becomes even more complicated for
the third harmonic (bottom), which has three maxima lying in the horizontal plane for the
o-mode and four maxima, each below and above this plane, for the 7-mode. We illustrate
the properties of strong-undulator radiation further by considering special cases.

* The angular power density in the horizontal (x, z)-plane. In the horizontal plane ¢ = 0 the vertical
polarization vanishes. This is a general property of the radiation emitted by a charge moving on a
trajectory lying in the (x, z)-plane, which we found earlier for ordinary synchrotron radiation.

* The angular power density in the vertical (y, z)-plane. In the vertical plane ¢ = % /2 the first
term inside the brackets in (8.43) for the horizontal polarization vanishes. Furthermore, since also
b, = 0, all Bessel functions of this argument vanish except those of zeroth order, as we saw before
(8.35). This reduces the sum X,,; to one term, and the sum X,,, to two terms:

=0 for m odd
St = (=12 ], p(may) for m even
EmZ = (_1)(m71)/2(J(m71)/2(mau) - J(m+l)/2(mau)) for m odd
YXn2=0 for m even.

We obtain for the angular power distribution in the (y, z)-plane

P, _ AP _ 3m’y*?
dQ dQ uﬂ(l + Ku2/2)2(1 + p*202)3
mK#? mK:2 ?
X | Jon—1)/2 m — Jm+1)2 m (8.44)

for m odd, containing only horizontal polarization, and

dp, _ dP,y —p 3m2)/*2
dQ dQ " (1+ K2/2) K21 + y*202)

x *292 7 mKLTZ
14 m/2 4(1+J/*202)

for m even, containing only vertical polarization.

2

Later we will discuss in some detail the properties of the radiation emitted on the axis,
6 = 0. Furthermore, we will give some approximations of the expression (8.43) by devel-
oping it into powers of K¥.
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8.3.3 The spectral density of the radiation

At a given angle 6 the radiation from a strong undulator has a spectrum containing a set
of narrow bands centered around the harmonic frequencies mw; . It is given by the spectral
function fx(Aw,,) (8.42), which we approximate now by a §-function. Integrating over it
gives, at a given angle 6, a set of single-frequency lines w = w,, = mw;. We extend the
procedure (7.45) to include higher harmonics and convert the angular power density (8.43)
into a spectral distribution:

_ mwy 2mkuc7/*2
1202 1+ px262

wxX W, = mw|

2 2 ’
dw,, = _%9 do = —2many*( == ) 6.d6 (8.45)
(14 y*262)? @10

dP, 1+ K2/2(wi 2/2" Py
dw,  2mwiey? \ o o d@

The factor 1 + Kf /2 reflects the fact that, in a strong undulator, the increment 8 A cor-
responds to a smaller frequency increment Aw; than it does in a weak one. This results
in a larger power for the same frequency bin. The above integration over ¢ has to be
carried out numerically. The resulting spectral power density is shown in Fig. 8.3 with
Ky =2 (K} =1) for the first three harmonics, each for the total and the two modes of
polarization. The two odd harmonics have sharp peaks at the highest frequencies because
their angular distributions are concentrated around small angles where w ~ mwo. The even
harmonics have no intensity on the axis where the highest frequency is emitted. For this
reason their spectra vanish at the top in a smooth way. The third harmonic has a bump below
the top frequency caused by the two secondary maxima of its angular distribution shown in
Fig. 8.2.

8.3.4 The power contained in each harmonic

Integrating the spectral distribution (8.45) over the frequency, or the angular distribution
(8.43) over the solid angle, gives the total power contained in each harmonic. This operation
was carried out numerically and the result is shown in Fig. 8.4, where the P,,, in each of
the first five harmonics, divided by the total power P, is plotted against the undulator
parameter K,,. With increasing undulator strength more and more harmonics contribute. In
this normalized presentation the fundamental is unity at the origin but decreases rapidly
with increasing K, for which the higher harmonics become important. We also plot the
sum of the five harmonics, which approximates the total power quite well at low values of
K,, but for K = V2 (K* = 1) misses already about 20% of the power which is emitted
into harmonics m > 5.
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Fig. 8.3. The spectrum of undulator radiation having K, = +/2.
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Fig. 8.4. The normalized power in each of the first harmonics m versus K.

8.3.5 The properties of the radiation on the axis

The properties of the radiation along the axis, & = 0, are important since this is the main
direction of observation. We will treat it here in more detail and also give the photon
distribution, which we have not done for the general case.

We obtain the angular power distribution on the axis by setting 6 = 0 in the expression
(8.44) and have only odd harmonics with horizontal polarization. The angular power density
atd =0is

2
P, _ Py?  3m’ki |, K;? J K
= m-n2|m — Jm+pp2| M
@ K3 x(1+k2/2)° 4 4

rocmoczy“kg 3m2K§ 7 K:z 7 K:z ?
m=1)2{ M — Jm+n2| M .
3 a(1+k22)° 4 4

(8.46)

Since the total power P, is proportional to K 2, we separate out the factor P,y?/ K2, whichis
independent of K, and obtain the dependence on the undulator parameter and the harmonic
number in the rest of the equation. This quantity is plotted in Fig. 8.5 for the first three odd
harmonics as a function of K. The angular power density of each harmonic increases first
with the undulator parameter, then goes through a maximum, and later decays. The higher
harmonics dominate at large values of K. The fundamental » = 1 has its maximum angular
power density around K, ~ 0.906 with a value of

(@> _ Rt s
max

dg2 K2

u
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Fig. 8.5. The on-axis, single-frequency angular power densities of the first three harmonics as func-
tions of K.

However, this optimum can be misleading since, at K, = 0.906, the fundamental on-axis
frequency has decreased to 71% compared with the weak-undulator value. A complete
optimization should keep this frequency constant and is more complicated since it involves
also a variation of the period length A, of the undulator.

The photon flux per unit solid angle is obtained from the above power distribution with
the relations (7.51) and (8.42):

di, 1 dP  nw(1+K;/2) dP
dQ  hmwi o dQ  mchk,y?  dQ

The factor 1 4+ K?2/2 reflects the fact that the frequency decreases with increasing K, and
more photons are radiated for the same power increment. We obtain for the angular photon
flux density

2
dn,, maogcy 2k, K2 K*? K*?

— = Luuz Jm—vp|m——) = Jmsrn2| m— . (8.47)
A2 27 (1 + K2/2) 4 4

Its lowest mode m = 1 has a maximum around K, & 1.2, which is again only part of a real
optimization since the fundamental frequency changes with K.

We can convert the above angular distribution into a spectral density using the relation
(8.45). Since there is no ¢-dependence on the axis the integration over this angle gives just
a factor of 2x:

dp, r dP, #(1+K2/2)dp,

dw, mwpy? dQ  mogy? dQ°
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We obtain the spectral power and photon flux density:

2
Py _ P 3w [ LK (K
dw,, w10 (1 + K§/2)2 m 4 m 1

2
dn,, mocfckqu 7 K;‘z J K:z
= - m — J(m m .
dwm/wm 2(1 + K&/Z) (m—1)/2 4 (m+1)/2 4

The angular spectral power density is obtained by multiplying the angular distribution
(8.46) by the spectral function (8.42) adapted to 6 = 0,

. [ Awy N g
sin 7 Ny
Nu w1

w10 Awy,

fN(Awm) ==

giving

d’P, P,y*3m? K*? 2\
m u
= 5| In—ip|m—— | = Iz m—; N(Awy).  (8.48)
ddo  7(1+ K2/)2) 4 4

We choose now also the central frequency Aw = w — mwjg = 0, at which the spectral
function takes the value

Ny,  No(1+K2)2
fN(O):__M

w10 - 2kuC)/2

)

and obtain from (8.47) the angular spectral photon flux distribution at 8 = 0, @ = mwo:

2 2\ 7?
d%n,, mafcyzkquNu 7 Ky J Ki (8.49)
= m—1)2\ m — Jmtp2| M ’ ’
%2 deo /oy 27r(1 " KE/Z)Z (m—1)/ 4 (m+1)/ 4

The related angular spectral photon density is plotted in Fig. 8.6 as a function of K for
the first three odd harmonics. These curves exhibit a similar behavior to that of the angular
power densities plotted in Fig. 8.5, but decrease slower, for large values of K,. This is
caused by the fact that, for a fixed absolute frequency increment dw, the relative value

dow/w = dw/w)( increases with larger undulator parameter since w;o becomes smaller. As
a consequence the angular spectral photon density (8.49) is proportional to (1 + K2/2)72,
whereas the angular power density (8.46) has a cubic dependence. The on-axis photon
spectrum consists of lines at frequencies mw;y = 2ck,y**, which are shown in Fig. 8.7 for
three different values of the undulator parameter. The number of harmonics increases with
K, and each one goes through a maximum.
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Fig. 8.6. The on-axis, central-frequency angular spectral power densities of the first three harmonics
as functions of K.
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Fig. 8.7. On-axis and central-frequency spectral power densities of strong-undulator-radiation har-
monics m for various undulator parameters K.
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Of practical interest is the photon flux distribution produced by a beam current I, repre-
senting [ /e electrons traversing the undulator per second, giving, for 6 = 0, ® = w9,

2
&ty am’y KNG | K:? J K:? 850
= m— m — Jm m .
ddo/on — o1+ k227 7"\ 4 e (8:50)

8.3.6 The development with respect to K

For some applications one likes to operate an undulator at a value of the parameter K,
slightly above unity. For this condition the intensity at the fundamental m = 1 is still strong
and the higher harmonics not too disturbing. The dependence of the on-axis frequency w;,
on the undulator parameter K, allows one to adjust the spectrum:

2)/2

TY K2 kac2y*2. (8.51)

Wy = mS2
For this reason it is useful to give an approximation of the radiation, which is valid for
K, =~ 1, although the evaluation of the Bessel functions involved is not a major problem.
In some cases the approximate expressions give some insight into the general behavior of
the radiation.
We apply the power series expansion (B.4) of the Bessel functions and develop some
of the properties of the radiation into a power series in K. However, we separate out the
factor

1

T TR

which makes the expressions slightly more compact.

We start with the angular power density (8.43) and develop its first three harmonics each
up to its lowest relevant order in K7 and give the result (C.1) in Appendix C. A more
complete presentation can be found in [19].

To illustrate this pattern of the radiation we present the angular distributions of the first
three harmonics of undulator radiation in Fig. 8.8, each to its lowest relevant power in K7,
as given by (C.1). As expected, the angular distribution of the horizontal polarization has a
maximum on the axis, § = 0, for the odd harmonics m = 1 and m = 3 where the vertical
polarization vanishes. The even harmonic m = 2 has no intensity on the axis, 6 = 0, for
both modes of polarization. The pattern of the distribution becomes more complicated
for the higher harmonics. It should be noted that each harmonic is plotted only to the
lowest order in K*

u’

and we expect the distributions to become even more complicated
with increasing undulator strength. On comparing this with the exact calculation, shown in
Fig. 8.2 for K, = +/2, we find that most characteristics of the distribution are contained in
the approximation of Fig. 8.8.

For an undulator with many periods N, >> 1, we obtain the corresponding development
of the spectral density by converting the series expression for the angular density (C.1)
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8.3 Properties of strong-undulator radiation 179

I I I I ] 1 I I I | 1 1 I I |

3 — —
2 — —
dP wio 1 i
do P, 4 / =
] = ///I —
1 total 7~ i
] ~.-~o-mode L
1 7 .--2 _ m-mode L
-~  ~ -
O T T T T T T T T | T T |

0 1 2 w/wio 3

dP, wi
do P,K?

cb/wlb 3

1.5 -

1.0 H
dP; wio .

do Pk} ]
0.5

0.0
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with the relations (8.45). This density of the first three harmonics, each to the lowest power
of K7 (apart from the factor 1/(1 + Kf /2)? in front) is given by (C.2) in Appendix C.
These approximate spectral distributions are shown in Fig. 8.9. They represent quite well
the pattern of those obtained by an exact calculation for K, = +/2 shown in Fig. 8.3.

Integrating these spectral distributions over frequency gives the power in each harmonic,
which is presented by separating the two modes of polarization:

ﬂ_;(z_l
(1+K3/2)° L\8 4

(1+k2/2)* L
K ’(42039
(1 + K&/z)z L \ 35840

o] Pl e e

K2 (9 75
- 8 140

K2 4 681 K+ n 1 29 K
35840 8 35840
1 1
K*2... I <
) (5 )
n 3645
35840 ’

The corresponding series for the total power is obtained by summing over the above

contributions from each harmonic m,

Py

(1+K2/2)

giving

3 7 1
<1+K:2+ZK:4~~> <§+§>

= P,(1+ O(K}9)),

where P, is the general expression for the total undulator power. The above developments
are therefore accurate up to terms of order K :4 and the errors are of higher order.
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The helical undulator

9.1 The trajectory

A helical undulator [50, 59] has close to the axis a spatially periodic transverse magnetic
field of constant absolute value and a direction that rotates as a function of the longitudinal
coordinate z. In Cartesian coordinates it is given by

B= [Bxa Byv Bz] = BO[_Sin(kuZ)s COS(kuZ), O]

with period length A, and wave number k, = 27 /A, as illustrated in Fig. 9.1.
The motion of a charged particle along the z-axis is determined by the Lorentz force
F = e[v x B], giving

eB . . . . .
v=1[% ¥y, Z] = ﬁ[— cos(kyz)z, — sin(kyz)z, (cos(kyz)Xx + sin(k,z)y)].
0
The first two components can be integrated,

. cKy . . . cKy
X(z) = ——— sin(kyz) + 1(0), y@)=—
Y Y

(1 — cos(kyz)) + 3(0),
where we used again the undulator parameter

eB()
Ky=——.
mocky

We are seeking a trajectory that is symmetric around the z-axis and select the initial condi-
tions

x(0) =0, ¥(0) = cKu/y,

giving the transverse velocity components as functions of the longitudinal coordinate z:

ck, cK
¥ = ——2sin(kyz), y = —= cos(kyz).
Y 14

181



182 The helical undulator

Fig. 9.1. The geometry of the trajectory in a helical undulator.

The longitudinal component can be obtained from the fact that the absolute value of the
particle velocity in the magnetic field is constant,

2
u

2K
U=,3C=\/x2+y2+22= 74‘22,

which gives a constant velocity for the z-component:

K2
z=Be |1 - W = Bic and z(t') = Bict'. ©.1)

The absolute value of the angle between the particle velocity and the z-axis is constant and
given by

VA2 4 32 K, K, K,
- = = = a0 Yo~ ——.
2 Byv1—(Ki/By)? Byv Bry

As in the case of the plane undulator, the character of the radiation is determined by the
ratio between the trajectory angle v and the natural opening angle 1/y of the radiation,
which is again determined by the undulator parameter K,. We distinguish between weak
and strong helical-undulator radiation, depending on K, being smaller or larger than unity.

Using the relation dz = Bjic dt’, we can integrate the transverse velocity components and
obtain the trajectory of the particle as a function of the longitudinal coordinate z up to
second order in K/,

tan g =

u u

cos(kyz), y(z) = sin(k,z),

x(z) = —; "
IBh vk, ﬁh vky
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or, as a function of the time ¢/,

x(z) =

cos(ku Biet'), ¥(z) = sm(ku Bict)).

K.
ﬂh Brvk

The particle moves on a helical trajectory with spatial period A,, frequency €2,, and

radius a:
Qu = kuBic = kyBc. |1 Ky Ky (9.2)
= Kypypc = kypc, |1 — ——, a= . .
" B> Bivk

In summary, its position, normalized velocity, and acceleration are

R(1") = [a cos(Qut"), asin(Qur"), Bict']
K, . Ky

B = |:—— sin(Qut"), — cos(Qut)), ,Bff]
14 14

Bt = ) [ cos(,t"), — sin(R,t"), 0].

Like in the case of the strong plane undulator, we introduce the reduced values for the
Lorentz factor y," of the drift velocity and for the undulator parameter K}, giving, in the
ultra-relativistic approximation, the ratio between the trajectory angle 1 and the natural
opening angle 1/y; of the radiation:

1 % N

K, B
Yo = ~ ) Ky = — = n Yo
\/1_[3;2 \/1+KE \/1+K§

It should be noted that these two quantities have different denominators from those of
the corresponding expressions (8.15) for the plane undulator. For this reason we use the
notations y; and K, for the helical undulator.

The vector r(z") pointing from the charge to the observer is

9.3)

r(t) = r, — R(?)

. a N i 1 s a . , Bict’
= rp| siné cos ¢ — - cos(2,t"), sinf sin¢ — — sin(£2,¢'), cosf — -
p P p
9.4)

and its absolute value, in the far-distance approximation, taking terms of up to first order in
a/ry and Bet' /1y, is

*ct'cos® a .

r A rp<1 _ Pucrcos6_a sin @ cos(Qt’ — @) ). 9.5)
Tp Tp

This is used to calculate the relation between the emission and observation times ¢’ and ¢,

*

, =1 K}, sinf ,
tp=t+T (1 — Bffcos ) — Wcos(ﬂut),
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or, in the ultra-relativistic approximation,

t,1 +90?  Kawo

cos(Qut"). 9.6
2)/;2 J/l:kzkuc ( u ) ( )

I =

The time period of the particle motion in the undulator 7y = 27/ 2, leads to a radiation
period in the observation time of 7, = 27 /w; and a relation between the frequencies

2y

=M 9.7
1+ %02 ©.7)

w

Like in the case of a plane undulator (7.12), the relation between the two time scales has
a linear term and a harmonic modulation. To estimate the latter we multiply the time #, by
the frequency wy,

2K 0

ity = Qut’ — " yh*292 cos(Qut") = Qut’ — ¢y cos(Qut’), (9.8)
with
2K* 140
.= % (9.9)
I+ 70

For the typical opening angle siné ~ 1/y," or cos § ~ B, we find for the amplitude of the
phase modulation
Q’K:hyh*e < *

dwitp) = m = K.
h

For a weak helical undulator, K < 1, we can neglect this modulation term, but not for the
strong case.
The unit vector n pointing from the charge to the observer is needed only to lowest order:

n~n, = [sind cos ¢, sinf sing, cosd] ~ [0 cos¢p, Osing, 1 — «92/2].

For the weak helical undulator we will use the Liénard—Wiechert equation to obtain the
radiation in time domain. The corresponding triple vector product in the approximation
K, < 1is

. ck, K,
[nx [0 = B) x Bl = =5

x [cos(Qut") — 1262 cos(2p — Qut’), sin(Qut’) — y26% sin2p — Qut'), 0].
(9.10)

The strong undulator will be treated directly in the frequency domain using equation (2.44)
containing the triple vector product

1
[nx[nxpB]]= F[yh*e cos ¢ + K sin(Qut'), 70 sing — K cos(Q2,t"), 0].
h
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Considering the special symmetry of the helical motion, spherical coordinates are more
suitable:

, kKo
[n x [(n — B) x Bllig.g.1 = Czys
x [(1 = y?6%) cos(Qut’ — ), (1 +y?6%)sin(Qut’ — ¢), 0] (9.11)

for K, < 1 and
1 . X /
nx [0 x B4, = F[yg‘e + K sin(Qut’ — @), —Kj cos(Qt’ — ¢), 0] (9.12)
h

for an arbitrary K, but with K,,/y < 1. The expression in the denominator of the Liénard—
Wiechert expression is obtained from (9.8) but is needed only in the weak-undulator ap-
proximation:

1+ 202

% 9.13)

de, . ,
(I-n-B)=— = —( +csin(Qut")) ~
dr’ w1
9.2 The radiation emitted in a helical weak undulator

9.2.1 The radiation obtained with the Liénard—Wiechert formula

The radiation field in the time domain is given by the second term of the Liénard—Wiechert
equation (2.17) given in Chapter 2:

o= —° {[nx[(n—ﬂ)xm]}.
ret

4 ege r(1—n-pB)>

Using (9.11) for the triple vector product and (9.13) for the denominator, and approximat-
ing r ~ rp, we obtain the field directly in spherical coordinates, omitting the vanishing
r-component. We give it first as a function of the emission time ¢/,

ekuKu)/3
TErp
A= y20) cos(Qut’ — ) mg + (1 + y26%) sin(Qut’ — ¢) ny]
(1+726%)] ’
where we introduce in analogy with (5.25) two orthogonal unit vectors in the 6- and
¢-directions:

EL(t/) =

N, Ny, Ng-Mo="nNy Ny=1, ng-ny =0. (9.14)

Owing to the helical motion of the charge, the field has a phase of the form Q¢ — ¢,
containing the azimuthal observation angle ¢.
The oscillating field has its maximum value on the axis,
Eo— ek, K uJ/3

u=

T €YD
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which is the same as that emitted in a weak plane undulator, (7.31). However, in the plane
undulator the field is oscillating in time and has a RMS value of E u/ /2 on the axis, whereas
for the helical undulator this field has a constant value but rotates.

We have the relation (9.6) between the time scales for K < 1,

,(1+y%6%)
p=r——F>5—
2y
and give this field observed from a large distance r,, as a function of the observation time ¢
Of tp,
Qut' — ¢ = —(kir —wit +¢) = w1ty — @
koK,y?
Erp. 1) = — 4%

meorp(l 4+ y26%)
x [(1 — y20%) cos(kir — wit + @)y — (1 + y20%) sin(kir — w1t + ¢) ny]
9.15)

with the wave number k; = wc of the radiation. Both components of the field are circular
functions of the phase k;r + wt — ¢. Their amplitudes are in general different. The field
vector E(r,, ) propagates in the r-direction and rotates at the same time around r, describing
an elliptical helix. The radiation therefore has elliptical polarization. On the axis, 6 = 0,
there is perfect circular polarization. On acone y6 = 1 the field component in the #-direction
vanishes with only the ¢-component left, resulting in linear polarization in the ¢-direction.
At very large angles ;6 >> 1 a circular polarization of opposite sign is approached. For
other angles of observation the polarization is elliptical.
We now describe the field in terms of the reduced observation time #,,

Eq) = 6,10~ y20%) cos(wif, — ) Mg + (1 + 26 sin(w 1, — ) ny]
pr— (1 + y262)3

and arrange this equation differently in such a way as to separate the two circular modes of
polarization and bring them into a form equivalent to (5.28):

, 9.16)

b B3 [eostony — gm, + sy ~ 91,
P (L + y202) V2
B 2ezcos(a)ﬂp — ®)ny — sin(wit, — P) ﬂq>:|. 9.17
y = 9.17)

We assume that there is a large but finite number N, >> 1 of undulator periods and
calculate the radiation field in the frequency domain by using the Fourier transform of
9.17),

T Ny/wy

Bw) = —
V2w J-aNy o

E(ty)e " dt,,
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giving from (9.16) the presentation in terms of - and ¢-components:

E, 7N, sin(tN, Aw/o) [(1 — y20%)n, + i(1 + y26%)n,]
2r w1 wNyAw/w; (14 y262%)3

With (5.32) we separate positive and negative helicities, which are defined for positive
frequencies,

E(w) =

. (9.18)

- L Eu2 7Ny sin(m Ny Aw/wy) [1, —y26%]
Bi(0) = [, E_]= = L
2m Wy JTNu Aa)/a)l (1 + Y 0 )

with Aw = @ — w; and using the approximation valid for N, >> 1 as for the case of a plane
undulator in an earlier section.

(9.19)

9.3 Properties of weak-helical-undulator radiation
9.3.1 The total power

The helical-undulator field B has a constant absolute value and only its direction changes.
For this reason the total power emitted by one electron in the helical undulator is the same
as the power P of synchrotron radiation in long magnets (5.3). However, since we express
it here as a function of undulator parameters, we write the power P, = P; and the energy
Uy = Ug = P,Ly/c, radiated by one electron:

2roc*e®EXB  2roemoc?y?kiK2  e*cy’k2K}:

h =

3(mec?)? 3 T 6me
U — ZroczezEengLu . 2r0m002y2k§K§Lu _ ezyzkquNu (9-20)
T T Bmecd)? 3 T 3¢

These expressions have the same form but, due to the constant value of the field, they are a
factor of 2 larger than those for a plane undulator, (7.32). The instantaneous power emitted
by the particle is constant, but the direction of polarization rotates.

9.3.2 The angular spectral power distribution
We obtain the angular spectral distribution of the emitted power from (7.34),
&P 2 |E)f
dQdew oLy

)

using (9.18) to split it into the linear modes of polarization,
d’p rocmoc?k2K2y* [(1 — 20 + (1 + y?62)?]
= — fu(bw)
dQ2dw b4 1+ y26?)
Phy*[Fug + Fugl, (9.21)
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or, by splitting the terms in the square brackets, into circular modes of polarization. We
introduce the corresponding normalized distribution functions to present the angular spectral
power distribution in the form

i = Py’ [Fie + Fogl fn(Aw)
dew—hV hé h¢l/N(A®
(9.22)
il = Py’ [For + Fa-l fn(Aw)
dew—hV h+ h—1/N(A®
with
3 (1 _ ]/292)2 3 (1 +y292)2
Fw@) = ————, Fp) = — ———
WO = S U+ 200y W) = (¥ 20y
3 1 3 yre*
@)= ——+——, F @)= ——"—7+——,
) = T - = ey
which satisfy the sum rules
Fo+ Fyp=F+Fh_=F,
and the same spectral function (7.38) as that used for the plane undulator:
N, [ sin(r Ny Aw/wr) \ 00
hNAw)= —| ———— ], Nn(Aw)dw = 1. (9.23)
W TNy Aw/w oo

9.3.3 The angular power distribution

We assume that there is a large number N, of periods, giving a very narrow frequency band
at a given angle 6. Integrating the expression (9.22) over the frequency w gives the angular
power distributions expressed in terms of the linear or circular modes of polarization,

dpr 5 32 (1 — p20%)? + (1 + y%6%)?]
_— = Fu Fu = P _—
aq = D lRe + Rl = Ao (1+ 262

3y2 [14y%07]
= Py Fur+Fil= P 2+—— "=,
WY [Py + Pl = Py x (1§ 2005

(9.24)

which are shown in Fig. 9.2.

Since the angular power distribution is independent of the azimuthal angle, it makes
sense to integrate over ¢, which is just a multiplication by 2, and we obtain the power as
a function of 6,

which is shown later.
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1.0 | | I | | I |
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0.5
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0 1 vo

Fig. 9.2. Angular distributions of the total and the two circular modes of polarization of the radiation
from a helical undulator after integration over frequency.

9.3.4 The spectral power distribution

For the case of a very large number N, of periods we observe, at a given angle 0, a very
narrow frequency band around w, described by fn(Aw) & §(w — w;). On integrating over
w and using the same relation, (7.45), as for the plane undulator to convert angle to frequency,
we find
w1 2kycy?
WX w = =

1+ )/292 1 + )/292

2f @1 ’
de = —2(1)1())/ e 6 do
w10

L 2/2ﬂdpd¢_ 7 (o) dP
dw o 2601())/2 w1 0 dQ o (1)]0)/2 w1 dQ
We obtain the spectral power density with respect to the proper frequency, split into the
two linear or circular modes of polarization:

dP  dPy dP 3 1 2\ 1
_:_h"+ﬂzph_ﬂ S () ) 42

da)1 da)| dw] w10 W10 2 w10 w10 2

dP dPy  dP 3o [ (o) o1\ ©.25)
dw; dw; dw; wip wio | \ @10 w10

The latter is shown in Fig. 9.3.
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Fig. 9.3. The spectrum of helical-undulator radiation.

9.3.5 The total radiation

By integrating the spectral distribution (9.25) over frequency or the angular distribution
(9.24) over the solid angle we recover the total power (9.20) and its distribution between
the two linear or circular modes of polarization:

1 3 3 1
Ph:Ph9+Ph¢:Ph<—+—>a PhIPh++Ph=Ph<—+Z).

9.26
474 4 ©.26)

9.3.6 The degree of circular polarization

The degree of circular polarization of the angular spectral distribution (9.22) is given as a
function of the angle 8 by

Fh+ — Fh_ N 1-— )/494

Fop + Foo 14 p%0%

It is plotted in Fig. 9.4 as a function of y8. Since in some applications this might have to
be weighted with the angular power distribution, also (dP/P,)/d(y6) is shown in Fig. 9.4.

The degree of polarization of the spectral power distribution is obtained from (9.25) and
shown in Fig. 9.5:

dPh+/da)1 — dPh_/da)1 _ 260/(1)10 —1
dPpy/dw) + dPy—/dw; o 2w/wi0)? = 2w/wip+ 1
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Fig. 9.4. The degree of circular polarization and d P /d(y 6) as functions of 6.

0.5

dPys /dew — dPy_ /dw
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Fig. 9.5. The degree of circular polarization of the spectral distribution as a function of frequency.
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It is positive for /w19 > 1/2 and negative below. The frequency w = wj(/2 is observed
at the angle & = 1/y where the polarization is linear.

9.3.7 The on-axis radiation

Like for the plane undulator, the radiation emitted on the axis, 8 = 0, at frequency w = wyg
is most important for users of the radiation. The distribution functions are

3 3
Fpo(0) = Fyp(0) = 7 Fhi(0) = — F—(0) =0.

On the axis the radiation has perfect circular polarization. According to (9.24) and (7.51),
we have the following angular power and photon flux distributions:

dP »3 dn otfcyzkqu
— =Py, o=t
dQ2 b4 dQ2 b4
These can be converted into spectral distributions (9.22) with respect to the proper frequency
w1
dpP 3 dr
o, T = ackK2
dw; w10 dow, /wIO

For the angular spectral distribution we select again the fundamental frequency g, which
gives for the spectral function and the power

N, d’p 3y2N,
0)=—, =P
fN( ) w10 dQ dw h TTwi10
and for the photon flux and number of photons emitted by one electron
d%n Bk 3y2N, . ezy2kuKSNu B ZafyzckquNu
dQdw/wig  hwyw x  2meh 2
dn = 3y2N, _ y?K3N? = 20y KN,
dQ da)/w10 ha)m T ZJTE()Ch

where P, and Uy, are expressed by using (9.20). Finally, we consider a beam current / and
give the photon flux per unit solid angle and relative frequency band at 0 = 0, w = w)o:

d*n; 205y IKIN]

= (9.27)
dQdw/w e

On comparing this with the corresponding expression for the plane weak undulator (7.59),
we find that the two expressions have the same form but the helical undulator has twice the
flux. This is not astonishing. A helical weak undulator can be regarded as a combination
of two plane weak undulators rotated by 90° and phase shifted with respect to each other.
Apart from the polarization, each of the two gives the same spectrum, which results in twice
the power.
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9.4 The radiation field from a strong helical undulator

For the strong helical undulator we follow closely [50] and include higher terms in the
relation between the emission and observation times ¢ and #, given in the ultra-relativistic
approximation by (9.8):

2Vh*2 _ 2K 5 v 0

— r_ / —
wilp = Qqt cy cos(82,1), w) = 1+ y;‘z@z Qy, Cu = 1+ 7/11*292'

The particle motion in this undulator has a periodic velocity. The emitted radiation is also
periodic with frequency w;, but now contains higher harmonics. Following the treatment of
plane strong undulators, we develop its field E,,(¢) into a Fourier series with components
E,, given in (8.25) and (8.26) :

imew%

[e¢]
E@)= ) E,&"' E,

m=—0o0

T() . ,
/ [n x [n x B]le”m@v) df’.
0

)
8m2egcry

With the expression (9.12) for the second triple vector product in spherical coordinates and
(9.6) for the exponential, we obtain

iemw? [T [0 + K sin(Qut’ — @), —K % cos(Qut’ — ¢)]
| ;

2 *
8mw2eocry Y

x e—im(Qut’—cu cos(Qut'—¢)) dl/,

where the vanishing r-component of the field has been omitted.
As for the strong plane undulator, we express the exponential of a trigonometric function
in terms of a series of Bessel functions, (B.21),

o0

eizsin&’ — Z Jn(z)einé,

n=—0oo
and obtain

—iwt, —im(Qut’ —cy cos(Qut’ —d)) — —imQut’eimcu sin(Qut'—¢p+7/2)

=€ €

00
— eflmQut § Jn(mcu)em(ﬂur 7¢)em7r/2

n=—00
. 0 .
— e—lmd) Z in]n(mcu)el(n—m)(ﬁul —¢).
n=—00

The Fourier component of the field in spherical coordinates becomes

imew? B [y*0 + K* sin(Qut’ — ¢), —K* cos(Qut’ — ¢)]
E, .6, ) = 1 / Yh uh ¢ uh ¢
0

2 *
8m2eocry 2N

o0
x €PN i, (mey el ) d
—0o0
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This expression contains the following three integrals,

Il — fo ei(n—m)(Qut’—qﬁ)dt/ _ 0 if —m+n 5& 0
0 T() if —m +n= 0

To
I, = / sin(Qut" — @) sin((n — m)(Qut’ — ¢))dt’
0
To
L = / cos(Qut’ — @) cos((n — m)(Qut’ — ¢)) dt’
0

giving for the last two

To/2 ifn—m=1 /2 ifn—m=1
L =1{-Ty/2 ifn—m=-—1 L={Ty/2 ifn—m=-—1
0 otherwise 0 otherwise.

We obtain for the Fourier components in the two directions of the field

3
ek, y* . .
Em& — h lm+lme ime¢

weorp(1+ 12602

« (K (Jm—1( J, - %0
2 m—1(mcy) + Jup1(mey)) N m(mey) |,

3 e (9.28)
W i+ e =im® Z8h (1 mey) — 1 (mey)),

Em¢:_j_[6 1 2002 )
Orp( + " 0%)

where we used the relation w; = Qu2y}f2/(1 + yh*292), Q = Bicky ~ cky.
The field as a function of the reduced observation time ¢, is given by the complex Fourier
series obtained from (9.28), containing positive and negative frequencies,

o0

E(t,) = Z E,e"h

m=—00

ekay? >
_ uVh Z im+lmeil1z(w1tp—¢7)
- 2

mweorp(l 4+ y02)? ==,

K*
X [( zl‘h(Jm—l(mcu) + Jnt1(mey)) — Vh*GJm(mCu)>’79

+1i

K
> (Jm—1(mey) — Jpp1(me))ng (9.29)

where we used the unit vectors 1, and 1, introduced before in (9.14).
Using the symmetry relations (B.5) and (B.6) of Bessel functions,

Jop() = (=D"a(x), Ju(=x) = (1) Ju(x),
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we combine terms with -£m and express the Fourier series in terms of trigonometric functions
of positive harmonics m > 0 only,

ekuyh*3
E(p) =
P meorp(1 + yh*292 : Z

X [(K gy (Jm—1(mey) + Ty (mey)) — 20470 I (mey))
x sin(m(wity — ¢ + 7/2)) Ny
+ Koy (m—1(mey) — Jpy1(mey))
x cos(m(wity — ¢ + 7/2)) ny], (9.30)

and, by a different arrangement, in circular polarization components:

\/EEku V}T3

Ep) = ——————
neorp<l + y*202)

xy m [(K:th_l(mco = W0 n(mey)
m=1

» cos(m(wity — ¢ +mw/2) — w/2) Ny + sin(m(witp, — ¢ +7/2) —7/2) Ny
V2

+ (K:h\])n+1(mc'u) - Vh*e‘lm(mcu))
| costm(@ity — ¢ +7/2) — 7/ — sin(m(eity, — ¢ +7/2) — 7/2) %]
ﬁ -

9.31)

For a finite length L, of an undulator containing many periods N, > 1 of length A, the
radiation at a given angle 6 is no longer monochromatic but has the spectrum

T Nyw

B
@ == / .

E(t,)e " dt,.

From (9.30) we obtain the Fourier transform of the mth harmonic expressed in terms of the
two linear modes of polarization,

E|(0) = [Es(®), Eyp(o)]
—eky V}TS

w2y (1 + 1720%)°

$ Y " me MKy (Jne1(mew) + Jngi(me) = 2470 Ju(mey)).

7T Ny sin(w Ny Aw/wy)
K Jm u m u ) 932
+iK g (Jm—1(mey) — Jpy1(mey))] o 7Ny Ao (9.32)
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and, with (9.16), in terms of the two circular modes of polarization,

—ekuyh*3
N 2meory(1 + y2262)?

Ei(0) = [E4(@), E-(0)] =

X Y " me (K iy -1 (mew) — w0 J(men)(mg + ing)

+ (KoyImr1(mey) — vy 0 Jp(mey))(mg — ing)]
7 Ny sin(w Ny Aw/wy)
X
wy TNy Aw/wy

(9.33)
with

Aw =w—mwy.
It should be noted that these are complex presentations of the above Fourier-transformed
field containing positive and negative frequencies w but only positive harmonics m > 0.

For later discussions of the strong-helical-undulator radiation we need some properties
of the field which we derive from the above real Fourier series.

e m = 1. We write the fundamental component explicitly:

Eo(ty) chuy” (wity — })
= ———————— - cos(wf, —
e meorp(1 + 1262)2 p
x (K2, (Jo(ca) + () — 25041 ()
eku *3 )
E(tp) = ) N— > sin(w 1, — @) (9.34)

meory(1+ y*292)
x K3 (Jo(ew) — Jalcw)) .

e ¢ = 0. On the axis all Fourier components vanish except the fundamental m = 1, which becomes

ek Ky .
Eip—o(ty) = ——"2—cos(@it, — §), sin(@ir — ¢), 0],
T
giving circularly polarized radiation.
* Y6 = 1. We investigate the field on this cone ;0 = 1. Using the expressions for the sum and
difference between two Bessel functions two orders apart,

Ju-1(2) + Jui1(2) = 2;1”(1), Jn1(2) = Jua(2) =2 djc;Z(Z),
we find ¢, = K} and obtain for the radiation field (9.30)
Ey(t) =0 (9.35)
Eytr) = S Z costmtanty — ¢ +7/2) 2K, S ),

For 76 = 1 the 8-component vanishes and we are left with linear polarization in the ¢-direction.
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9.5 Properties of strong-helical-undulator radiation

9.5.1 The total power

The total radiated power and energy are the same as those for the weak helical undulator
(9.20).

9.5.2 The angular spectral power distribution
We calculate the angular spectral power distribution of the radiation from a strong undulator
with a large number of periods N, > 1:
&P 22EW)
dQdew oL

With the Fourier-transformed field given by (9.32) and the general expression (9.20) for the
total Py, we obtain the angular spectral power distribution in terms of linear and circular
components of the polarization,

ap, _ d*(Pyg + Puy)
dQdw — dQ dw

o0
= Py Z(Fth + Fung) In(Awy,)
m=1
) 5 (9.36)
d Ph - d (Pu++Pu—)

dQdw dQdw

o0
= P> ) (Fownt + Fun ) N(Awp),

m=1

with the same spectral function as that found before, (8.42), for the strong plane undulator,

[ Aw N 2
Nu Sin o TT Ny 2]/;2911
fN(Awm) = A— y Wy = MmMwyp = I’l’li2
@1 22aN, L+ w76
w1 Y

Aw,y, w — mwj

= B f fN(Awm)dw = 1,
—00

w1 w1

and the normalized angular distribution functions separated according to the two linear and
the two circular modes of polarization,

3m2(K:h(Jm—l(mcu) + Jns1(mey)) — 2Vh*0-]m(mcu))2

Funo(0) =
2 K32 (14 K2)7(1 + %7262
3m2(K:h(Jm—l(mCu) - Jm+1(mcu)))2
Fung(0) = > 5 >
2r K5 (1+ K2) (1 + 4762 ©.37)
6m2(K:th—l(mCu) - V}Te-]m(mcu))2
Fhm+(9) = 5 P 2
2 K5 (1+ K2) (1 + %02
6m*(K*. J,, W) — V0, (mey))?
Fo (6) = m=(K3 Jnr1(mey) — v0 Ju(mey))

2w K2 (14 K2)°(1 + 7262
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with the parameter
2K 0
= —"5—.
14 %02
Since helical undulators are mainly used to produce radiation with circular polarization, we

will from now on give only the two components of the helicity and omit the expressions for
the two linear modes (Fig. 9.6).

9.5.3 The angular power distribution

For a large number of undulator periods N, >> 1, we have at a given angle a very narrow
band of frequencies. Integrating (9.36) over w gives the angular distribution of the radiated
power:

dpP

3g = P T 60) + Fun(0)]. (9.38)

Most interesting is the radiation on the axis, which has perfect circular polarization and
will be discussed in detail later. We showed that the field Ey vanishes on the cone ;0 = 1,
and we are left with linear polarization in the ¢-direction.

9.5.4 The spectral density of helical-undulator radiation

Like for the strong plane undulator, we assume that there is a large number of undulator
periods, giving at a given angle a very narrow spectral width, and approximate the spectral
function fn(Aw,,) by the §-function. This results in a relation between 6 and frequency
w ~ wy,as for the plane undulator, (8.45), which we can use to convert angle into frequency,

m2y*?
1+ 262"

0 R W, =mw =

2
do = —2mw10yh*2<ﬂ> 046,
w10

which is used to convert the angular power distribution (9.38) into a spectral density. Owing
to the axial symmetry of the helical undulator, the integration of dP/d2 over the angle ¢
gives just a factor of 2;r. We obtain for the spectral power density

yz_a+ﬁ%W/hyz®_na+ﬁWVyz
0

do  2moy?” de mopy®  dQ

With the expression (9.38) for the angular distribution, we obtain the spectral power density

dp, 7 (wlo
P,
dw mwig

2
_) (Fhm+ + Fhm—)- (939)
w1

With the relation

1 w1 mwi W

T L2902 o
L+ y02 w0 mwip  Ono
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Fig. 9.6. Cuts through the angular power distributions of the first three harmonics for K, = 1/+/2

(K3 = 1//3).
we express the angular distribution functions in terms of frequency:

S om2 (K T 1(mey) — 1520 J(mey))?
2 K52 (1+ K2)’

w1

Famy(@1/w10) = <a)_)

10

w1

Fyn—(w1/w10) = <—)

w10

3 6m2(Ky Iy 1(mey) — %70 Ju(mey,))?
2Kl (1+ KE)Z
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The parameter mc, appearing as argument in the Bessel functions is also expressed in terms
of the frequency ratio

e = m 2K s ﬂ(l_ﬂ),
14 202 "V w10 w10

We now express the spectral density in a compact form,

de Ph Ph
- = [Shm+ + Shm—] =
dw,, mwio mwjio

Shin s (9.40)

with the normalized spectral power functions (Fig. 9.7)

Wm (K:h]mfl(mcu) - Vh*‘g-]m(”"lcu))2

St = 3m
@10 K (1+ Kg)z
S o 3mw_m (K:h-]m+l(mcu) - )/JQJm(mCu))z
m— = .
@10 Kil(1+K2)’

9.5.5 The on-axis radiation

On the axis, & = 0, the parameter ¢, vanishes. As a consequence, all the Bessel functions
in the normalized angular distribution functions (9.37) vanish also, except the one of order
(m — 1)/2 = 0, which gives Jy(0) = 1. This also means that only the lowest harmonic
m = 1 contributes to the on-axis radiation. We have

_ 2Kawmt 3

= —"" , iy = ———, Fni_ =0.
1+ 1,202 T w1+ K "

u

The angular power density (9.38) on the axis becomes

dpP P 3y? 2rocmoc?kK 2y*
— = I} = .
de 7(1+ K2)° 7(1+ K2)°

It has a maximum value for K, = 1/+/2 or Ky = 1/+/3 of

dpP _ 8rocmoczk§y4
e/ 277 '

Since the optimum undulator parameter K, is relatively small and higher harmonics vanish
on the axis, very strong helical undulators are of limited interest.

We assume that the radiation is observed also at the fundamental frequency w = w, for
which the spectral function is

No  No(1+K;)

Awy,) = =% =
n(Awy) or 2ekey?

3
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Fig. 9.7. Spectral power distributions of the first three harmonics emitted by a helical undulator with

Ko =1/¥2 (K} = 1/V/3).
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and obtain for the angular spectral power distribution

&P dp A(Bon) = P 3y2Na  romoc’y*kuKiN,
= 7~ JN m) — I'h = .
dQdw  dQ 7(1+ K2) o 7(1+ K2)?

This can again be expressed in terms of the photon flux,

a1 d&P
dQdw/w  h dQde’

giving
d%n _ romoczyzkquNu B afcyzkquNu

dQdo/w — 7p(1+ K2) x(1+K2)°

We also calculate the angular frequency distribution of the photons emitted by one electron
during one traversal,

d*n _ 2afy2kuK§N§
dQw/w (1+ KS)Z

and the photon flux per unit solid angle and relative frequency band radiated by an electron
current /,

d’a;  20py°IKIN;
dQdw/w e(l + K&)z

(9.41)

This quantity has a maximum for K, = 1, K}; = 1/3/2 of

d*n; _ ay’IN;
dQdow/w /), .. 2

As already discussed for the plane strong undulator, this optimization can be misleading
since the emitted frequency decreases with increasing K.

9.5.6 The development with respect to K,

We develop now the angular power distribution with respect to K} and approximate the first
three harmonics, each to the lowest power of this quantity but leaving the factor 1/(1 4+ K2)*
in front unchanged. We present the two contributions to the helicity as two terms inside
the square brackets. Since the expressions are lengthy, the results are given in (C.3) in
Appendix C.

This approximation of the angular power distribution is shown in Fig. 9.8 for the
first three harmonics for the total radiation and the two modes of circular polarization.
Figure 9.8 clearly shows that the higher harmonics have vanishing intensity on the axis but
are distributed around it.
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Fig. 9.9. Helical-undulator power spectra of the total radiation and the two modes of circular
polarization for the first three harmonics, each approximated to the lowest order in K.
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Integrating the angular distribution (C.3) over ¢ and converting angles into frequencies
with the relation (9.39) gives the approximation for the spectral power distribution (C.4)
presented in Appendix C.

These approximated spectra are plotted in Fig. 9.9. The basic harmonic m = 1 has a sharp
edge at the highest frequency, which is due to the fact that the power is large on the axis,
6 = 0. The other harmonics vanish on the axis, resulting in a power spectrum that goes to
zero at the top frequency.

By integrating the above spectral power densities over frequency w from 0 to mw;o or
the angular power density over solid angle, we find a development of the power contained
in the first three harmonics for the total and the two components of the helicity presented
in (C.5) in Appendix C.

We add up all three harmonics and obtain the emitted power, developed up to the fourth
power of K , for the two helicities and their sum:

1 3 27 ., 1079
Po= P ( S+ 5K+ S K+

(1+K2)°
BT ORI T
u

The errors in the above developments are therefore of order K :hf’ and higher.
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Wiggler magnets

10.1 Introduction

A wiggler is a set of dipole magnets located in a straight section that has a different field
strength B,, from that of the bending magnets of the ring. They are arranged and powered
in such a way that the overall bending and displacement of the electron orbit vanishes, a
condition that s also realized in undulators. For this reason undulators and wigglers are often
referred to as insertion devices since they are located in a straight section and can be powered
at different field levels without disturbing the orbit in the rest of the machine. However,
they provide some focusing of the electron beam, which might have to be corrected.

We distinguish basically between two types of wigglers: wavelength shifters, having only
one period, and multipole wigglers with many periods. The wavelength shifter has a short
and strong dipole magnet in the center, which is used as the main source of radiation, with
longer and weaker magnets on each side to make the overall bending vanish, as illustrated
in Fig. 10.1. Varying the field strength changes the critical energy and the radiated power.
Usually the central field is much larger than that of the lattice bending magnets and has
the purpose of providing very-short-wavelength radiation. For this reason it is called a
wavelength shifter. Apart from the different total power and critical frequency, the properties
of the emitted radiation are the same as those of that emitted in the bending magnets of the
ring.

Multipole wigglers have several periods and resemble strong undulators. They are op-
timized to provide a large flux with every pole serving as a source. Interference effects,
which lead to some quasi-monochromatic peaks in the spectrum, are present but are not
an important part of the optimization. Such wigglers are often used also to influence the
properties of the beam rather than being sources of radiation. This will be discussed in
Chapter 14.

10.2 The wavelength shifter

The wavelength shifter is a wiggler magnet consisting of a center dipole with a high field in
between two weaker dipoles, Fig. 10.1. This magnet arrangement should be a true insertion
device causing no overall deflection or displacement of the orbit in the rest of the machine.

206
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Fig. 10.1. A wavelength shifter consisting of one strong and two weak dipoles.

This can be achieved with
/Bw(s) ds =0 and By(s) = By(—s),

as in the case of undulators. This allows one to vary the field and change the spectrum
for one experiment without disturbing others. Only the high-frequency radiation emitted in
the center part is used. Owing to its much higher field and the geometrical separation, the
radiation from other magnets gives a small contamination to the spectrum. The properties of
the emitted radiation are therefore given by the expressions describing normal synchrotron
radiation given in Chapter 5. Compared with the ring bending magnets, the high wiggler
field B,, shifts the spectrum to higher frequencies characterized by the critical frequency
®cw, Which is usually higher than w, of the lattice:

307/3 Sec2Bwy2 Wew B

w
2p 2moc? we B’

Wew =

10.3 The multipole wiggler

Multipole wigglers have several periods with the main purpose of increasing the intensity
of the radiation and obtaining a high flux. The interference effect between radiation from
different periods, which leads to quasi-monochromatic peaks in undulators, is of secondary
importance for wigglers. Being an insertion device with no overall bending of the orbit, the
field of a wiggler can be set to optimize the spectrum and the photon flux.

In many cases such wigglers can be treated, within some limitations, as strong undulators.
For this the amplitude of the trajectory in the wiggler should not be too large such that the
radiation emitted in the field of both polarities will reach the observer. A wiggler is often built
up of single-dipole magnets instead of a field with a harmonic dependence in the longitudinal
direction. This gives a slightly different particle trajectory and spectrum and is discussed
in [50]. For this reason we refer here to the radiated energy U, rather than the power. The
number N, of periods in such wigglers is often not very large. Some approximations used
for undulators are based on N, > 1, and their validity for wigglers has to be checked and
the spectral function fn(Aw) adapted to a smaller number of periods if necessary. Finally,
we assumed for the undulators that, at a given observation point and frequency, only one
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harmonic m contributes significantly to the field. For the high harmonics observed and the
smaller number of periods this might not be satisfied in wigglers.

Keeping these restrictions in mind, we can calculate the angular spectral energy density
of the radiation at the mth harmonic emitted in a plane wiggler with reasonable accuracy
using the following expression for strong undulators given in Chapter 8 by (8.38),

P,
dQdw
with the distribution functions (8.40),
3m? 2X,,1y*0cos¢p — EmzK:)z
7 (1+ K2/2)° K (1+ =262
3m? 2%,y *0 sin ¢)?
7 (1+K2/2)° K2 (L+y*207)

Poy[Fuo (0, ) + Fun (6, 9)] frn(Aw),

Eﬂﬂ' (9’ ¢) =

Fuz (0, ¢) =

)

containing the sums %, and X, given by (8.30). The spectral function fn(Aw) given
by (8.42) was derived for N, > 1 but we can give a version that is more accurate for few

periods:
. [ Aw :
N sin w—n’Nu
fndo)= = ———~ <1+

w
! —7N,
()]

Aa)/a)l 2
24+ Aw/w )

For the total energy U,, radiated by a particle traversing the undulator we had better use
here the general expression

U, = L / B2(s)d
w = W S S
3(moc?)3

instead of one specialized to a harmonic trajectory.
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Weak magnets — a generalized weak undulator

11.1 Properties of weak-magnet radiation
11.1.1 Introduction

We consider a magnet with a symmetry plane z, x in which a charged particle moves mainly
in the z-direction. The geometry is the same as the one given in Fig. 6.1 but the undulator
is replaced by a magnet with a more general field of the form B,(z). We make the same
approximations as for the weak undulator and assume that we have an ultra-relativistic
motion and that the magnetic field is sufficiently weak that the maximum angle of the
particle trajectory with respect to some suitable axis is smaller than the natural opening
angle of the emitted radiation:

)E/%wO%Bx <1/y.
This justifies a paraxial approximation:

1 eBy)e  d&x/d2 1 dx b
0(z)  moc?y — (14 (dx/dzp)¥? 2 dt? " ¢

Furthermore, we assume the radiation to be observed from a distance r, much larger than
the length L, of the generalized undulator:

rp > Ly.

Finally, this magnet is an insertion device and thus should not affect the orbit elsewhere in
the ring, giving the condition for the trajectory x(z) and its derivative x’(z) at its entry and
exit:

x(Ly/2) = x(—L,/2) =0, x'(Ly/2) = x'(—Ly/2) = 0.
This is fulfilled for a field with a vanishing integral and symmetry around the center z = 0:
/Bz(z) dz =0, B.(2) = B:(—2).

The second condition is sufficient but not necessary and it simplifies some other aspects, so
we will use it in all examples.

209
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The field of a weak magnet can be presented directly as By(z) or in terms of spatial
Fourier transform B (k). They are related by

. 1 % »
B = f,oo By(2)e™" dz
1 [ :
By(z) = T / B (ke dky. (11.1)

The second expression represents a decomposition of the field By(z) into infinitely long
weak undulators with wave numbers k; = 27 /A,. We can calculate the radiation field due
to each component using the undulator equation. Integrating all these contributions over k,
with the proper phase and weighted with the field strength B y(kg) gives the total radiation
field emitted in this weak magnet.

11.1.2 The trajectory

In the notation used here the magnet has spatial Fourier components with wave number
k, that replace k, used for a harmonic undulator. Each component represents a very long
undulator, which radiates at a given angle a very sharp line with frequency

2ckgy2
0RO = —.
14 262

The spectrum of the final radiation field is made up of the contributions by each of these
components.

We determine the particle trajectory using the same approximation as for weak undulators
(7.15):

n~n,~ [fcosg,fsing, | —6%/2]
B =18, 0, B.1~ BlO, 0, 1]

) ) ec?B,(z)
ﬁ:[ﬁyovo]:_ )2) [1,0,0]
moc-y
1 292
l—n-B=1-—pcosh = Tty
2y2

czeBy(z)

Tty [1 — %67 cos(2¢), —y26%sin(2¢)].

nx [(m—B)x Bll =

11.1.3 The radiation from weak magnets

We get the radiation field from the Liénard—Wiechert expression,

o= _© {mxun—mxﬁn}’
ret

4 e cr(l —n-B)>
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taking only the lowest order of the field strength and using again the classical electron radius
ro = €*/(4megmoc?):

3
E ()= 4”’rcy {B(z)

p

[1 — y%60%cos(2¢), —y26? sin(2¢)] }
1+ 7207

ret

To express this field in terms of the observation time ¢, or t, =t — rp/c, and frequency
w we use the relations

2y? _14y%0?

= ﬂCt/ ~ct = mCtp’ kg = >

2oy w, kez = wty (11.2)

and obtain the radiation field emitted in this weak-field undulator in the time domain:

4rogcy? [1 — y2602 cos(2¢), —y262 sin(2¢)] 3 2y2 o
o (1 + y262)3 1+y202°°

E. (1) = (11.3)

We obtain this field in the frequency domain [60] by taking a Fourier transform:

4rocy3 [1— y262 cos(2¢), —y292 sin(2¢)]
p (1 + y262)

1 OO 2)/2 —iwt,
XE _OOB mcfp € dtp.

With the relations (11.2) we can express the Fourier integral appearing above:

2 —iwty dt. = 1+ )/ B —ikgz d
F 72926'[13 c tp = 26)/2 «/_ (Z)e Z
14267
= ————B(ky).
2ey7 Bk

Ei(w) =

With (11.2) we express the wave number k; in terms of the frequency w and obtain the
radiation field in the frequency domain directly from B y(kg):

EL () =

2roy [1 — )/292 cos(2¢), —)/292 sin(2¢)] B(l + 7292w> (11.4)

Tp (1 4+ y262)? 2cy?

However, in many cases it is easier to calculate first the radiation field E(tp) and Fourier
transform it afterwards. At a fixed angle 9, the time dependence of this field has the same
form as the spatial dependence of the magnetic field and, as a consequence, the frequency-
domain field has the same form as the spatial Fourier transform of the magnetic field with
the scaling ratios

1+ y2%6? o 2y?

= ==k,
D=0 1 +p202°¢
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The total energy radiated by a charge e in this weak magnet and its angular spectral
distribution are given by the general expressions

2roe*c*EX [ U 2 Ew)f
0 = &/ BZ(z)dz, — P| | ) (11.5)
3(””002)3 —00 dQdw JoC
From the latter and (11.4) we obtain
d?U droce’ EXy? 149202 . /14202 2
= > 267: (Fua+Furr) Vz B V2 w
dQ dw 3(moc?)’ 2y 2cy
2
Fua+Fu7r 2,2 ~<1+)/292 )
= — (1 +y0)|B| ——w ,
e Boa O e (11.6)

where we use the particle energy E. = moc?y and the angular distribution functions (7.37)
introduced before, F,,, F,;, and F, = F,, + F,; for the horizontal and vertical polariza-
tions and for the total undulator radiation. The above angular spectral energy distribution
contains positive frequencies only:

(1 — 262 cos(2¢))> 3 sin’(2¢9)
arey o OP T ey

On the basis of Parseval’s equation

[ Boa= [ (pfaga =2 [ |Blw

we included the necessary factor of 2. The above expression gives the spectral angular
energy distribution of the radiation emitted in a general weak magnet in which the angle of
the particle trajectory nowhere exceeds the natural emission angle 1/y . Since the magnetic
field B, (z) can have strong variations it is more suitable to give the energy rather than the
power distribution of the radiation.

The angular energy density is obtained by integrating (11.6) over the frequency w. With
the relation (11.2) and Parseval’s equation we obtain

© 149207 | (14202 | < >
f s B< v a))‘ de/ | Bk, dng/ B(z)dz
—oo  2cy 2cy oo o0

3
Fu, (0, ¢) = ;

and

W o Uy (Fuo + Fur)
dQ_ oy uo ur ).

This angular energy distribution of the total radiation is the same for all generalized plane
weak undulators. However, the spectral distribution depends on the particular shape of the
magnetic field. Furthermore, the angular distribution of the radiation selected at a certain
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frequency w depends also on the shape of the field. This makes it possible to obtain a desired
spectrum or a certain angular distribution at a given frequency by a suitable choice of the
undulator field.

In the following we distinguish between weak magnets of relatively limited length, called
short magnets, and generalized weak undulators in which the fundamental harmonic field
is modulated by a slowly varying function. Both magnets should be weak such that the
maximum angle ¥y of the particle trajectory is smaller than the typical opening angle of
the emitted radiation ¥y < 1/y.

11.2 Short magnets
11.2.1 Introduction

These magnets are short and do not have a quasi-periodic structure. Their use has been con-
sidered in order to obtain a large opening angle or a shorter wavelength [60] under some
conditions. We assume that we have plane magnets with a (x, z)-symmetry plane where the
magnetic field has only a y-component. The condition for vanishing overall deflection and
displacement of the particle trajectory is satisfied with

f By(z)dz =0, By(—z) = B,(2),
—00
as for undulators. The condition vy ~ x’ < 1/y limits the strength of the magnetic field
for a given length of the magnet.

11.2.2 Qualitative properties of the short-magnet radiation

As in Chapter 6, we use qualitative arguments to estimate some properties of the radiation.
We start with the emitted pulse length or frequency and consider a magnet of length L with
an observer located about at the extension of the particle trajectory as shown in Fig. 11.1.

By repeating the calculations that we performed in the first chapter, we calculate the
length of the radiation pulse received by the observer. The first detected photon was emitted
at the entrance of the magnet and the last one originated at its exit. The full length of the
pulse is given by the difference in time which the radiation and the electron take to traverse
the magnet of length L. We neglect the increase in length of the trajectory due to the small
deviation from a straight line of the electron trajectory in this weak magnet and obtain for
the pulse length

L L L L

Abgn =to —ty X — — — 1—8)~
‘ Y Be ¢ ,BC( 2 2cy?

and for the typical wavelength and frequency

2 4 cy?
. ~ = . 11.7
2)/2 Wsm Al L ( )

Asm
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Fig. 11.1. The pulse length and the typical frequency emitted in a short magnet.

Fig. 11.2. The typical opening angle of short-magnet radiation at a frequency w.

The result of this calculation is similar to that obtained for weak undulators with L repre-
senting the period length. However, in contrast to undulator radiation, the spectrum emitted
in a short magnet is very broad and different frequencies can be received at the same
angle.

Next we estimate the opening angle 6, of the radiation emitted at a given frequency w.
We consider a short magnet and ask at what angle the radiation contributions emitted at the
entrance and exit of this magnet cancel out for a certain wavelength. From Fig. 11.2 we find
the time difference between these two contributions to the wave emitted at an angle 9,

At = — — =—(—-Bcosth) " ————— = 3
c

L Lcosf 1 L1+ y%0? +1 A
— =|n
Bc c Bc c 2y
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where we take for the order n the lowest value which gives a positive value for y26%. We
choose a typical wavelength A = L/(2y?) and find with n = 1 an opening angle of

1
Bsm NG (11.8)
Since the spectrum is broad, we can choose a longer wavelength and obtain a larger opening
angle.
Short magnets are sometimes used to obtain radiation of relatively high frequency having
a large opening angle. In this case we might choose @ < wgy, and get 262 > 1. Using the
corresponding approximation, we find

1 2
o~ /‘;Z“m,/f, (11.9)

where we used the expression (11.7) for the typical frequency wsp, of short-magnet radiation.

This opening angle is an appropriate description of the distribution of short-magnet
radiation and is valid for the horizontal plane of deflection as well as for the perpendicular
direction. Its dependence on the length of the magnet is given by the same physical principles
as those relevant for a long array of antennas that can confine emitted radio waves to a small
opening angle.

11.3 The modulated undulator radiation
11.3.1 Introduction

We consider a weak magnetic field with a basic period of length X, and a slow superimposed
modulation [61, 62]. Assuming that we have a symmetry condition B,(—z) = B,(z), the
field is of the form

By(2) = Bo fn(2)g(z) = Bo fm(z) cos(kyz),

where the modulation function f;,(z) is assumed to change little over a period length 1.
We calculate the Fourier transform of the periodic part, assuming first that we have a
finite length L, = NyAy:

Ly/a

1
N2 J-L,2
1 (sin((kg —kJ)m Ny/ky)  sin((kg + ku)nNu/ku)>

V2 ke — ky ke + ky

For the interesting case of k; ~ k, and a large number of periods N, >> 1, we can neglect
the second term and use the form

1 7N, sin((kg — k)T No/ka) *
2l ~ Ny sin((ky = k)7 No/ k) - / g(ky) dky = |z
LY, 21 ku (kg - ku)jTNu/ku —00 2

gkg) = cos(kyz) cos(kyz) dz
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Fig. 11.3. An undulator field B, (z) with sharp termination at finite length =L, /2.

For Ny > 1 the above expression is very large around k, ~ k, but quite small elsewhere.
We can approximate the Fourier transform of g(¢) by a Dirac §-function:

glky) = ——=38(ks — k).

b4
21

To calculate the Fourier transform E(kg) of the field we use the convolution theorem,

- B * : B .
Bythy) = = [ st e = . | Itz ~ ko dta
giving
. B R By -
Byky) = = / Fun(ka)d (k= k= ko) dky = = (ke — ko). (11.10)

This expression gives directly the Fourier transform of the modulated undulator field. How-
ever, this method does not present a significant advantage over calculating the Fourier
transformation of the product between the two functions in the standard way.

11.3.2 The undulator of finite length

We have already treated an undulator of finite length. We do it again as an example of the
weak-magnet formalism. We take a harmonic undulator with a large number of periods,
Ny > 1, of length A, and total length L, = NyX,. The magnet field, shown in Fig. 11.3,
has the form

B, (z) = Bycos(kyz) for — NyAy < 7 < Nyhy; otherwise By(z) = 0.
The modulating function f,(z) and its Fourier transform are

1 for |z| < Ly/2
(@) = {0 for |z| > Ly/2
Ak = 2 7w N, sin((kg — ko) Nu/ ky)
T = e e (e — kon Nk




11.3 The modulated undulator radiation 217

where we used L, = NyAy = 27 N/ ky. With (11.10) this gives for the Fourier-transformed
field

By Nym sin((kg — ky)Nur/ ky)
A 2 ku (kg - ku)Nuﬂ/ku

By(ky) = By(Z)eiikgz dz ~

1 oo
v 2 /—oo

We calculate the total and maximum deflection angles of an ultra-relativistic charge e of
energy E. traversing the undulator and the integral over the square of the magnetic field:

ec [M/* eBy K, 1
Yo = — B(z)dz = =— < -1
0 mocyky Yy ¥y

ec [
do / By(z)dz =0
L,/2 L
2 _ p2ta
/ Bj(z)dz = B()?.
_Lu/2

We use the relations (11.2) and

1+ y2%6? B
kuza)]L, Aw =w — w, K, = ¢®o < 1.
2cy? mock,

We obtain the radiation field from (11.3) in time for |w;#,| < 7w N, and from (11.4) in the
frequency domain,

4rocy3 By [1 — y26% cos(2¢), —y 2602 sin(2¢)]

E.(t,) = " TERETE cos(w 1)
P
i @) 4r0cy3BO [1-— y292 cos(2¢), —y292 sin(2¢)] w Ny sin(Aw 1w Ny/w1)
w) =
B Ner s (147202 o AomN,/o

which agrees with the expression (7.30) obtained before directly.
The total radiated energy is (11.5)

Uy = 2r0e202Ee2 /‘X’ B(2)dz = roezczEngLu _ 2nr0moczy2kuK§Nu
3(moc?)? J_o 3(moc?)? 3
and its angular spectral distribution is

2

dQdw

= Upy[Fus (0, §) + Fux (6, $)] frn(Aw) (11.11)

with fn(Aw) being the normalized spectrum function (7.38):

. 2
[EIE e e

a)_1 TNy Aw/w;
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The angular spectral energy density of the radiation at the fundamental frequency is
obtained by setting w = wjg in the general expression (11.11) and expressing the relative
frequency deviation by

Aw _ wip — W1 _ 292

w1 w1

For a large number of periods N, > 1 the square of the normalized opening angle of the
filtered radiation is small, 260 <« 1, and the angular distribution can be approximated as
Fy, = Fy, = 3/m. We obtain for the angular spectral energy distribution at the fundamental
frequency

2U 3p2 N, (sin(r N,y26%)\*
Y (M) (11.12)

= U,
dew(w]O) O w10 7T N,y262

This distribution was discussed earlier in (7.41) and is plotted here on the left-hand side
of Fig. 11.4 against /7 N,y 0. Integration over the solid angle gives the spectral energy
density at wjo,

dU 3
= (@10) = Up—o,
o (w10) om0

which agrees with the earlier results.
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Fig. 11.4. The normalized angular spectral energy density of the radiation from a weak undulator of
finite length having N, periods: left; at the fundamental frequency w,o as a function of angle 6, and
right; on the axis, 0 = 0, as a function of the frequency deviation Aw = w — wyg.
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The variance of the angular distribution at w1,

©  dU
/ 6? 6 do d¢
0 dQ da)

dU
dw

(0 =

— 00,

diverges, as we have discussed already in Chapter 7. This is caused by the unrealistic sharp
termination of the undulator field at L, /2. This leads to an excessive amount of radiation
at high frequencies, which in turn gives a wide angular distribution after filtering at w;y. A
realistic undulator has a smooth field termination at the end and does not produce such a
high-frequency tail. We have fitted the distribution (11.12) with the function (7.43) having
at the center the same value and the same first non-vanishing derivative in order to obtain
an approximate value (7.44) for Orys.-

The spectral energy density on the axis is obtained by setting 8 = 0, giving F, = F,, =
3/ and w1 = wypin (11.11),

d*U 3y N, (sin(nNu /Aw/w10)>2

= Uyt
dew(a)w) 0 T Wi JTNu Aa)/a)lo

with Aw = w — w). This distribution is shown on the right-hand side of Fig. 11.4.

11.3.3 The undulator radiation with amplitude modulation

We consider an undulator field, shown in Fig. 11.5, of the form
By (z) = By cos(koz) (1 + a cos(knz)) for |z] < Ly/2.

This represents a harmonic field with the fundamental wave number ky = 27 /Ao, which is
amplitude modulated by a relative magnitude @ and wave number k;,, = 27 /A,. We assume
that this undulator of length L, contains a large integer number of both wavelengths:

L L
— =Ny >» 1, L =Na>1,  No—Np> L
Ao Am

o m By(2)/Bo

| \uﬂﬂﬂuuuﬁﬂpu( :
J\L\/VV\/UUJV\/\/’UUVVM

Fig. 11.5. The field of a finite-length undulator with a harmonic field modulation.
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The field can be expressed as a function of z of the form
B,(z) = By (cos(koz) + %(cos((ko — km)z) + cos((kg + km)z))>
= B, (cos(koz) + %(cos(k_z) + cos(k+z))) for |z] < Lu/2
with
k_ = ko — km, ky = ko + kn, N_ = Ny — Ny, Ny = Ny + Np.

The Fourier-transformed magnetic field as a function of k, is

_ No sin((ky — ko) No/k
Byh) ~ BO\/E No sin((ky — ko) No/ ko)
2\ ko (ky — ko)m No/ko

a (N_ sin((ky — k_)mN_/k_) Ny sin((ky — k)m Ny /k+)>>

2

k_ (ku _kf)T[Nf/kf k+ (ku _k+)ﬂN+/k+

It consists of a carrier with wave number around &y and two side bands spaced by *k,
around it, all having a certain width.
Using the relations

2y2 Ly 2y2 2y2

7 Clp = 5 cky = Tyzezwh ckyn = mwm

S e

and 0~ = w; — wm, ©T = | + w,, we obtain the radiation field from (11.3) in the time
domain,

4rocy3BO [1— y262 cos(2¢), —y292 sin(2¢)]

E (1) =
1) r (1 + y262)3

cos(witp)(1 + a cos(wmitp)),

and from (11.4) in the frequency domain,

drrocy® By [1 — 2602 cos(2¢), —y 2602 sin(2¢)]

E (0) =
K= (0 + 1207
o —w N [ w—ow_ N
sin T sin TTIN
M o 0 LN w_
@1 —w_wlnNo 2 ey V)
w1 w_

From (11.5) we obtain the total radiated energy,

2rpe*ctE? [* roe*c2E2B2L a?
0= e/ B(z)dz = —— 0= :
3(moc?)® J_o 3(moc?)?
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Fig. 11.6. The spectral angular energy distribution on the axis, 8 = 0, of the radiation from an
undulator with Ny = 96 periods having a harmonic modulation of index a = 0.2 and N,,, = 16 periods.

and its angular spectral distribution,

v = Upy*(Fus + Fur)
dQde 0V Ve T T
. [ w— o N, : A R OF N :
Sin T Sin TTIN_—
| Mo w1 0 +a2 N_ w_
or| 22Ol N, dlo-| 22PN
w — W 2
sm( +7tN+>
N+ w4
+
w — .
Wy oy taN

The spectrum of the amplitude-modulated undulator has a carrier at w; and two side bands
as illustrated in Fig. 11.6.

11.3.4 The undulator radiation with Lorentzian modulation

As another example of interest we consider a weak harmonic undulator with period length

Ay having a slow modulation with a Lorentzian function [63], which is shown in Fig. 11.7,
cos(kyz)

"1+ (/200

The number N, of periods within the characteristic length 2z should be large. We obtain
from (11.10)

B(z)=B

) B
B(ky) = /g—gzoe"g"u”m/"u. (11.13)
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By (z)/Bo

wessnehhif

Fig. 11.7. An undulator field B,(z) having a Lorentzian modulation.

We use the undulator parameter Ky = eBy/(mock,) < 1 in the center, assume that we have
a weak undulator, and obtain the maximum and total deflecting angles v and ¢y, and the
integral over the square of the magnetic field:

" ec /')‘“/43 (2)d eBy K 1
0= — A Z Z ~ _— << —
E.Jo mocyks vy
ec [ 2KoN,
$o = _/ By(z)dz = =0 N
E. J 4
OZO T[BSZO

> B}
/ Bj(z)dz = (1 + (1 + 2kyzo)e 2v%0) ~
—00 . 4

We use the relations (11.2) and

14 y%0° 2y?

— 7w, -
22 0 T T

to obtain, with (11.13), the radiation field, from (11.3) in time, and from (11.4) in the
frequency domain:

cky = cty

ey 3koKo [1 — y 2 cos(2¢), —y 2 5in(2¢)] cos(witp)

E, (1, =
1(tp) = Teor, (14 y262) 1+ tg/tg
- ey kyKo [1 — 2602 cos(2ep), —y?6? sin(2¢)] ®— w
E, () = exp — TNy ).
ey (1+y26%)3 2 2w1 o

The total energy radiated by an electron of energy E. = mqc’y traversing this undulator
is, according to (11.5),

2r0e?c*E2Bizo _ m2romoc?y*ky KGN,
3(moc?)® 4 6 '

O —
and its angular spectral energy distribution is, according to (11.5),

U

dQdw

= UOV (Fuo + Furr) Nu 72JTN |o— wl)\/wl (11.14)
(]
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Fig. 11.8. The normalized angular spectral energy density of the radiation from a weak harmonic
undulator with a Lorentzian modulation: left; at the fundamental frequency wj, as a function of the
angle 0; and right; on the axis, @ = 0, as a function of the frequency deviation Aw = w — wyg.

Integrating over frequency gives the normalization

W) o0
/ 27 Nu(w—w1)/w da)—{—/ e Nu(w—w))/w dw) =1
0 @1

At a fixed angle 6 the spectrum decays exponentially above and below the proper frequency
w; with a full width at 1/e of the maximum height of dw/w; = 1/(7 Ny).

We filter the radiation at the fundamental frequency by setting @ = wjp in (11.14) and
approximate for Ny >> 1, resulting in 26? < 1. We are left with the o-mode only, which
has the field and energy distributions

Ny e~ 2 Nolo—il/on 4, — 7Ny
w1 w1

V2rey kuKoNu e

Ex(a)l()) =
4eorpwio (11.15)
d2U 3y2N, ) ’
= U, u —27TN y26?
i2do (w10) = Up—— o

The radiation emitted by an undulator with a Lorentzian modulation selected at the fun-
damental frequency has a Gaussian angular distribution, as shown on the left-hand side of
Fig. 11.8. Integrating over the solid angle gives the spectral energy density at the funda-
mental frequency

dU( )= U, 3 (11.16)
W o) = .
do @10 020)10
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The RMS opening angle and its projections are

1 1
Op = —_— O'X/ = O‘V/ = —\
O /2Ny W %

The angular spectral energy distribution on the axis is obtained by setting # = 0 and
w] = wjo in (1114), glvmg w] = wjo-
d’U 3y2N,
—e

= U
dew(wIO) o

This spectrum decays exponentially on both sides of the fundamental frequency with an
RMS width of

—27 Ny|lw—wiol /@10

Oy 1

w10 B «/irrNo'

It is shown on the right-hand side of Fig. 11.8. This example illustrates the interconnection
between the spectrum of the radiation and the angular distribution at a given frequency.

11.4 The Compton back scattering and quantum correction

In some experiments a laser beam collides head-on with electrons circulating in a storage
ring, Fig. 11.9. The laser is an electromagnetic wave having magnetic and electric fields per-
pendicular to each other and to the direction of propagation. To make later the connection to
undulators, we call the laser wavelength Ay, its wave number k, = 27 /A, and its frequency
wy = kyc. For the electron the field of this wave resembles that of an undulator, with two
differences: the laser beam has an E-Field and a B-field both deflecting the electron, and
the laser beam moves against electrons, which makes them oscillate at a frequency €2, that
is about twice the frequency of the light. While the electron advances A,/2 the light wave
moves by the same amount against the electron and the two have the same relative phase
as at the beginning:

Q=1+ ﬂ)kgc ~ 2kgc.

The emitted radiation therefore has twice the frequency compared with that for a static
undulator of the same period length A, = A.

Since the electromagnetic field of the laser represents a deflecting force for the electron,
very similar to the static magnetic field of an undulator, we could calculate the resulting
radiation the same way in both cases. However, we will consider the laser field as a stream
of photons of energy hw, = hck, and investigate the kinematics of the Compton scattering
between photons and electrons.

We assume that we have an ultra-relativistic electron beam with y >> 1 moving in the
z-direction and colliding head-on with the laser wave moving in the —z-direction, Fig. 11.9.

The electron has energy and momentum

E. = moc’y, p = pol0, 0, 1]
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Fig. 11.9. Compton scattering between a laser and an electron beam.

with pg = mocBy =~ mocy. For the photon these parameters are

ha)g
E¢ = haoy, pe = —[0, 0, —1].
c
We calculate the radiation as Compton scattering under conservation of energy and
momentum with y, y' > 1,

moc’y + hoy = moc*y’ + hoy

hw hw
mocBy — Te = mocB'y’ cos& + Tl cos @

;o hop
0= —mycB’y sin§ + — sin0,
c

where wy, y’, and B’ are the values after scattering. For given initial parameters w; and y
we can select a scattering angle 6 of the photon and calculate its frequency w; as well as
the angle & and Lorentz factor ¢’ of the electron after scattering. We find for the frequency

2 2

4y 4y
Wy , Wy
1 4+ y202% 4+ 4 hawey [(moc?) 1 + 4 hwey /(moc?)
with oo being the highest frequency which is observed in the forward direction 6 = 0.
This equation has a similar form to that giving the frequency of the radiation emitted in an
undulator of wave number and wavelength given by k, = 27 /A,:

W) = wio = (11.17)

2mc 2y?

o 14 K22+ 202

(11.18)

w] =

On comparing the two we find three important differences.

* The emitted frequency for Compton scattering is a factor of two higher than that for undulator
radiation. This is expected since the photon and ultra-relativistic electron beam move against each
other as discussed before.
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e Compton scattering has an extra term in the denominator,

dho, 4hwey? _ ha
moc?  mocty  mocty’

(11.19)

which gives the ratio between the energy of the photon emitted in the forward direction and the

energy of the electron. We express (11.17) for emission in the forward direction, multiply it by %

and arrange it differently,

> 4)/2?160/5

hwig = moc”y ——————,

moc?y +4y*hw,
which now gives the photon energy /i emitted in the forward direction as a function of the laser
photon energy 7iw;. As long as 4y *hw, < mc*y the energy of the emitted photons increases about
linearly with that of the laser photons. However, as the latter becomes larger this increase becomes
slower and approaches in the extreme case hiw;9p — moc?y. This is of course expected since the
electron is not able to emit a photon of higher energy than it has itself.
However, in the expression (11.18) for undulators there is no such limitation and, for an extremely
small period length 1,, the radiated photon could have a larger energy than that of the electron.
Quantum effects were neglected in deriving the undulator-radiation spectrum. The relation E, = hiw
was applied only at the end in order to convert the frequency spectrum into a photon distribution. In
this process the recoil momentum acting on the electron was ignored, but it is included in Compton
scattering. The extra term (11.19) is often called the quantum correction. Such a modification should
be included for undulator and synchrotron radiation. A proper quantum-mechanical treatment is
not covered here but given in many publications [36].
In a qualitative approach to understanding undulator radiation we went into a system that moves
with the drift velocity of the electron as illustrated in Figs. 6.5 and 6.6. In this frame the undulator
represents a periodic field, moving against the electron with nearly the speed of light, which greatly
resembles the situation in Compton scattering. However, there is a fundamental difference between
the two. For the moving undulator there exists a frame, the laboratory frame, in which it becomes
a static magnetic field. Such a frame does not exist for the laser beam used in Compton scattering.

¢ The undulator-radiation frequency contains a term K 2/2 in the denominator that corrects for strong-
field effects. This term is missing from the Compton effect since it is usually negligible. Laser back
scattering is done with visible radiation, which has a small wavelength X,. Unless the field is
extremely large, the corresponding undulator parameter is very small. Since we obtain deflection
from the magnetic and electric fields, we have to include a factor of 2 in the deflecting force but a
shorter period seen by the electron:

ebB ek efr‘)ug

mock,  moc2k, 2mmoc’

For green light with a wavelength A, = 500 nm we need a field of B =21.4 T or £ = 6.4 x
102 V/m~" in order to reach K, = 1 and observe some of the strong-undulator effects. This field
is very large but not impossible to reach in the focus of a strong laser beam. This experiment has
been carried out and the higher harmonics were observed in Compton scattering [64].
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12
Optics of SR — imaging

12.1 Imaging with SR - a qualitative treatment
12.1.1 The limitation on resolution caused by diffraction and the depth-of-field effect

Synchrotron radiation is often used to form an image of the cross section of the beam with
the arrangement shown in Fig. 12.1. For simplicity we take a single lens of focal length
f =rp/2 at the distance r, from the source to form a 1:1 image at the same distance 7,
beyond the lens. This is no restriction since an image of a different magnification can be
projected back to the source to obtain the resolution in terms of the size of the beam. With
the small opening angle o/ of the radiation, only the central part of the lens is illuminated.
The situation is therefore similar to that of optical imaging with a lens of small size, which
leads to a resolution that is limited by diffraction [65-68]. For a circular full lens aperture
D this resolution is

122 1222

-~ D/r, -~ 4o, ’

d

(12.1)

where d is defined as the distance from the center of the image to the first minimum of
the diffraction pattern. In normal light optics this aperture has a sharp edge, whereas for
synchrotron radiation the angular distribution is smooth and determined by the nature of
the source itself. We use here a typical opening angle a(/ = D/(4rp) to relate the case of
synchrotron radiation to that of diffraction by an aperture-limited lens.

Synchrotron-radiation sources have a finite longitudinal extension ¢, which leads to a
limitation of resolution by the depth-of-field effect in forming an image, as illustrated in
Fig. 12.2. We consider three point sources A, B, and C along the longitudinal extent of the
source. Point B is located at the nominal distance r, = 2 f from the lens and its image point
is at the same distance 7, at the other side. The other point sources A and C have their image
points at approximate distances &£, /2 from the first one and form a spot of finite size dy in
the image plane. Using again £20., for the maximum angle, we find the resolution due to
the depth-of-field effect:

J Uf,@r
P A

(12.2)

229
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lens

diffraction
pattern

Fig. 12.2. The depth-of-field effect.

We will now investigate these two limitations to the image formed with synchrotron, undu-
lator, and weak-magnet radiation.

12.1.2 Diffraction and the depth-of-field effect for SR from long magnets

Synchrotron radiation emitted in a long magnet of bending radius p is often used to form
an image of the cross section of the beam. For most radiation sources the main part of
the spectrum lies in the ultraviolet or x-ray region while for practical reasons the image is
formed with visible light. Therefore we consider here the lower part of the spectrum, which
has an opening angle for the horizontal polarization (5.21) and a resulting source length
given by
1/3

o) ~0.41(0/p)'/ 6~ 4ol p = 1.64(10°) .

The resolution due to diffraction becomes, according to (12.1),

1.22x
d =

/
40y

= 0.74(x%p)".

We find that the resolution improves with shorter wavelength and with smaller radius of
curvature. Because of the latter dependence, synchrotron-radiation monitors have poor
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resolution in large machines. Using as short a wavelength as possible can help improve
the resolution. Using special magnets with strong curvature could help too, but the weak
dependence of the resolution on p makes this approach less attractive.

For the depth-of-field effect we obtain from (12.2) the resolution

3
di ~20%p = 0.34(32p)'".

It is interesting to note that the depth-of-field effect leads to a resolution that has the same
parameter dependence as and a similar magnitude to that for diffraction. This connection
will be discussed later.

12.1.3 Diffraction and the depth-of-field effect for undulator radiation

We consider the radiation from a weak undulator of length L, having N, periods of length A,
and filter out the fundamental frequency w¢. This results in the distribution (7.41) derived in
Chapter 7 and plotted in Fig. 7.9. Since its RMS angle diverges due to the high frequencies
produced by the assumed sharp termination of the undulator field, we made a fit (7.43)
through the central part of the angular distribution. Its RMS angle is given by (7.44), which
Wwe use now as an approximation:

1
YNy

We obtain from (12.1) the resolution due to diffraction,
22M
4o/ = 0.54)\.]0]/\/ Nu = 0.39\/)\.1()[,1,,
0.
9

where we used the relation A, = 2y %X o.
For the depth-of-field effect we find from (12.2)

U\// ~ 0.56

d =

d o L 0.28_Lv 0.40y/A 0L
f ~ ) ~ U. )/«/N_u_ . 10Lu,

which is again of the same form and magnitude as the limit on resolution for diffraction.

Since the resolution is proportional to /L, we would like to work with a short undulator.
However, we obtained the above expression with the assumption N, > 1. A more detailed
calculation is necessary in order to treat the more general case of an undulator having few
periods and to optimize the resolution.

12.1.4 Diffraction and the depth-of-field effect for short-magnet radiation

We consider a short magnet of length L that radiates, according to (11.7) and (11.8), a
broad spectrum with a typical wavelength and opening angle of
Ly , 1

)"sm%_ (e f"\"’esm

2y2’ K ‘ 2y
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We obtain from (12.1) the resolution due to diffraction:

1.225
= 043y ~ 0.31y/AgmLs.

’
G’Y

The depth-of-field effect gives, according to (12.2),

o/ Ly

Ly
Y 2 0.36— = 0.5y/AgmLs.
14

2

2

These results are similar to the ones obtained for the undulator.

12.1.5 Discussion

In large storage rings the image of the cross section of the beam formed with synchrotron
radiation has a limitation on its resolution due to diffraction. Sometimes the question of
whether a large angular spread of the particles in the beam helps the resolution since a larger
part of the lens is now illuminated arises. However, this is not the case since the diffraction
results in a finite-sized image of each particle. In most cases the waves emitted by different
particles have no systematic phase relation and do not interfere to form a diffraction pattern.
An exception to this can occur if the electrons are grouped together into a length smaller
than the emitted wavelength, which will be discussed later.

The depth-of-field effect is due to the longitudinal extent of the radiation source. At first
sight it seems astonishing that the resolution due to diffraction and that due to the depth-of-
field effect have the same parameter dependence and are of similar magnitude. The reason
for this lies in the relation between the length of the source and the opening angle. For
synchrotron radiation from long magnets the opening angle ~ 1/ determines the length of
the source, as illustrated in Fig. 1.2 of Chapter 1. For undulator and weak-magnet radiation
we have similar relations. Since these two effects are so closely related, they should be
treated not as two separate effects but rather as a single one. It is therefore sufficient to
consider just diffraction and the depth-of-field effect will implicitly be included.

Synchrotron radiation is often used as a diagnostic tool to measure the size and/or angular
spread of the electron beam from which it originates. The finite opening angle and image
resolution represent a limitation to this measurement. The product of the two contributions
is a quantitative measure of this effect and is often called the emittance of the photon beam
in analogy with the emittance defined for electron beams. This will be discussed later in
more detail.

12.2 Imaging with SR — a quantitative treatment
12.2.1 The Fraunhofer diffraction

We now treat the diffraction in a quantitative way and consider a 1 : 1 image formed with
synchrotron radiation by a single lens as illustrated in Fig. 12.3. Since we consider only
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Fig. 12.3. Fraunhofer diffraction in imaging with synchrotron radiation.

very small emission angles with respect to the z-axis, we treat the radiation field in this
chapter as a two-component vector. The emitted Fourier-transformed components of the
field have horizontal and vertical angular distributions of the forms

Ex = Ex(x:/v )’;), Ey = EN‘y(x:/v y:/)
At the lens these are transformed into spatial distributions:
Ex(x’ )’) = ENx(rpx':/v pr;), Ey(xa y) = Ex(rpx';v rp)’(,)‘

The point source in Fig. 12.3 is projected onto the image point at the distance r, from the
lens. In this case all rays between source and image points have the same optical length,
i.e. all photons take the same time to go from the source to the image. The dashed circular
arc with radius rj, around the image point represents therefore a cut through an equi-phase
surface. The physics would be clearer if a focusing mirror were used to form a 1: 1 image
right back at the source. In this case the surface of the mirror itself would represent an
equi-phase surface. However, this situation would be difficult to realize and to present in a
drawing.

To calculate the image we use Huygens’s principle [65], which considers each point on
the equi-phase surface at the lens as a source of a radiation field of strength proportional
to [E (x, V), Ey(x, v)]. This is explained in most books on optics and only the results
are given here. We restrict ourselves to a scalar field E, which can stand for either the
horizontal or the vertical component of the field. The field contribution emitted by each
secondary source point [x, y, z] on the equi-phase surface propagates towards the image
plane [X, Y] in the form of a wave

aaxymmﬂm:_%EuwaWWu@, (12.3)
r

where k = 25 /A is the wave number of the radiation. The factor i indicates a phase change of
/2, which is of no interest for our application, and r is the distance between the secondary
source and the observation point in the image plane:

=, =2+ @ =X+ (Y1)~
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On the equi-phase surface we have (r, — 2 = rg — (x% + y?), which gives

rz\/rg—Z(xX+yY)+X2+Y2
( xX+yY  X24+Y2  (xX +yY)? ) xX +yY
p 1 — — %rp—i,

2 2 4
rp 2rp 2rp

Tp

Since the opening angle of synchrotron radiation and the extent of the image are small,
we make the above approximation and neglect from now on higher-order terms in (X/rp)
and (Y /7). This corresponds to the Fraunhofer approximation in optics. Furthermore, we
approximate r in the denominator of (12.3) by 7.

We obtain the field in the image plane by integrating the contributions (12.3) from each
surface element of the secondary source,

- . i . 0 oo B(x,y, kxX  kyY
E(X, Y)eiot = — Lo / / Mexp[i(krp_ x _y_)}dxdy
A o0 J—oc0 p

Tp Tp

M o0 o0
_ P —ion / / E(x, y)e *EHRHERY) grrgyr (12.4)
A —00 J —00

In the second step we omitted the unimportant phase factor exp (ikr,) and replaced the
coordinates (x, y) at the lens by the emission angles (x’, y) at the source:

x ~x'ry X ryfcosg, y & y'r, ~r,fsing.

This integral represents a Fourier transform. In other words, the field distribution E(X, Y)
in the image plane is just proportional to the two-dimensional Fourier transform of the field
distribution on the equi-phase surface at the lens, or of the angular distribution of the emitted
radiation,

EX,Y)x FEX',y).

Sometimes it is convenient to give the emission angles in spherical coordinates 6 and ¢
and to replace the image coordinates (X, Y) by polar ones (R, &) with the relations

X ="Rcos D, Y = Rsin®, (12.5)

which yields

: 00 2
E(R, ) = — I’TP / / E(B, ¢p)e HORes@=®)g 4g 4.
0 0

If the emitted electric field has a harmonic ¢-dependence of the form

E@®,¢) = E (0)cosng) or E@®,¢) = E (0)sin(2ne),
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we can use the integral representation of Bessel functions given in (9.1.21) of [41],

—n

T
/ 2% cos(ng) do,
T Jo

i

Jn(z) =

to express the integral over ¢:

2
/ kIR Ccos@=D) co5(2nep) dgp = (—1)"27 Jou (kOR) cos(2n D)
0

or

2
/ kIR eos@=P) Gin2nep) dp = (—1)"27 Jon(kOR) sin(2nd).
0

This gives an image with the same azimuthal dependence and symmetry as the emitted
radiation. If it is independent of ¢, we obtain an image that is a function of R only:

E(R) = —irpk / E6)Jo(kOR) 6 d6. (12.6)
0

In all these calculations of the diffraction we assumed that we have a point source located at
the distance r, from the lens. This is an approximation for the case of synchrotron radiation.
In the treatment of the depth-of-field effect we said that the length of the source is +20. p
and used for the RMS opening angle o ~ 0.41(1/p). If we take the finite longitudinal
extent of the source into account, the sphere of radius r, around the image center is no
longer an equi-phase surface. The calculation becomes more complicated and the exponent
in the integral (12.4) will contain quadratic terms of coordinates x and y at the lens. This
leads to the case of Fresnel diffraction, which rarely has a closed solution and will not be
covered here but can be found in more extended treatments [69-71]. We expect the improved
treatment to make a sizable correction if the observation of the radiation accepts a relatively
large opening angle and is done from not too far a distance. However, in the following we
will still use the Fraunhofer diffraction to illustrate some of the underlying physics.

12.2.2 The emittance of a photon beam

We consider now a general photon beam emitted from a point source with a symmetric
Gaussian distribution with respect to the horizontal angle x" at frequency w. A lens at a
distance r, focuses the source onto a plane with coordinates (X, Y) at the distance r,, from
the lens, as illustrated in Fig. 12.3. The angular field distribution between the source and
the lens is

B x/2
E(x) x exp<—4a—/2)

and the energy distribution is
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which has the RMS opening angle
(x?) =0,

The field in the image plane is obtained from (12.4),

~ o x/z ot 2y2 72
E(X) x / exp(——/z) e X gy =2 /mole K X",

00 4o
and the energy distribution is

3_§ o e~ 2K X?
with the RMS width
1
JE =0 =2
We call the product of the RMS emission angle and the RMS image size of the radiated
energy the emittance €, of the photon beam

, 1 A
€, =00=—=—.
2k 4w
The emittance depends only on the wavelength, not on the opening angle. However, for
a distribution different from the Gaussian our result will be multiplied by a factor larger
than unity. In other words, a photon beam with a Gaussian distribution has the minimum
emittance €, = A/(4m).
For a two-dimensional distribution the minimum-emittance condition applies to each
direction:

(12.7)

€yx = €yg = €yx T €yy = —

— €yy > — .
A7’ Y=gy 27

For a photon beam with rotational symmetry we have

07) =2(:%) =207, (R)=2X) =2(1"), =26 =26,

12.2.3 The diffraction of synchrotron radiation emitted in long magnets

We now use synchrotron radiation from a long magnet to image the cross section of the
beam. The radiation depends only on the vertical emission angle y’, which we used to call
Y. As mentioned before, this imaging is usually done with visible light having a frequency
much smaller than w, and we can use an approximation. The Fourier-transformed electric
field in the approximation of small frequencies w < w., (5.11), is

o= () () ) () () )]
(12.8)
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Fig. 12.4. The vertical distribution of synchrotron radiation from long magnets.

and the angular spectral power distribution is (5.12)

d’p, 2romoct [ 2/3 2 o \??
= — ) A (—) v’
dQdw T 2wy 2wy

EPr_ 2romc (0 N o of( @ V7
dQ dw TP 2o 2wo '

The latter is plotted in Fig. 12.4. It has the RMS opening angles (5.21)

1/3 1/3
V), = 041(p) N 055<p) , ¢<w2>=o.4s(%> ,

(12.9)

1/3

The vertical image given by Fraunhofer diffraction is obtained by applying the transforma-
tion (12.4) to the vertical field distribution (12.8):

o]

E(Y, )) « / E(y, Ve V) dy,.

—00

This integration has to be done numerically. The corresponding power density of the image
is proportional to |E(Y, 1)|> and is plotted in Fig. 12.5 for the horizontal and vertical
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Fig. 12.5. Fraunhofer diffraction for synchrotron radiation from long magnets.

polarizations as well as for the total radiation. The RMS values of the image power are
oys = 0.206(0%p)'/3, oyx = 0.429(0%p)'/3, Oy ol = 0.279(X2 )3, (12.10)

From Fig. 12.5 it is evident that the image is narrowest for the o-mode of the radiation.
Using a horizontal polarizing filter will therefore improve the resolution of the image by
about 25%.
The product of the RMS image size (12.10) and the RMS opening angle (12.9) gives the
emittances of the two modes of polarization and the total radiation:
A
yp

Later we will also need the ratio between the size of the image and the opening angle:

Y py
€0 =106 €7 =296, ey =157

2 2
o _ 0.504007)"7, il

= 0.780(1p0%)'/3
W, W )

I)otal _ 0.622(10%)" 3.
(¥ )total
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So far we have investigated only the vertical angular distribution and the resulting image.
In the horizontal direction the field distribution is uniform in nature and will be determined
by some aperture limitation due to a slit or lens. Since this aperture will determine the
horizontal diffraction, we do not want to make it too small. On the other hand, by making
it too large we will increase the magnitude of the depth-of-field effect. As a compromise
we make the horizontal angular acceptance comparable to the natural vertical distribution.
Considering that the horizontal limitation has a sharp edge, a value of the order |x'| < 20(/
is a reasonable compromise.

12.2.4 The diffraction of undulator radiation

We derived the radiation from a weak undulator in the frequency domain as

0 (w — )TN,
4rocBoy3 (1 — 202 cos(2¢), 12602 sin(2¢p)) m N, i w1
4/27'[rp (1 ~|—]/202)3 w1 (w - a)l)nNu ’
wi

E(w) =

(12.11)
with

w10 2y2kyc

= 1+]/292 - 1+y292'

w1

We filter out the frequency w = w to use it for imaging the cross section of the beam and
obtain from (7.41) the field containing only an x-component,

4rocBoy? m N, sin(y20?m Ny)
V2rr, o y?0*mN,

E (w10) ~ , (12.12)

and, from the angular spectral power distribution (7.42),

CP@w0) _ 23 Nu (sinG 027N\
dQdo " meow\ 202N, )

This function is plotted in Fig. 12.6. Integrating it over the solid angle gives the spectral
power density at the fundamental frequency:

dpP 3
—(w10) = Py

—. 12.13
dw 26010 ( )

As discussed before, this angular distribution at w; has a diverging variance caused by
the unphysical abrupt termination of the magnetic field at &L, /2 which enhances the high-
frequency spectrum. Since a realistic undulator has a smooth field termination this problem
is an artifact of our simplified description of the field. To avoid it, we fit the central part of
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Fig. 12.6. The angular power distribution of undulator radiation at w;g.
the distribution with an exponential, (7.44), as shown in Fig. 7.9,

d?P(wio) ~ Puyziﬂe_(nNuyzezyﬁ
dQdw T Wi ’

which is also plotted in Fig. 12.6. It has the RMS value, (7.44),

3 1

2,2

0°) = =0.31—, 12.14
{r7e7) 72N, N, ( )

which we will use as an approximation for the actual distribution.
The field in the focal plane is obtained from (12.12) with (12.6),

EX(R1 wlO) = i

A 27 2rgc By s'( k2R? )
1 ,
A

w10 JTNuyz

where we used the sine integral function si z and the integral [72]

/‘00 sin(bzz)J( )d 1 .[/c?
=——si[ — ).
A A A e 72
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Fig. 12.7. Fraunhofer diffraction for imaging with undulator radiation at w.

The spatial spectral power distribution of the image at the central frequency wj is

aépr 3k2y? L[ kXR?
———(wj0) = Py si .
RARAD dw 713Nua)10 JTNu]/2

Integrating it over the area gives the same spectral density (12.13) as that which we found
for the emitted radiation.

Since the above distribution has also a diverging variance, we perform again an expo-
nential fit at the center:

&P 3k2y? 4R?
Som (@) X Pu—s———exp| =55 |,
RAR AP dw 3N w10 PRIZI
which is plotted in Fig. 12.7. Its variance
YN,
4

will be used as an approximation. With the RMS angle (12.14) and beam size (12.15) we
find the emittance and the ratio:

(R*) = (12.15)

o 2 2,  m
x = ~A3r— =1.75—, ~ L, = 0.448L,.
B T W, aBr " '
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12.2.5 The diffraction for the undulator with a Lorentzian profile

In the previous chapter we discussed an undulator with a Lorentzian modulation of the
magnetic field,

cos(kyz)
1+ (z/20)*

giving a radiation field at the central frequency w; that has, for a large number of periods,
only an x-component, (11.15),

B(Z) = B()

Ew) = Y2E kKoNu o
46()}”pw10
Owing to the variation of the amplitude of the field the radiated power also changes and the
radiated energy is a better quantity to discuss. For this undulator we obtained the angular
spectral energy distribution (11.15),
d*U 3y Ny 2Ny ok

~ U
100 (w10) =~ Up—— or

the spectral energy density at the fundamental frequency (11.16),

dU 3
—(6010) = U02—10
and the RMS opening angle
Orms = ; (12.16)
Y21 Ny

To calculate the diffraction for the field distribution we make use of its azimuthal sym-
metry and use the relation (12.6):
_ i 3kkyKoN, o
E(R, @, wyg) = ——— X "0 / ¢V 1 (KROYD dO
4/2r €010 0
i eykk.K ( k>R? )
427 €owio 4y2w N,
The integral appearing above can be found as 11.4.29 in [41]. The spatial energy distribution
of the diffraction pattern has the form

L BT eR2
— (w19) = —|E,(R, P, w = exp| — .
RARdADdo ' ™ e 10 Y4772 Nowro P\ 222N,

Since it is the Fourier transform of the original Gaussian angular distribution of the radiation,
the diffraction pattern at the fundamental frequency is also Gaussian. It has the RMS width

2 Nyy A TNy A

— urz — gy = Y urh 12.17
oR 7 ox =0y 7 ( )
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Table 12.1. RMS values of the emission angle and diffraction pattern,
emittance and size-to-angle ratio of a 1 : 1 image formed with the
o -mode for various sources

L. , 4 oy

Source Direction o, oy €y — —
A oy

Long magnet, 5 33 352
0 < o, y 0.4191/p  0.21px 1.06  0.50/Ap
Hard-edge 0.40 yAVN:
undulator, X,y ~ ~ 2 ~0.5L,
w = a)lo )/ \% Nll 2
Lo(rierlltflan 1 AN, "
undulator, X,y . 20
© = wy 2y /TNy 2

Integrating this over the area gives the spectral energy distribution,

dUu 3
@(wlo) = UO%,
which is the same as that of the original radiation.
From the RMS angle (12.16) and image size (12.17) we obtain the emittance

A
€yx = €yy = —
vr T Sy T
which is the minimum possible value because we have a Gaussian distribution. For the ratio

of the size and the angle we have

0y, T

(R?)o Nuhu

12.2.6 A comparison of the properties of beams from various sources

In Table 12.1 we list the types of radiation from the various sources we investigated and
give the RMS opening angle ¢’ and the 1:1 image size o as well as the emittance ¢,.
Furthermore, we list the ratio of the image size and opening angle o, /o, which we will
need later. The quality of a photon beam is higher the closer its emittance approaches the
minimum value A /(47).
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Electron-storage rings

13.1 Introduction

An electron-storage ring consists of an assembly of deflecting bending magnets and focusing
quadrupole magnets, called a lattice (Fig. 13.1). The bending magnets determine a closed
equilibrium orbit for a particle having the nominal values for energy, initial position, and
angle. Particles with small deviations from these nominal parameters are kept in the vicinity
of the nominal orbit by the focusing quadrupoles. In addition a storage ring has magnet-free
straight sections. These contain an acceleration system, which is usually called the radio-
frequency system or just the RF system. It is used to replace the energy lost by the particles
due to the emission of synchrotron radiation or to accelerate the electron beam to higher
energy.

The straight sections also house insertion devices (undulator and wiggler magnets) and
other equipment such as instruments necessary for the operation of the storage ring. The
particles are made to circulate inside a vacuum chamber with a very low pressure of a few
nTorr (0.13 wPa) in order to minimize the interaction between the particles and the residual
gas.

We restrict ourselves to a plane storage ring and describe the beam dynamics in a coor-
dinate system that follows the nominal equilibrium orbit as shown in Fig. 13.2. The longi-
tudinal coordinate s is the path-length along this nominal equilibrium orbit. The horizontal
x-coordinate is perpendicular to the nominal orbit and points to the outside while the verti-
cal y-coordinate is perpendicular to the (x, z) orbit plane and points upwards. Furthermore,
to describe the emitted synchrotron radiation we use z as the coordinate along the tangent
from a source point s. We also use the local curvature p, which is positive if it bends the
particle to the inside. The nominal energy and momentum of the particles are E. and pg
with the deviations AE and Ap.

The derivatives with respect to s are indicated with a prime, e.g. the vertical angle of
the trajectory is y'. Sometimes also the derivative with respect to the relative momentum is
indicated in the same way, e.g. v/ = dv/d(Ap/ po). We assume that there are small deviations
from the nominal conditions and use paraxial approximations with
x” AE

"

—— )X, < 1.
T2 E,

X ! y / l
Skl Mkl =kl Ykl —=
o o P

244
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bending

p=po+ Ap F-quad
A magnet

nominal
orbit

Fig. 13.1. Storage rings consisting of deflecting, bending, and focusing quadrupole lenses.

closed orbit

Fig. 13.2. Coordinates of a particle in a storage ring.

We will take these quantities only to first order. We deal with ultra-relativistic particles and
approximate

E. Ap 1 AE AE
>1,  p~1, L= Tox T
Po /3 E. E.
Many aspects of the beam dynamics are completely symmetric in the horizontal x- and
vertical y-directions and we use the letter w to represent either of them:

)/ =
moc?

w=x or w=y. (13.1)

Storage rings are described in many books and numerous reports. Many emphasize their
application as sources of synchrotron radiation [14, 15, 18, 24] and cover in more detail the
material presented here.

13.1.1 Lattice magnets

To describe the elements which make up the lattice we start with the bending magnets,
which usually have a homogeneous dipole field B as shown in Fig. 13.3, but in some cases
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y

Fig. 13.3. A dipole bending magnet.

may also include a transverse gradient. The dipole magnet is characterized by the curvature
1/p, the deflecting angle ¢g, and length pgg. A charged particle of momentum p = By mgc
traverses the magnet on a circular orbit with curvature

1 eB eBc
; = 7 ~ —ymgcz’ (13.2)

where we use the ultra-relativistic approximation, which is usually justified for electrons.
These bending magnets determine the nominal equilibrium orbit. In most machines they
are homogenous dipole magnets. If they all have the same field strength, the ring is called
isomagnetic.

The quadrupole magnets, often called ‘quads,” provide focusing and deflect particles
with deviations in position back towards the nominal orbit. Furthermore, they provide a
bending correction for particles that have a positive or negative momentum deviation and
whose paths are bent less or more in the dipole magnets. Such particles are on a different
equilibrium orbit, which is displaced to the outside or inside with respect to the nominal
orbit. They traverse the quadrupoles off center and acquire some additional bending to the
inside or outside.

A quadrupole has a transverse magnetic field with a linear gradient, resulting in a field
strength proportional to the distance from the axis as indicated in Fig. 13.4:

_ 9B, 9B,

Bx = =k s B, = ~ =k
’ dy Y Y ? dax * *
oB, 0B
B? = k*(x* + y*) with k = =—2.
ay ox

The constant k gives the two cross gradients of the field, which are both the same due to
the condition curl B = [V x B] = 0. In the horizontal median plane the field is vertical,
resulting in a horizontal deflection proportional to +kx, whereas in the vertical median
plane the deflection is proportional to Fky. In each of these two planes the quadrupole
provides the same focusing strength but of opposite sign. The deflection of a particle with
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i
<

Fig. 13.4. Quadrupole magnets with deflecting forces for a positive charge moving out of the plane
of the figure indicated. The magnet on the left-hand side is horizontally focusing and vertically
defocusing, whereas the one on the right-hand side has the opposite focusing properties.

momentum py traversing the quadrupole on a paraxial trajectory is given by
eB ek
~ 7 =—x"=- t = —x = Kix, v = Kpy.

Px ds p P

The focusing parameter

ek e 0B, . ec 0B, _ 1 9B, (13.3)

Ki = = ~ — = 2
p p 0x ymoc? 9x pBy 9x

is by convention positive in a horizontally focusing quadrupole, called an F-quad, and
negative in a horizontally defocusing D-quad. The particle trajectory for Ky > 0 is given by
x" + Kex =0, y' — Kiy =0

with solutions

x =X cos(v/|Kils — o), y = Jcosh(v/|Kls — o).

In many cases the quadrupole length £ is relatively short, resulting in an angular deflection
but negligible change in excursion, and we can use a so-called short-lens approximation
and obtain for the change in trajectory

Ax=0, Ax'~-Kgfx=—> and Ay=0, Ay ~Kily=">
f f
with f being the focal length of the short lens replacing the quadrupole.

To provide overall focusing in both planes we have to use focusing and defocusing
quadrupoles in combinations similar to that of the two lenses shown in Fig. 13.5. This is
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Fig. 13.5. The overall focusing provided by an F-quad and a D-quad.

based on the principle that the particles have a larger transverse excursion in the F-quads
and acquire a stronger deflection towards the axis, whereas in the D-quads the excursion is
smaller, resulting in a weaker deflection away from the axis. This principle is well known
in light optics.

13.2 The transverse particle dynamics in a storage ring
13.2.1 The particle dynamics over many revolutions

To study the transverse particle dynamics in a ring, we carry out a thought experiment. We
start a single particle through the storage ring and observe its position and angle x; and x;
during successive turns k at selected locations, see Fig. 13.6. Since the focusing is linear, the
observed points lie on an ellipse in this phase-space (x, x’). At any location around the ring
the area of this ellipse is the same (Liouville’s theorem), but its shape and orientation can be
different. In simple lattices the centers of the quadrupoles are often symmetry points where
the beam is neither converging nor diverging but about parallel. As a result the phase-space
ellipse is upright. In the F-quads the excursions x; are large but the angles x; small, which
gives an ellipse with a large horizontal—vertical aspect ratio. In a D-quad the situation is
reversed, with an ellipse being narrow and high. In between quads, there is a correlation
between displacement and angle that is negative, or positive at locations where the beam is
converging or diverging. The corresponding phase-space ellipses are tilted forwards after a
D-quad and backwards following an F-quad.

Since these magnets are linear, the beam coordinates (x1, x|) at the exit from the magnet
are linear functions of the input parameters (xo, x;) which we can express by writing a
matrix equation:

’
Xy = mypxo + mpx, (Yo (m o m (Yo _,, (%o
X = myxg + mpnx) X! may mxn )\ x; \xp )
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Fig. 13.6. The trajectory of a single particle making many revolutions in a storage ring.

This gives, for a straight section with length L, a short bending magnet of length pgg,
and a short horizontally focusing quadrupole of focal length f, the following expressions:

straight section: 1 "0 o M,=M, = (1 L>
X, =X ’ 0 1

. = 0 1
dipole: 1 T RN VA M, = < peB
X, =X 0 1

(13.4)
X1 = Xo

10
X = —xo/f +x, M. = <—1/f 1)

quadrupole:
Y= 1 O)
, , = M, = .
Y1 :)’0/f+y0 Y <1/f 1
The matrices of these elements have some general common properties.

e The determinant is unity, |M| = my1ma — mppmy = 1.

e The term m, gives an indication for the length of the element.

e The element m,, indicates the dependence of the deflection on the initial displacement, which is
characteristic for focusing if m,; < 0 and defocusing if m,; > 0.

The following investigation of the transverse beam dynamics is equivalent for the hori-
zontal and vertical planes and hence we use the letter w to stand for x or y.

The calculation of the trajectory around the whole ring is complicated and can rarely be
done in a closed form. However, the transfer through individual elements can be built up
to form the whole ring. The transport of the particle through two elements is obtained by
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Fig. 13.7. The position and angle of a single particle making many revolutions observed at a given
location in a storage ring.

multiplying the matrices of the individual elements in inverse order

w w w w w
()=o) ()=o) = an ()
w Wy w, w Wy

By going through all the elements of a ring, we can find the one-turn matrix which gives
the position and angle after one revolution as a linear expression of the initial value:

mpwy + mpw - wr\ _ [(mu mip wo

ma Wy + Mmapwy w] my my J\wy )

This one-turn matrix has a unit determinant and represents a linear mapping like the individ-
ual element matrices. The values (x, x;) after k turns are obtained from the multiplication

(Fig. 13.7)
k
w1 _ mpp mi Wo
<w1> (mzl m22> (w(’))

With all elements being linear, the one-turn matrix represents a linear mapping of (wo, wy,)
onto points wy, w; after k turns, which lie on an ellipse as will become clear later.

In the first step we assume that the particle is observed at a symmetry point where the
ellipse is upright. We take a location with a straight ellipse, giving orthogonal mapping over
k turns as shown in Fig. 13.8.

For apair (u, v) of variables that are measured in the same units the general transformation

matrix over one turn,
A cospu  sinp uo
vy —sinp cosp )\ vy )

wi

’
wy
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Fig. 13.8. A phase-space ellipse obtained by mapping a circulating particle at a symmetry point over
many turns.

or a number n of turns,

u,\ [ cosu sinp Y up\ [ cos(nu)  sin(np) g
v, ) \—sinpg cosu /) \vg /)  \ —sin(np) cos(nu) )\ vy /)’

represents a rotation of the vector [u, v] by an angle of u,, each turn with the points u,,, v,
lying on a circle u? + v2 = u% + v%.

Since w and w’ have different units, we need a scaling factor 8,, having the dimension
of a length, giving for the matrix

Wi\ _ COS fy  Pusinjiy | (wo
wy )\ —sinpuy/By  cOS Wy wy )’
To illustrate the meaning of x,, and 8, we consider k turns:

cospy  Pusing,\ _ [ costk)  PusinCkp,)
— sin wy /B COS Uy o\ - sin(k )/ Bu cos(kity) )

The points wy, w; now lie on an ellipse and the parameter p,, = 27 v represents a phase
advance per turn of the trajectory. The particle motion observed each turn represents an
oscillation around the nominal value called betatron oscillation. Correspondingly ft,, is
the betatron phase advance per turn and v,, is the betatron tune. We start the particle with
wo =0, w; # 0 and obtain after k turns wy = sin(kp,) By wy. Therefore, B, = /W’
gives the ratio between the maximum displacement and the angle at a given location. The area
of the phase-space ellipse mapped by a particle is the same everywhere, A = we,, = T W,
where €, is called the emittance of a trajectory. We have

A2
€y = w’:Z-:w’zﬂw, W= VenBu, W = /;—“’. (13.5)

The equation for the phase-space ellipse is

S

2
w
2
— + BLw” =¢€,.

Bu
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Fig. 13.9. The phase-space ellipse for the general case.

We can now express the mapping over many turns for a symmetry point with the phase
advance per turn (., and the amplitude function 8,

Wi = COS(ka) wo + /Sw Sin(k““w) w(,) =C COS(k,wa - 900)

w/
C:\/w(z)‘*‘ﬁ:%wf)zzvﬂwfw, tan‘ﬂoz%
0

/ € :
Wi = /€y Pu cos(k ity — @o), w =—./ B sin(kity — @o)

with ¢ being a constant phase given by the initial conditions.

In the general case the particle is not observed at a symmetry point but at a location where
the beam is converging or diverging. The resulting phase-space ellipse is tilted (Fig. 13.9).
However, since the one-turn matrix still has Det M = 1, the area of the ellipse stays the
same.

To understand the general situation, we consider a location at —As upstream of the
symmetry point with coordinates w, w’. The optical properties of the structure between the
two locations are described by a matrix T with elements #;;, giving the relations

wo\ _ [t tiz [ Wo wi\ _ (o tiz [ Wi
wy by tp)\wy )’ w) i tp )\, )

which we use to transform the one-turn matrix for the symmetry point,

(wl)_(mn m12>(wo>
/ - / ’
wy noyr mpp Wy

into one for a general location:

<f11 t12>(d)1)_<m11 m12)<t11 112)<U70)
by In w) my mxn J\ i tn )\ W
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We multiply this by the inverse matrix

T = ( 22 _“2> (13.6)

—hh1 I

and obtain the desired one-turn matrix:

(11)1)_( 15%) —f12)<m11 m12)<f11 t12><u’)0>
W =t li my mxn J\ b tn )\ W
Using the one-turn matrix with B,,. for a symmetry point,

_ COS [y Bue S0 Ly
MS — . ’
— Sin /Lw/ﬂwc COos MHw

we find for the new one-turn matrix for a general location

M=T"'"MT
it

2
. t .
+ t21l22,3wc> Sin fy, (—12 + tzzzﬁwc> Sin Ly,

wce

COS [y + (

wce

2
M 2 . it .
- (_ + 151 Buwc | Sin py COS [y — + 01122 Buwc | Sin py

wce ﬁwC
To express this in a more compact form, we introduce the so-called Twiss parameters :

2
t
12 2
:Bw = + tzzﬂwc

ﬂwc
it
oy = + 11122 Busc (13.7)
wce
12 1 + a?
yw=1_1+t221ﬂwc= B -

They can be calculated from the lattice elements and their physical meanings will become
clear later. From the fact that all our matrices have unit determinants we obtain the relation

Buwyw =1 -{-055).

We obtain the general one-turn matrix starting at a point with B, ay,, Y,

M= <COSMw+aw Sin [y Bu Sin fyy )_ (mu mu)
—_ . . —_ 3
—Yw S Uy, COS [y — Oy SIN [y, mayp My

and the matrix describing k turns,

Mk — Mk — <COS(k,LLw) + oy Sin(kﬂw) ﬂw Sin(k,u'w) > (138)

-y Sln(kﬂw) COS(k/Lw) — Uy Sin(k,ufw)
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This illustrates that w,, still has the meaning of a phase advance per turn. It can be calculated
from the trace of the matrix:
miyp + mo

2

From the computed matrix element we can calculate the Twiss parameters:

2
(mll - mzz)
2 - 5
mi, 2 2

2
1311): R o =

| — my + myn\ v 1 — mi + man\
2 2

The general phase-space ellipse is given by

1
ywa + zawww, + ﬂwwlz = _(w2 + (aww + ﬁww/)z) = €y-
w

1
COS Ly = 3 Trace M =

Compared with the orthogonal case, the relations between maximum excursions and
emittance are the same for ¥ but different for w':

” Y A

~2 A A1

w w ww w
W= 6,3, ’li)lz €EwVws €y = — = — = = .
v ewb Vet T JBare Vit el

Using (13.8), we can write the coordinates turn by turn in the forms

Wi = (cos(kfiy) + oty sin(kpay,))wo + By sin(k iy )wy = C cos(k ity — @o)

C= \/U)é + (apwo + ﬂww(/))z = \/Ew,Bw

and
Wy, = — Y sin(kLy) wo + (Co8(k ) — oy sin(kpy,))wy = C’ cos(k iy, — ¢p)
C' = o + e + uf = Jeuv,
giving

Wi = v/ €wBu cos(k Ly — ¢o), Wy = /€Y sin(kpLy, — @1). (13.9)

To obtain the lattice functions 8,, and «,, at a certain location s around the ring, we have
to start at this point and multiply the matrices of the elements of the ring. To obtain these
functions for another location s; (Fig. 13.10) it is useful to find their dependences on s
directly. This is particularly important for a straight section, where the coordinates (wo, w;)
at s = 0 change as follows:

wy = wo + wps, wy = wy.
We introduce this relation into the expression for the phase-space ellipse:

2 i 12
€w = YwoWj + 2000wowy + Buowy

€y = yw()w% + 2(0511)0 - VwOS)wlw/l + (,Bw() - 2“11)05 + yw()sz)w/12~ (1310)
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Fig. 13.10. Transfer between two points along the ring.

From this we obtain the propagation of the lattice functions in a straight section:
Bu(s) = Bu(0) — 2a,,(0)s + y.,(0)s’ (13.11)
ay(s) = ay(0) — yu(0)s, Yu($) = Yu(0).

This equation becomes especially simple if we express it around the location sy where
Buw(sp) has a minimum, i.e. a(sg) = 0:

RS
Bu(s — s0) = ,Bw(so)<1 + (;w(sf)o)) )

Next we investigate the effect of a short lens of focusing strength 1/f on the Twiss
parameters. The change in trajectory at the lens is

w; = wo, wy =wy— —,

which we use to substitute for (wo, wy) in (13.10), giving

2Olwo /ng > ( ﬁ ) ”n
€w = Wi| Ywo + —— + + 2w wi | oo + + wy Buo,
1 ( £ 1 f :
which gives the changes of the Twiss parameter in a short focusing lens:
Buw Buw
AB, =0, Aay, = 7, Ay, = f + F (13.12)

Finally we consider continuous focusing in a long quadrupole with focusing parameter
K¢ and take a short element of length ds and focusing strength K ds, (13.3), which makes
the first-order trajectory changes

w; = wo + wyds, wi = w) — woKrds
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or
wo = wy — w; ds, wy = w) + w; Keds,
which we use to substitute for (wo, wy) in (13.10):
€= wf(ywo + 200K ds) + 2wy w (oo — Yo ds + BuwoKrds) + w’f(ﬁwo — 2000 ds).
This gives for the derivatives of the Twiss parameter in a general linearly focusing section
Vo =20uKs, o, =BuKr—vw, B, = 20.

On making the substitutions o = —p/,/2 and y,, = (1 + ai)/ B, we obtain a non-linear
differential equation for 8, (s):

%ﬂwﬂ;: - 4]_1/35 + /3in =1.

This general equation rarely has an analytic solution and the Twiss parameters are usually
computed by matrix multiplication.

We try to find a convenient expression for the trajectory as a function of the longitudinal
coordinate s within one revolution similar to the expression (13.9) which gives the trajectory
coordinates for each turn k at a certain location sg. It can be shown that the latter expression
can be generalized by replacing the phase ku,, per turn (13.4) by the continuous betatron
phase ¢, (s), leading to the expressions

w(s) = /euBuls) cos(@uls) — ¢0)
w'(s) = —v/€w/Buls) (@u(s) cos(eu(s) = ¢0) + sin(u(s) — ¢0))
= —/€wVuw cos(@u(s) — @)
and the betatron phase is related to the beta function by
dou(s) 1
ds Bu(s)

The phase ¢,,(s) advances fast where §,, is small and slowly where it is large.
It is interesting to form the variances of the coordinates at a location s by averaging over
many turns:

(13.13)

(w?) =1y,  (ww)=—lew,, (W?) =ley,. (13.14)

The envelope of the multi-turn trajectory is proportional to /8, (Fig. 13.11).

13.2.2 The beam with many particles

The large number of particles in a beam execute betatron oscillations of different phases and
amplitudes. They describe ellipses that have different areas but, at a given location, have
the same orientation and aspect ratio. Therefore, the beam as a whole covers a phase-space



13.2 The transverse particle dynamics in a storage ring 257

\Y% ewﬂw

Fig. 13.12. The phase-space ellipses of different particles have the same orientation and aspect ratio
but different sizes.

distribution W of the same form as the particles, with the beam emittance being the average
of the individual particle ellipses E,, = (€,,) (Fig. 13.12).

The phase-space distribution W(w, w’) is shown in Fig. 13.13. Usually it can not be
observed directly; however, we can measure its projections f(w) and g(w’) on the planes
of position or angle,

fw) = / W(w, w)dw’, gw) = / W(w, w)dw,

the average (center-of-charge) position and angle,

/ f(w)wdw

/f(w)dw ’
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g(w’)

Fig. 13.13. The phase-space distribution and projections of a beam with many particles.

and its variances in position and angle,

/f(w)w2 dw v/g(w')w/2 dw’
o?=L (13.15)

/f(w)du) ’ " /g(w)dw/

The emittance of the beam containing many particles is

2 _
o, =

!/

(€w) = 0ywOy,.

In electron machines the horizontal emittance of a single particle is given by the quantum
excitation due to emission of synchrotron radiation, as will be shown in Chapter 14. Since
this is the case for each particle, the emittance of the whole beam is usually the same.
However, instabilities or scattering between particles can lead to a blow-up of this natural
emittance at high intensities.

13.2.3 The dispersion

A particle with a momentum deviation Ap/py has a different bending angle in a dipole
magnet. For a plane ring this results in a new equilibrium orbit at a distance Ax = D, Ap/po



13.2 The transverse particle dynamics in a storage ring 259

and angle Ax" = D, Ap/po with respect to the nominal orbit, as indicated in Fig. 13.1. This
deviation, normalized by Ap/ py, is called the dispersion D, and the derivative is denoted
by D’. The curvature 1/p of the particle trajectory in a bending magnet of field B depends
on the momentum p:

eB N eBc

1
o p mcy

The angular deflection in a bending element of length ds is therefore

A _ds_ ds Nds(1 Ap/po)
OB T oL+ Ap/po)  po P/ po

with pp being the bending radius of the particle with nominal energy. A particle with an
excess of energy is deflected less and will obtain a positive angular deviation to the outside:
L S

dx’ , = = —.
Po Po Ap/po  po

In a bending magnet the dispersion will therefore propagate like

2
D(s) = D,(0)+ =,  Dy(s) = Dy(0) + D(O)s + ——. (13.16)
£0 20

Since the off-momentum orbit is displaced with respect to the nominal one, the particle
goes off center through the quadrupoles and acquires some extra deflection. For a short
quadrupole lens of focusing strength 1/f this leads to an angular deflection of

Ax' = ——, AD = —— AD, =0. (13.17)

For a long quadrupole lens with focusing parameter K we obtain
D! = —D\K,

which indicates the focusing effects of the quadrupoles on the off-energy orbit. Finally, in
a straight section the dispersion propagates like

D'.(s)= D.(0),  Dy(s) = Dy(0) + D.(0)s. (13.18)

With the above relations we can evaluate the dispersion function D,(s) and its derivative
D’ ().
X

13.2.4 The chromatic aberrations and their correction with sextupoles

The focusing strength of a quadrupole depends on the momentum of the particle, 1 /f o 1/ p.
As a result the tune depends on the momentum deviation, which is expressed as the chro-
maticity, in terms of either the absolute tune v, or the ratio £, of the relative changes
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Fig. 13.14. Chromatic correction with sextupole magnets.

in tune and momentum

Av, Ay /v,y , Ay _Avy/y,

v, = , x = and v, = ) y .
Ap/po Ap/po Ap/po Ap/po

This can be corrected with sextupole magnets located at finite dispersion. They have the
geometry shown in Fig. 13.14 and a field of the form

/

1 2

0°B,

2 2 y
X< — , B [

( ) 1] 2| ax?

9’B,
B, = FIRAL B,

_19°B,
T2 9x2

x4+ y9).

Developing this field around a point x = x¢, y = 0 on the horizontal axis,

3’B 3’B, (x2
B, = Y xo Ay, B, = Y (x_o + xo Ax),

0x? ax2 \ 2

results in a dipole field combined with a quadrupole field of a strength proportional to the
displacement xg.

A horizontally focusing sextupole is placed close to an F-quad where particles with excess
energy have an orbit displaced to the outside and receive some extra focusing, as shown
in Fig. 13.14. Conversely, vertically focusing sextupoles located close to D-quads provide
correction in the vertical plane.

We develop the sextupole field around a point x = 0, y = yp on the vertical axis,

3’B,

2
B, = = Yo Ax, sz—% &eroAy ,
dx2 ’ ax2 \ 2

and obtain a field consisting of a dipole and a rotated quadrupole component, which cre-
ates coupling between the horizontal and vertical motions. The strength of the latter is
proportional to the vertical distance yj.

Sextupoles are non-linear elements that can not be treated with simple matrices. They have
to be rather strong in highly focusing lattices and can have adverse effects, e.g. they often
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limit the so-called dynamic aperture which is the maximum betatron amplitude accepted
by the ring.

In the absence of sextupoles the horizontal and vertical chromaticities have the ‘natural’
values, which are always negative. With uncorrected chromaticities the betatron tune v, and
v, depend on the momentum of the particle, which may result in a large tune spread. It can
lead also to beam instabilities.

13.2.5 Coupling and vertical dispersion

Rotated elements and misalignment of magnets can lead to a situation in which horizontal
and vertical betatron oscillations are coupled. In storage rings mainly rotated quadrupole
fields cause coupling. A small rotation of a quadrupole magnet can be regarded as a normal
quadrupole field with a weaker one that is rotated by 45°. The latter is of the form

and results in a vertical deflection for a particle traversing it with a horizontal displacement
from the axis. Vertical displacements in sextupole magnets also result in a rotated quadrupole
field acting as a source of coupling. As will be seen in the next chapter, the horizontal
emittance of an electron beam has a finite size due to emission of synchrotron radiation,
while the natural vertical emittance is much smaller. Coupling will usually determine the
vertical beam size.

In anideal plane storage ring there is only a horizontal dispersion D, while the vertical one
vanishes, D, = 0. However, errors such as rotational misalignment of bending magnets or
of quadrupoles at locations of horizontal dispersion can produce vertical dispersion. Owing
to quantum excitation during emission of synchrotron radiation, this will lead to a larger
vertical emittance, as will be discussed in Chapter 14.

The vertical emittance is mainly caused by coupling or vertical dispersion. To keep it
small, we have to keep rotational misalignment of dipoles and quadrupoles small, reduce
vertical orbit distortion in quadrupoles and sextupoles, and avoid vertical position errors of
these elements.

13.2.6 An example: The FODO lattice

To illustrate the calculation of the lattice parameters we take as an example a storage ring
with N identical cells of length L, each having only a thin F-quad and a D-quad of equal
strength, with bending magnets filling the space between them, as shown in Fig. 13.15. This
beam optics is called the FODO lattice and is used in many machines. To calculate the beta
function we start from a symmetry point in the center of the F-quad. Since each cell has
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Fig. 13.15. A FODO lattice consisting of equidistant F- and D-quads.

the same configuration and the same lattice functions at both ends, we can treat it as a ring
with a single cell of phase advance u,. Later we take the N th power of the transfer matrix
for a cell in order to obtain the full ring. We obtain the horizontal matrices of the elements
from (13.4) and multiply them:

1o/, L\[/1 0\(, L 10
Sl U | DR | Y | B | B
2f 0 1 f 0 1 2f
2 L
I=3r7 L(l + ﬁ) oS Bk sin i
L L L? —Z—Ssinfly  COS [y
(1) e "

On comparing the two matrices in the lower line, we obtain

2

L
cos iy = 1 — 2sin*(uy/2) = 1 — — sin(uy/2) = —

82 Af
T
2 __min_ o(2fY " 4f _ o Lsingu/2)
Prr = may =L <L> | — L = P 2 cos(iy/2) sin(uy /2)
4f

For the vertical matrix the starting quadrupole is defocusing and we could again multiply
the corresponding matrices. However, we can just change the sign of 1/f in the horizontal
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expression and obtain

- L? . . L
cospy =1—=28in"(y/2) =1 — — =sinpu, — sin(u,/2) = —

82 4f
L
2 M o, E2 _ﬁ _ 1 —sin(u,/2)
Pyp=—, =L (L) L = P = L G2 sinGay )
4f

The FODO lattice has perfect symmetry between horizontal focusing and vertical defo-
cusing and vice versa, resulting in the same phase advance per cell, and a horizontal beta
function at the D-quad that is equal to the vertical one at the F-quad:

Mx = Uy, lng = ,ByD, IBXD = IByF'

The beta functions are largest at the centers of the quadrupoles. The maximum value depends
on the length L and the phase advance u of the cell and is smallest around pu, =~ 76°. It is
interesting to note that 8, diverges as the phase advance per cell u, approaches , where
the lattice becomes unstable.

Next we calculate o,py at the exit of the F-quad and «,p_ at the entrance of the
D-quad. Using the fact that « = 0 at the symmetry points represented by the centers of
the quadrupoles and the relation (13.12) for the change of «, in the half quads:

e _ 1sinGu/2) _ pwo 1= sinu/2)
2f  cos(ui/2) PTT0F T cos(ue/2)

Using (13.11), we obtain the lattice functions between the F- and D-quads:

-2 2
Bx(s) = ﬁxF<1 — ZSin(;,LX/2)2fS + M(Z_S))

QxF+ =

1 4 sin(u,/2) \ L

[ 2sinGug2) 2
o (s) = axp+<1 oy L) (13.19)
Vi(s) = 4 tan(x/2) = constant
L
with
_ 1 + sin(py/2) 1 +sin(uy/2)
P = L ot/ snGed” O T eosu/2) (13:20)

To calculate the dispersion we start in the center of the F-quad, where D/, = 0 and the
dispersion has the unknown value D,r. Using (13.17), we obtain the derivative at the exit
of the F-quad,

DxF
Dl =2,
f



264 Electron-storage rings
and we use (13.16) to propagate this to the entrance of the D-quad:
D,D—Z_DXF+£7 DxDZDxF_%E’FL_Z-
o 2f  2p 2f 2 8p
Finally, going through the half D-quad must lead to a vanishing dispersion for symmetry

reasons,

DxD
D,=D. — =0,
xD xD— + 2f
which gives
D 4f2<1+L> L (1+l in( /2))
WF = — — = — sin(fLy
T 87) " apsitump\ 20

D 4_]02(1_£)_L72(1_1'( 2))
0= T8 ) T e\ T2 D)

The propagation of the dispersion between the quads is, according to (13.16),

i .2 2
Dy(s) = Dop| 1 = sinuy2) 2 + Sml (1x/2) ) (%S)

L 2(1 + = sin(u, /2)

2 (13.21)
in(u, /2 2
Dy(s) = D | 1 - D2
14 3 sin(y /2)
with

1 . 1.
Do L_z 1+ 7 sin(y /2) b _£ 1+ 2 sin(uy /2) 1322
xF — -2 ’ XF+ —_— . . ( . )

P A4sin™(uy/2) p - 2sin(uy/2)

In Fig. 13.16 the beta functions and the dispersion are plotted as functions of s for a
FODO lattice with p, = 90°. Figure 13.16 shows also the emittance function H, which
will be discussed later.

13.3 The longitudinal particle dynamics
13.3.1 Introduction

A particle with a momentum deviation moves on a new equilibrium orbit that differs from
the nominal one by a distance Ax = D, Ap/po and angle Ax" = D) Ap/po as shown
in Fig. 13.1, where D,(s) is the dispersion and D/ (s) its derivative. As a consequence
this new orbit has also a different circumference C. These deviations are normalized and
described in a linear approximation by the dispersion D, and the so-called momentum
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Fig. 13.16. Beta functions, dispersion, and  in a FODO lattice with p, = 90°.

compaction o:

A AC A 1 [ D,
Ax:Dx—p, —=ac—p, Qe = — ﬁds.

Po Co Po Co P
In general both have to be computed for a given beam optics. For the FODO lattice, consisting
of thin lenses with bending magnets filling the space between them, we have calculated the

dispersion (13.21) and integrate over it to obtain the momentum compaction:

(13.23)

1 .,
1= o5 sin(e/2)
4sin’(u,/2)
The different path lengths and velocities of an off-momentum particle lead to changes in
revolution time T;.y and frequency wyey. In most rings . > 0, which results in a longer orbit
for particles of higher energy:

AT 1 \Ap Ap Ap Awrey Ap
= O(_P — =N " 0c—, — N =

Po Po Po Wrey Po

L 2
a.(FODO) = (—)
0

Trev

For ultra-relativistic electrons usually 1/y? < a. Particles of higher energy take longer to
complete a turn. Hence their frequencies of revolution are smaller than that of a nominal
particle. However, proton rings do not always operate in an ultra-relativistic regime and
there exists an energy with Lorentz factor yr = 1/,/a. for which these two terms cancel
out, which is called the transition energy.

To replace the energy U lost by a circulating particle due to the emission of syn-
chrotron radiation, one uses a longitudinal field provided by an RF (radio-frequency) system
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Fig. 13.17. An RF system.

consisting of one or several cavities oscillating at a harmonic 4 of the revolution frequency
wRrr = hwyey as shown on the left-hand side in Fig. 13.17.

The cavity voltage is shown on the right-hand side in Fig. 13.17 as a function of the
traversal time #; + v. A nominal particle with the correct momentum p, goes through
the cavity at the synchronous time #; with respect to the zero crossing of the voltage.
It receives a gain in energy that compensates for the loss due to synchrotron radiation
AE = U = eV sin(wgrgts).

A particle arriving later than the synchronous time receives a smaller gain in energy. As
a result the energy will become too small and the related revolution time shorter, which
corrects the original delay. For an early particle the situation is reversed. A particle with
too much energy takes longer to go around and arrives late next time when it receives less
energy and vice versa. This creates longitudinal focusing and leads to an oscillation with
frequency wg around the synchronous arrival time and the nominal energy, which is called
the synchrotron or phase oscillation and also energy oscillation.

13.3.2 The longitudinal focusing — small amplitudes

We consider a particle of nominal momentum py &~ E./c, revolution frequency wiey, Syn-
chronous arrival time f,, and phase ¢, = hwyeyts. The deviations from these values are

AT Ap AE
=0.— N o = o€, T=1—1.
Trev Po Ee
The change in energy per turn 8F is
OE = eV sin(hwrey(ts + 7)) — U ~ eV (sin g5 + cos ¢ hwgeyt) — U, (13.24)

where we assumed that there is a small deviation hwt < 1 and developed the trigonometric
functions. We call the relative energy deviation € = AE/E., assume that there are small
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changes per turn, and make a smooth approximation,

d(AE/Ee) |  wrey dE . AT
—_—— = — —, T = = Ql€,
dr 2n E, Trev
giving
Wy, VeV . Wrey US(E)
xS #Ee (sin @, + cos @s hwpey T) — 2; .

The energy loss Us due to the emission of synchrotron radiation depends on the particle
energy. We linearize this dependence and determine the synchronous phase for the nominal
energy:
dU;
dE
This leads to the two first-order differential equations

Us = Ugo + AE,  eVsing, = Ug.

) heV cos @ Wrey dUs
- 7 —
2 E, 2r dE

which can be combined in

éE=w

€, T = o€,

Wrey dUs | , haceV cos g 0
¢ —wi —————— e =0.
2 dE o 2nE,

The solution is a damped oscillation of the form

€(1) = ée %" cos(,/w? — a2t + ¢y) ~ e~ cos(wyt + ¢p).

Here, wy is the synchrotron frequency without damping, which we assume to be much larger
than the damping rate o.:

I’lace‘? COS @g _ 1 Wrey dUs

G=ee\ T orE, 0 T2 4

For o > 0 the emission of synchrotron radiation provides damping for the longitudinal
oscillation.

To have a gain in energy and longitudinal focusing the synchronous phase has to satisfy
/2 < ¢s < mfora. > 0and 0 < s < 7/2 for the more exotic case of o, < O.

The damping of the synchrotron oscillations is weak and can be neglected for certain
investigations, giving

€(t) = € cos(wst + ¢p), T(t) = © sin(wst + @)

with the constant of motion

2 2.2 22 2

oce ;T océ w?t?

+ = = 2 = H' = constant,
2 20, 2 20,

which can be used to relate the maximum excursions in energy and arrival time. The
electrons execute synchrotron oscillation around the nominal arrival time 7, and energy E..
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They group together and form a so-called bunch. Their distribution is usually Gaussian, of

the form
1 2 2
exp - exp _ , // Ve, t)dedr =1
2w 0.0, 202 207

with the RMS values 0. = og/E. and o, = o; — £, related by

1 2nE
o = %oe = Aiﬂc Oe. (13.25)
Wy Wrey | heV cos s

It is interesting to note that, for a given relative energy spread o, the bunch length o7 is
proportional to ,/ct.. Operating a ring in a low-o. mode is a method by which to obtain
short bunches.

The phase-space distribution W (e, t) can usually not be observed directly, but its projec-
tion onto the time axis multiplied by the total charge g = Ne of the N particles represents
the instantaneous beam current

I(t)=N /Oo W(e 7)d Ne . e &
= Ne , €= xp| ——— ) = T exp| ——
—o0 2o, P 202 P 2072

with the peak current I, = Ne/ (v/27 7). In a machine with an RF system oscillating at the
harmonic number % of the frequency of revolution wrr = hwyey there are h synchronous
time locations 7 around which the particles can oscillate in a stable fashion. The system
supports a maximum of 4 bunches.

Ve, 1) =

13.3.3 The longitudinal focusing — large amplitudes

We go back to the derivation of the synchrotron oscillation and use the longitudinal coor-
dinates and the energy loss per turn:

hwweyT = @, hwyreyts = s, Us = eV sing;.

We will no longer assume that we have small amplitudes but take the change in energy per
turn

SE = eV sin(hwrey(ts + 7)) — Us

and use a smooth approximation and replace the localized change in energy in the cavity
by one that is distributed around the ring. We obtain a system of non-linear differential
equations:

Wrev OE  wyeveV (Sin(hovrey(ts + 7)) — sin ;)
[ —_— =
27 E. 27 E,
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We put ¢ = hwey T, express € with ¢, multiply the above equation by ¢, and integrate once
over t to obtain

., 5 acheV

2% T onE,

1,
(cos(gps + @) — cos @5 + ¢ sin @) = Egbz = constant.

This expression gives the phase-space trajectories €(¢) of the particles executing a phase os-
cillation. We can use it to determine the maximum amplitude of the deviation in energy which
still gives stable oscillations. The function f(¢) = — (cos(gs + ¢) — cos @5 + ¢ sin @)
gives the potential provided by the RF voltage for the particles shown in the central part of
Fig. 13.18. It has a maximum at ¢; = (7w — 2¢;) that determines the energy acceptance of

Vip)
‘A/ _______
Ugfelb — /= ———— — —— =2
bunch @+ @
—
@s o
1 f(p) = —cos(ps + @) — cos @s + ¢ sin g

/-4

Fig. 13.18. Large amplitude oscillation and energy acceptance.
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the RF system using sin ¢ = U /(eV):
ax = — — | — — arccos| —
#ma eV eV eV

AEY eV
efnax = ( ) = 2(cos @s — sin @ arccos(sin ¢;))

max T €

eV ( Us )2 Us ( Us )
1—{— ) — — arccos| —
wohE, eV eV eV

For a small energy loss U, /(eV) = sin g, < 1 we can approximate

2 a2V 7Us | U, \
max nachEe 26‘7 2 6‘7 '

I
[\

The RF voltage, the potential function f(¢), and the phase-space trajectories are shown
in Fig. 13.18. The latter are shown as solid lines for the maximum stable energy accepted
by the system and as dashed lines for smaller deviations. Their form approaches an ellipse

for smaller amplitudes, for which a linear approximation can be used.

The electrons in a ring have a Gaussian energy distribution with RMS value .. The RF
bucket has to contain this distribution and the energy acceptance has to be larger, €.« > 70,
in order to minimize losses of the particles in the tails and to assure that there is a good

beam life time.
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Effects of radiation on the electron beam

14.1 The energy loss

In the bending magnet of field B an ultra-relativistic particle of energy E. has a trajectory
of curvature 1/p = eB/p and emits synchrotron radiation of power (3.13):

20r0m002y4 2031'0e2E§B2
- 3p2 T 3(moc)?
To obtain the energy loss U per turn we have to integrate this over the time. We assume
that the relative change in particle energy during one revolution is small. However, the
radiated power varies around the ring since it depends on the local field. For this reason
the energy loss U, during one turn is often the relevant quantity. Using an ultra-relativistic
approximation with dr = ds/c,

(14.1)

S

1 2c2roezEe2 5
U= [ P)dt = - p P(s)ds = ———— @ B“(s)ds (14.2)
c 3(moc?)?
_ 2r0m0c27/4% ds _ 2romocy*
I P 3
where we use the synchrotron radiation integral I, which was introduced in Chapter 5,
(5.6),
d B Y
I =7§ b 7§ <e O(j)c> ds. (14.3)
p*(s) moc*y

which represents an integration over the square of the curvature or of the field on the nominal
orbit. In a lattice consisting of dipole and quadrupole magnets, the circulating electrons are
usually very close to axes of the latter, where the magnetic field is small. Therefore we
can neglect the radiation produced in the quadrupoles. Assuming that there are identical
bending magnets producing a curvature 1/p, we have

2 4 2yt 4 EB
Isz _ _JT and US _ TTromoc~y _ TTroce L,
0 3p 3(moc?)3
In this approach, a magnetic field is assumed to have a constant value over the full length
with an abrupt drop to zero at the end, neglecting the effects of fringe fields. This tends
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to overestimate the energy loss. On the basis of measurements of the magnetic field B(s)
along the orbit, a maximum value B in the center and an effective length £; are defined and
used for lattice calculations:

B, =/B(s)ds.

Using these parameters also to determine the energy loss with £; B2 in the presence of fringe
fields results in a value for U that is too large, since

¢,B* > /Bz(s)ds = (,B3. (14.4)

At this point we would like to clarify the difference between the power P; given by
(14.1), which is radiated by a particle while it traverses a bending magnet with field B
or curvature 1/p, and the power averaged over one turn. In a ring that has only bending
magnets of the same curvature 1/p and thin quadrupoles without any field-free straight
sections the angular velocity is everywhere wg and the time Ty = Ty = 27 /wy. A ring that
has bending magnets of the same field strength and also field-free straight sections, called
an isomagnetic ring, will have a longer revolution time T;.y, > T and a smaller frequency
of revolution wrey = 27/ Trey < wp. Therefore we obtain the following relations for the
instantaneous and averaged power:

2cromoc?y? W Wrey Wrey

0
Pi=——F——=—U,, P) = Us =
“ 3p2 27 P 2 wo

P, < Ps.

We can easily generalize this for non-isomagnetic rings.

14.2 The radiation damping
14.2.1 Introduction

The power radiated as synchrotron radiation reduces not only the energy of the nominal
electron motion but also that of the synchrotron and betatron oscillations, while the RF
system restores the energy of the former. This produces damping. In the following treatment
we include the effect of the RF system which replaces the lost energy implicitly by keeping
the average longitudinal particle momentum pg or the energy E, constant. This method is
based on a smooth replacement of the energy, which is justified as long as the energy loss
in one revolution or between cavities is small compared with the energy itself.

In calculating the radiation damping we need the change of the energy loss U per turn
due to a deviation dE of the particle energy. In the calculation of the energy loss carried out
in the previous section we assumed that the particle has the nominal energy and circulates
on the nominal orbit, which usually goes through the centers of the quadrupoles. Now
we need the change of this loss with an energy deviation, and later, also with a betatron
displacement. The energy loss is proportional to E2, which leads to a direct effect. An
energy deviation also changes the orbit at locations of finite dispersion. In cases in which
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the magnets have a gradient this leads directly to a change of the field seen by the particle:
dB dB dE
dB=—dx =— —D,.
dx dx E.
We obtain the change of the radiated power (14.1) with the energy deviation
dE dB . p dB\dE
dp =2p( =+ ) =2p, +—£— =
E. B E.

This is often written in a more compact form by introducing a normalized gradient, called
the field index np,

p dB 2k (14.5)
np=———=— s .
B B dx PRy
where Ky is the focusing parameter (13.3). We obtain for the power deviation
D dE
dP, =2Ps<1 = ""B)—.
P E.

In this change of the radiated power with energy deviation we include the effect dP
2B dB due to the change of the magnetic field seen by the electron in dipole magnets with
a gradient. However, we do not include quadrupole magnets because they have a vanishing
field on the axis and an orbit deviation would lead only to a second-order effect.

To obtain the resulting change dU; of the energy loss per turn we have to integrate the
power over time. However, this integration follows the displaced orbit having a path-length
element ds’ different from the nominal ds. Inside a magnet with bending radius p the relation

between them is
D, dE
ds’=(1+f)ds=<1+ )ds
P p Ee

However, for the integration around the ring, the shape of the ends of the magnet has an
important effect. In a sector magnet of nominal deflecting angle d¢ the full path-length is
de (p + x), whereas for a rectangular magnet of length L the path-length is independent of
the radial displacement. To accommodate this difference, we write the path-length element
with a factor « being about 1 for a sector and O for a rectangular magnet,

D, dE
ds’ = (1 + K——) ds. (14.6)
p E

[

We obtain the change in U by integrating over dt = ds/c:

1 (« — 2np) Dy
dU; = — fi Ps(s)<2 + 7) —ds. (14.7)
c 1% E.

We express the power in the form

_ 2cromoc?y?
T 3p%(s)
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and obtain for the change of energy loss with energy

dU; _ 27017106‘2)/4% 2 (k — 2np(s))Dx(s) d
dE = 3E. <p2(s) p3(s) ) a

We use the second synchrotron-radiation integral I, and introduce a new one [42],

1 — 2np)D,
A (EC L
P

We set k = 1 to obtain

dU; 2rom002)/4 Uso Iy
s _ ZOMCY o1, + 1) = 24 ), (14.8)
dE 3E, wT TR, Iy

14.2.2 The damping of synchrotron oscillations

The damping rate for synchrotron oscillation was derived in the previous chapter:

[hace ¥ cos bs 1 wpey AU
= Oy , o = ——— 2 14.9
@5 = Cre 2n E, ‘T 227 dE ( )

For a homogeneous magnet and neglecting path-length effects, we find

Wrey UsO _ USO _ <P>
2w E. TevE. E. )

U = (14.10)
The damping time 1/c. is just the time it takes to radiate the total particle energy.

For the general case involving gradient magnets and path-length effects we use the more
accurate derivative of the energy loss (14.8) in (14.9) and obtain the longitudinal damping
rate
UsO T 0)/3

UsO
= 24 14/lp) = 24+D)=
2T B, - T I/l = o e @A D)= g

(2 + 1), (14.11)

Qe

where the parameter D = Iy /I, is often used in the literature.

14.2.3 The damping of vertical betatron oscillations

We assume that we have a plane storage ring without vertical bending and no coupling. The
damping of vertical betatron oscillations is caused by the fact that the synchrotron radiation
is emitted in the direction of the particle momentum p and reduces both its components
ps and p, while the RF-cavity voltage has a longitudinal field and increases only the
longitudinal momentum component ps, as illustrated in Fig. 14.1. In this process we have
a reduction of the transverse momentum:
% =8y/ — %)’/ — _SEVy/'
Po Po E.
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cavity

[ dPRF ]

Bl DAl

/Fx
v

Fig. 14.1. Damping of vertical betatron oscillation.

Since the change in energy of the particle is always negative, representing a loss, we give
also the positive energy SE, of the photon in order to clarify the situation.

We consider now a short element ds of the trajectory, where an energy element 3E =
P 3s/c is lost due to synchrotron radiation, and replaced in the forward direction by the
RF system. Using a paraxial approximation, we have ps ~ |p| ~ E./c and p, =~ y'|p| ~
y'E./c, from which we obtain for the change of the electron coordinates y and y’

SE,

which results in a first-order change of the emittance:
€ = ny’ 2,0y + By?
SE
Bey = 20,y 8y + B,2)' 8y’ = —2—F(e,yy' + Byy™).
€

To find the average change in emittance over many turns, we use the expressions (13.14),

= 1eBu. (ww') = —lea,, (w?) = Ley, (14.12)
and obtain
SE SE
(d¢y) = 6)’( ﬂ»yy) E: =€ E:

This differential loss has to be integrated over one turn, resulting in
de Us U,
= — —e\,—5 or €,(t) =€y exp(— : t).
dr . Trev Ee Trev Ee

The amplitude of the betatron oscillation is proportional to /€, and has therefore the
damping rate

Us
2TrevEe

(14.13)

oy =
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Fig. 14.2. Horizontal damping and quantum excitation

14.2.4 The damping of horizontal betatron oscillations

The case of horizontal betatron oscillations is more complicated due to the effect of the
dispersion. An electron that radiates a photon loses a certain amount of energy 8E and has
anew equilibrium orbit displaced by 8xg = D, 8E/E.. Although the actual radial position
of the electron has not changed, it will start a betatron oscillation around its new, displaced
equilibrium orbit. If there is also a derivative of the dispersion, the electron trajectory
will have an angle with respect to the new off-energy orbit and oscillate around it. This
mechanism is illustrated in Fig. 14.2.

To calculate this effect we take a location on the orbit where the electron has the horizontal
displacement due to a betatron and an energy motion

X =Xp + Xe, )/:xé—}—xé.
In a path element ds’ along its trajectory the electron radiates the relative energy

SE ds’ _ OF,
E c E.

resulting in change of the coordinates:

3E,
E.’

ox = 8)@@ + dx. =0, ox' = ng + Bx; = —x;g

We assume that we have a dispersion D, and derivative D’ at the location of emission,
resulting in a change of the energy-oscillation coordinates:
OE SE, OE 3E,

ox. =D,— = —-D , ox' =D — =-D’
€ XEe XEe

This gives a change of the betatron coordinates, assuming that the electron had the nominal
energy before:
SE O,

dxg = —Dy— =D
B er er
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The resulting change of the electron emittance is

dex = 2(yuxp dxp + i (xp dxp + xp dxp) + Brxy Sxp)
SE,
&

= —2? ((otxx,gx;s + ,Bxx/gz) — (nyxx,g + le(Dxx;; + D xp) + ,BxD;x;})).

(14.14)

Next we discuss the energy-loss element 8E. On the nominal orbit it would just be
OFE = Py(s)ds/c; however, for the trajectory including a betatron-oscillation excursion xg
there is a correction for a possible magnetic-field gradient and one for the path-length (14.6)
and hence we have to take the expression

1 dB 3’ P
dE = P14+ = — x5 22 1—n3x—ﬁ L+ L) 3
B dx c c P P
P, K —2ng
~—2 Xﬂ dS,
c o

where P; is now the power corresponding to the nominal orbit. The above expression gives
the dependence of the energy loss on the betatron excursion xg and has a similar form to
(14.7), where this dependence on a deviation in energy was investigated.

To obtain the change in emittance due to this energy loss occurring in a nominal path
element ds we substitute it into (14.14):

2P K —2ng
de, = 24 ——xp
cE. Y

x ((aexpxy + Bexfy) = (e Daxp + au(Doxfy + Dyxg) + B Dlxf)) } ds.

The phase of the betatron oscillation will be different in successive revolutions and we
average over the square terms in xg and xl’g using the expressions (14.12) and the relation
B.yx — a2 = 1 and obtain vanishing averages for the third powers:

P, D

SQZ%XSO—W—%QJ)M
cE. 1Y

To obtain the total change in emittance during one revolution we have to integrate over ds.

We separate in Py(s) the s-dependent parameter p(s),

Py 2rocy? 1

E. 3 0%

and obtain for k = 1

de, 2roy? 1 1—2ng)D, 2roy3
_ e roy f (_2 _ #) ds = _Exﬂ(jsz — 1)
Trey 3Trev 1Y 1Y 3Tev
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Assuming that there is a small relative change of the emittance per turn, we make a
smooth approximation:
de, 2roy3

= —6x— Uy — Iy).
dr A3].,rev(s2 54)

The emittance is exponentially damped at a rate 2r0y3(152 + Is4)/(3Tp). The betatron am-
plitude is proportional to /€, and has the damping rate

_ roy o <1 _ E) _ Uso (1-D)
3Trev 152 2TOEe

Qh

14.2.5 The sum of the damping rates
We sum the damping rates of the three modes of electron oscillation and find

USO
TievEe

This sum depends only on the energy loss per turn, the energy, and the revolution time
and is not affected by the details of the ring lattice. This result is valid for a very general
ring, which can also contain vertical deflections and dispersion, as shown in [73]. Since the
damping is based on the fact that the synchrotron radiation reduces on average the nominal
energy as well as the one contained in the oscillations while the RF system only restores
the first one, the above sum rule agrees with intuition. Owing to the importance of this, one
introduced in the literature damping partition numbers D; for the three modes of oscillation.
For a plane ring they are

e t+oy+op=2

(14.15)

Je=2+1u/lo,  JLy=1, Jo=1-lu/lo. Y Ji=4

We treated here a ring lying in the horizontal plane without any vertical bending. In this
case already the sum of two damping rates is constant, Dg + D, = 3. For aring having only
homogeneous dipole magnets and quadrupoles the synchrotron integral Iy is

D,
Iy = f _3dS»
0

neglecting path-length effects. Since, in a strong focusing ring, D, < p, we have Iy < I
and obtain for the damping partition numbers

Je~2, Jy~ J~ 1.

In bending magnets with a positive gradient dB/dx > 0,1.e. np < 0, the field is larger at
positive deviations x from the central orbit, leading to more power being radiated. Since most
rings have positive dispersion, a particle with a positive energy deviation radiates more and
the damping of the oscillation in energy is increased. For the horizontal betatron oscillation
an energy loss occurring on the outside, xg > 0, will move the off-energy equilibrium orbit
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to the inside by — D, SEﬂ and the betatron amplitude is increased. For a loss occurring on

the inside, xg < 0, the situation is reversed and the betatron amplitude decreases.

14.3 The quantum excitation of oscillations
14.3.1 Introduction

We have calculated the damping of particle oscillations in storage rings by evaluating the
effect of an infinitesimal energy loss on these oscillations. In reality the energy is emitted
in the form of photons of finite energies /. This will shock-excite oscillations, which are
damped but excited again in a statistical manner. As a result there are oscillations in energy
and betatron oscillations of finite amplitudes in a storage ring, which manifest themselves
as non-vanishing energy spread and emittance.

To calculate the resulting energy spread and emittance we use Campbell’s theorem [74],
which applies to a statistical excitation of a damped oscillation. We consider a weakly
damped oscillator that has a response to a pulse excitation a 8(¢) at the time = 0 of the
form

o

x(t) = ae™ cos(wt)

and calculate the integral over the square of the normalized response,

1 [ o 1
g’ = —2[ x2(t)dr = / e 2 cos?(wpt) ~ —,
a’ J 0 4o
for o < w;.
We assume now that the pulse has a variance (a?) in size and occurs randomly at an
average rate 7. According to Campbell’s theorem, the resulting variance of the response is

(x%y = n(a®)g* = ) (14.16)
4o
This result looks like a reasonable intuition. A detailed discussion of it is given in [73].

In the following we apply this to a storage ring where synchrotron radiation is emitted
in long magnets and calculate the energy spread and emittance. Such a ring often also
contains undulators but they usually do not contribute significantly to the energy loss and
therefore to quantum excitation. The synchrotron-radiation spectrum for long magnets has
been evaluated in Chapter 5. The number of photons 72 radiated per unit time and the variance
of their energy are expressed in (5.45) by the critical energy €. and the total power

153 P (E2) 1, 3chy?®  3moc*Acompy?
n=-—— ) =75 ) c= =
8 Eyc vETT gy e YET 4| pl 47 |p|

. (14.17)

where Acomp = h/(moc) = 2.426 x 1072 m is the Compton wavelength (5.43). Since E, .
is always positive while the curvature 1/p can change sign in a reversed bend, we use the
absolute sign for the latter.
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In calculating the effect of quantum excitation we assume that the particle has no initial
deviation in energy, displacement, and angle from the nominal values and calculate the
effect of the photon emission on these parameters. This is different from the investigation
of the radiation damping, for which an initial oscillation was assumed and its increase or
decrease due to the radiation was investigated.

14.3.2 The energy spread

Synchrotron oscillations are directly excited by the energy loss due to photon emissions,
and we obtain the resulting energy spread of the electron beam from (14.16) on the basis
of Campbell’s theorem [75]. The number of photons and the variance of the photon energy
depend on the local magnetic field. We average their product over one revolution and divide
the result by the longitudinal damping rate o, which is itself an average over the ring. With
(14.11) for the damping rate, (14.1) for the radiated power, and (14.17) for the photon flux
and RMS energy we obtain

(dE2> <n<€2)> 55\/§ 1 %P E. d 55\/§ )LCompVZIs3
= = S = ,
E2 dacEr 288 ElaccTey ) °° 96 27 (2l + Iy)

where we introduce another synchrotron radiation integral:

I f L g
3= ¢ —=ds.
’ Ip|?

It should be noted that field-free straight sections do reduce the damping rate and the
average number of photons emitted in the same way and have therefore no effect on the
energy spread. The photon emission produces directly an energy spread, which results,
through the longitudinal focusing, also in a finite bunch length o7 . It is given by (13.25):

o 1 2w Eco.
0 = —0, = — 0.
Wy Wrey \| heV cos ¢

One sometimes calls the product of RMS values of the electron excursion in time o and
energy +/ (dE?) the longitudinal emittance:

o E 2naE
€ = 0,/ (dE?) = Ec0,0, = Ec— crf == = 052.
Wy Wrey | heV cos ¢

14.3.3 The horizontal emittance

Emission of a photon of energy 3 at a location of dispersion D, and derivative D, results
in a horizontal betatron oscillation, with initial parameters for an electron originally on the
nominal orbit of

3E,

Sxp = D, o=, ,
6= BT *TF



14.3 The quantum excitation of oscillations 281

resulting in an emittance given by

SE, \
de, =y, 8x% 4 201, dx dx' + Bx”? = (nyi + 20, D, D, + ,BXD)?) <Ty> )

The expression in the parentheses,

H = y,D? + 20, D, D + B.D? (14.18)

X

is usually called the emittance function H and can be calculated from the beam optics.
This emittance is proportional to the square of the betatron amplitude and we can apply
Campbell’s theorem directly. The number of photons emitted per unit time and the variance
of their energy are the same as for the previous case of the energy spread and we obtain
55V3 1

_ 2 ’ 2
T 288 B0y Trer 7{ Py(yx D5 + 203Dy D} + B, D7) Eyc ds

553 Acompy? y{ yaD? 4 2a, D, D, + B, D q
= S.
96 277(152 - 154) |:0|3

We introduce one more synchrotron-radiation integral [42],

D? + 20, D, D’ D2 H
Iss=?§y 2+ 2a '+ B de=?§wds,
0

ol
and obtain for the equilibrium emittance
5543 h I 554/3 A 2
€ = \/__ 2 s5 . \/_ Comp Y s5 (1419)

96 In()Cy 152 — 154 - 96 21 Isz — 154'

14.3.4 The vertical emittance

In an ideal flat ring there is no vertical dispersion and a photon emitted in the forward
direction does not excite any vertical betatron oscillations. However, the photons have a
finite vertical opening angle, which can give rise to a small excitation and a resulting vertical
emittance. We estimate the magnitude of this effect. A photon emitted at a vertical angle
gives the electron a deflection
5y = —2Pw _ _Tov
Po E.

which results in a change in emittance of
de, = B, dy’.

This occurs statistically and results, together with the radiation damping, in a vertical
equilibrium emittance, which is calculated using Campbell’s theorem:

_ By

y
’ 4o,
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We assume here that we have a ring without straight sections having a constant average
beta function. For the number of photons per second (5.45) and the damping rate (14.13)
we obtain

53 %y U
n —=

12 ehp’ T 2T,E.

and the variance of the vertical deflection (5.24) is

” 8 (ha)c)2 1 )“%Zompyz
by = o ek 1 o
27 y2Ez  6mn%  p?

This gives for the vertical emittance

_S5V3_h By _5V3B,

€y = -

12 2nm0c; 247 p

Comp -

With Acomp = 2.436 x 1072 m and B, of the same order as p this emittance is extremely
small.

In a practical ring, magnetic and alignment errors lead to some vertical dispersion and
to coupling between horizontal and vertical betatron oscillations. The resulting vertical
emittance is typically less than 1% of the horizontal one in a well-corrected ring. This is
small, but still much larger than the emittance created by the vertical opening angle of the
radiation.

14.4 A summary of the effects of radiation on the electron beam

We summarize the effects of synchrotron radiation on the damping rate of betatron and
synchrotron oscillations, on the energy spread, and on the horizontal emittance in a plane
ring. We introduced convenient synchrotron-radiation integrals that can be calculated from
the ring lattice. They represent an integration on the nominal orbit around the ring, involving
the curvature 1/p(s) or its absolute value, the horizontal dispersion D, (s) and its derivative
D'(s), the horizontal beta function By (s), its normalized derivative o, (s) = —pB.(s)/2, and
the function y,(s) = (1 + a2(s))/ By (s):

1 1
Iszzf_ds, Isgzyﬁ_ds
02(s) lo(s)]?

L — yg (1 —2np(s))Dy(s) ds., I = H(s) d
lo(s)]3

(14.20)
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Here we also use the field index np to describe a gradient in the dipole magnets and the
emittance function H:

p dB
np(s) = B dx

H(s) = yx(5)D2(s) + 20(5) Dy (5) D} (s) + B () D} (s).

The energy loss Us per turn of one particle on the nominal orbit is

_ 2romoc?y*

UsO — 3 s2-

In a plane ring the damping rates of the longitudinal, vertical, and horizontal oscillations
are

3
roy Uso
= 21 ly) = ———J.
e 3Trev( 2+ Isa) 2Eey T €
o — roy’ I — Uso
’ 3Trev . 2m0C2V Trev ’
; (14.21)
a Uso
= (o — ly)= ———Jx
* 3Trev ( 2 S4) 277105'2)/Trev
3 20,
Yo = oy 41, s0 ’
i 3Tey moc?Trey
where we use the damping partition numbers D; = 4o/ ), a;:
Je=2+1u/lo,  Jy=1 L=l-ly/lo. Y Ji=4 (1422

The square of the RMS (variance) energy spread and the horizontal emittance are

(dE?)  55v3hcompy’ I
E2 96 2w 2o+ 1y

€ — 55\/§ AC()mp)/2 ISS
Y96 2 Ig+ 1y

(14.23)

with the Compton wavelength

h
AComp = —— = 2.426 x 1072 m.
nmoc
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To write the above equations more compactly, some authors [18] use the abbreviation

C. — 55\/§ )"Comp

==Y~ =3.84 x 107 P m. 14.24
1T 796 2n x m (14.24)

14.5 Changing effects of radiation with wiggler magnets

In some machines wiggler magnets are installed in a straight section in order to change
the damping rates, energy spread, and emittance [76]. The effect of such wigglers can
be calculated with the expressions given in the previous section by including the wiggler
fields in the synchrotron-radiation integrals. However, we would like to give some explicit
expressions for practical situations. We consider a ring with all bending magnets having the
same field and curvature B;, 1/p, being much smaller than the corresponding parameters
of the wigglers B,, and 1/ py,. On the other hand, the effective length of the wiggler is much
smaller than that of a ring magnet, L,, < 2mp,. The values of the two lengths should be
properly defined by an integral over the squared field, as explained before in (14.4), but
we ignore here this relatively small difference. We obtain for the synchrotron-radiation

integrals
1 27 L 2L
152:7§z—ds= fr+_¥:,ﬂr<1+p_r2_w)
p(s) o5 Jo Py 2mp

I f 1 d 27 oy + Ly <1 + |10r|3 Ly )
s3 — s = = 1g3r .
’ oe3(s) o lpwl? lowl? 27| |

This gives the ratio of the total value and that of the ring alone for the energy loss per turn
or the sum of the damping rates and also of the energy-spread variance,

E: 2:1'051'214_152W=1 B_\?VLW
Usr 2:iair IsZr Br2 anr
L | By P Ly
@EY _ UUB| 2w (BaY L (|Be]
(dE?), By \’ Ly B, ) 2nr \| B, :
1+ —= ) —
(Br> 2nr

where I, I, Us, Xia;, and (dE?), are the values for the ring alone. The approximation
made for the energy spread is valid as long as the effect of the wiggler is not too large.

Of some interest are wigglers with a magnetic-field gradient, also called Robinson wig-
glers [73], to change the damping distribution. In a ring with a gradient wiggler the longi-
tudinal damping partition number (14.22) is

Je =2+ IS4]'+IS4W %24_ ﬁ‘i‘ Is4w.
152r + IsZw 152r 152r

We neglect here the influence of this gradient wiggler on the total energy loss given by
the integral s, but concentrate on the energy-dependent change in loss produced due to its
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strong gradient and its location at a large dispersion. The change of the damping partition
number due to this gradient wiggler becomes

Law _ a1- an)DxPrz L, . <1 +2,O_dew> Dxpr2 L,

dJe =

Lo, |,0w|3 270y B By, dx |:0w|3 27[:0r'

The gradient of such a wiggler is usually made very large and we can approximate
k —np ~ ng. We express the curvature in terms of the field and use the fact that, for a
plane machine, the sum of the longitudinal and horizontal damping partition numbers is
constant, J. + J, = 3 > 1, resulting in

D, dB2 L,
B2 dx 2mp,

dJe =—dJ, =

A wiggler of modest length with a high field gradient located at a large dispersion can bring
about a significant change of the damping partition numbers.

A wiggler magnet without gradient located at a large dispersion D,, i.e. a large value of the
function H, will increase the emittance. This is of little interest for synchrotron-radiation
sources, but is sometimes used to adjust the beam—beam interaction in colliding-beam
facilities. On the other hand, we can locate this wiggler in a dispersion-free straight section
with H ~ 0, where it does not produce quantum excitations but increases the damping
rate and thereby decreases the emittance. However, with increasing strength this wiggler
creates its own dispersion D, and derivative D', resulting in an increasing value of 7 and
an increase of the emittance. This effect can be kept small by using a wiggler with many
short periods.
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Radiation emitted by many particles

15.1 Effects of the electron distribution on the radiation
15.1.1 Introduction

We calculated the synchrotron radiation emitted by a single particle on the nominal orbit.
In other words, the position and angular direction of the moving electron were identical to
the origin and axis we used to describe the synchrotron radiation. For an electron beam of
finite emittance there is a spread in position and angle, with RMS values o, o, and oy, cry/
around the nominal values. As a result, we observe radiation emitted at different angles and
positions. As a first consequence, the emitted photon beam has an increased emittance, at
least equal to the sum of the electron emittance and the natural photon emittance. Further-
more, since the frequency emitted by an electron depends on the angle of observation, the
angular spread of the electrons tends to broaden the spectrum observed on the axis. This
effect is negligible for standard synchrotron radiation but can be pronounced in the case of
undulators with many periods.

Apart from a spread in angle and position, the electrons have also a spread in energy.
The synchrotron-radiation frequency depends strongly on the electron energy. The spread
of the latter leads again to a broadening of the synchrotron-radiation spectrum. This is again
negligible for the radiation from long magnets but very pronounced for higher harmonics
emitted in strong undulators.

We will discuss the above limitations imposed by having many electrons with different
angles and positions. The same effects appear with a single electron being observed over
many turns in a storage ring. Quantum excitation changes the electron parameters randomly
over time, resulting in finite energy spread and emittance.

15.1.2 The radiation geometry in the case of a large electron emittance

We consider a situation in which the electron emittance is much larger than the natural one of
the radiation. The photons are emitted basically in the direction of the electron momentum.
They will therefore have the same angular spread but it will be slightly broadened by their
natural opening angle, Fig. 15.1.

286
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Fig. 15.1. The distribution of the radiation emitted by electrons with an angular spread.

A convenient method in which one uses the lattice functions S,(0), «,(0), and y,(0) at
the source to optimize the photon-beam distribution for an experiment at a distance s = R
has been developed [77]. If these functions are known at the source, s = 0, we can calculate
their propagation in a drift space free of focusing elements at a distance R (13.11):

B(s) = Br(0) — 20, (0)R + y, ()R,

Apart from the finite opening angle we can treat the synchrotron radiation emitted in the
forward direction like particles in a straight section and describe their propagation by using
the same lattice functions. We can therefore define a beta function for the photon beam at
the screen B, (R) = B(R). Neglecting the finite opening angle of the radiation, the size of
the photon beam o on the screen is determined by the emittance of the electron beam €
and the beta function B(R):

oy = JeBy(R).

For example, in order to minimize the size of the photon beam at a given point, we select a
magnet serving as source at a location where the beam is converging and choose the lattice
function such that the lens-free propagation has minimum values for the two beta functions
at the detector.

To correct for the finite natural photon opening angle, we convolute the two distributions.
Using Gaussian distributions for both gives approximately

2 2 2
o"~Xo,tog.



288 Radiation emitted by many particles

If the source is located at a finite dispersion the corresponding contribution has to be
included too.

15.1.3 The electron and natural photon emittances are of the same magnitude

If the electron-beam emittance is comparable to the photon emittance, we should match
the two angular distributions. As shown in Chapter 11 and in particular in Table 12.1, the
ratio between the size of the photon beam and its angular spread is about half the formation
length £, of the radiation. The corresponding ratio for the electron beam is given by the
beta function and should be about the same:

ayxwe

y
5
Oyx 2

Byx

For the vertical distribution of the radiation emitted in long magnets at low frequencies
w K we, this leads to

.Byy ~ \/3 )‘02/27

which often leads to rather small values that are difficult to realize in practical cases. For
undulators of length L, the matching gives

Byx ~ Lu/2,

which can be achieved more easily. It is interesting to note that minimizing the necessary
vertical aperture in an undulator, i.e. minimizing the beta function at the ends, leads to the
same condition.

15.2 The spatial coherence
15.2.1 The diffraction limit

Once the electron-beam emittance is smaller than the photon-beam emittance,

A
4

€ < €y R ,
and the beta functions are approximately matched, we have a situation in which the size and
angular spread of the electron beam no longer influence the photon beam. This condition is
called the diffraction limit for a given wavelength A. As a consequence, the electron-beam
emittance can not be resolved using this photon beam of wavelength A for imaging and
direct observation. The radiation at any angle or location contains contributions from all
the electrons. For this reason this situation is also called spatial coherence [78].
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Fig. 15.2. The average emittance function H0?/L3 normalized with the bending radius p and the full
cell length L versus the phase advance u, per cell.

15.2.2 Small-emittance rings

It is desirable for a synchrotron-radiation storage ring to have a small emittance. This
can be achieved with optics that keeps the function H(s) (14.18) small in the bending
magnets:

H =y, D> + 20, D, D, + B. D

To illustrate this we consider the FODO lattice discussed in Chapter 12 and use the lattice
functions (13.19)-(13.21) to construct the function H(s). It is plotted in Fig. 13.16 as a
function of s and its average value is

L3 3 ., Iy
(H) = 8% cos(ae/2) ST /2) (1 — 7 sin (1x/2) + oS (ux/2)>-
The normalized (H) is plotted in Fig. 15.2 as a function of the phase advance per cell ;.
It has a broad minimum at u, ~ 137°.

The emittance of the ring is given by (14.23), which involves the synchrotron-radiation
integrals Iy, I, and Is. For our idealized ring consisting of N, thin-lens FODO cells of
length L with the space between the quadrupoles filled with dipole magnets, we have

ds L L(H)
0 0 107



290 Radiation emitted by many particles

We introduce the bending angle ¢. = L/p of one cell and obtain for the emittance of the
FODO ring

553 h , s
96 mocy 152—134

3 1
1 — = sin(u, /2) + — sin* (i, /2
5503 T 23( 4sm(/L/)+6Osm(/L/)>
96 moc’ ¢ 8 cos(juy /2) sin®(1y /2)
Apart from some natural constants, the ring emittance is proportional to the square of the

beam energy, the third power of the bending angle ¢, per cell, and a form factor determined
by the phase advance ., per cell. The latter can be optimized with ©, &~ 137°. For a given
energy and size of the ring, the emittance can be reduced by having more but shorter
cells. This approach is basically simple but has some technical limitations. To have the
same phase advance u, in a shorter cell requires stronger quadrupoles, which will have a
larger size. Using shorter cells leads to a small dispersion, which actually keeps H and the
emittance small but also makes the chromaticity correction with sextupoles more difficult.
In optimizing of a FODO ring we have to take these factors into account and might end up
with a smaller phase advance per cell than 137°.

The thin-lens FODO lattice is very useful for understanding the basic possibilities of
and limitations on obtaining a small emittance. However, it is idealized and may require
unrealistic components. Furthermore, a ring needs straight sections for the RF system and
injection components for undulators. The optics of the regular lattice has to be matched to
that of the straight sections, which has different optimization conditions. As a result the
ring is larger and less regular than the simple FODO lattice. However, the scaling of the
emittance with the bending angle per cell to the third power is still approximately correct
and can serve as for guidance optimizing the size of a storage ring.

Small-emittance rings are usually not based on a FODO structure but on more complicated
lattices, which are not described here. Practically all existing rings are listed and their lattices
shown in [79].

15.3 The temporal coherence

In most practical cases the observed wavelength is smaller than the bunch length and there
is no time correlation among the different particles in a bunch. Even if the distances between
them are smaller than the observed wavelength, they change in a random fashion due to the
quantum excitation and smear out any constructive interference among field contributions
from different electrons. Therefore, the sum of the radiation fields produced by different
electrons vanishes on average and only those of each individual particle contribute to the
emitted power. Calling this power emitted by a single electron P, we find the total power
Py radiated by all Ny, particles in the bunch:

Ny
Py = Z Poi = Ny Po.
1
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Fig. 15.3. Coherent radiation emitted by the particles in a bunch shorter than the wavelength.

This total power is often called the incoherent power Pj,con since there is no time correlation
among the particles.

However, if the wavelength of the observed radiation is longer than the bunch length,
A > oy, as shown in Fig. 15.3, all electrons emit radiation with individual phases ¢; being
about the same on the scale of 1, i.e. ¢; < 2. For this wavelength the bunch represents a
macro-particle with charge Nye and the fields E; emitted by individual electrons are added
[36, 80-84],

Ny
E =) Ei=MNE,
1
resulting in a coherent power
2 _ N252 _ Y
Pcoh e ¢ Et - Nb Ei or Pcoh - Nmecoh-

The coherent power emitted at A > oy is enhanced by a factor of Ny,

In all practical cases bunches are much longer than the critical wavelength A. and the
condition for coherent emission is fulfilled only for a small part of the spectrum at very
low frequencies. It turns out that this part is actually often greatly reduced by the presence
of the conduction vacuum chamber, but we will neglect this suppression effect for the
moment.

A single electron gives a radiation pulse E(¢) with Fourier transform E(w) related by

E() =

E(t)e ' dt, E@) = E(w)el” do.

1 0 1 0
V2 ,/—oo V2 /—oo

The field from Ny electrons having statistically distributed delays 7; relative to a reference
time is

Ny
Ey(®) =) E(— )
k=1

and its Fourier transform is

Ny
Ex(@) =) e E(w). (15.1)
i=1
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We calculate the energy radiated by the N, particles following the method used in Chapter
3 and obtain the angular energy distribution

dUN r2 00 00 o B ) )
0 = Tene / dt / / En(0)En(@)e @t dw do'.
0 —00 —00 J —00

Using the integral representation of the Dirac §-function,
/ e dr = 278(a),
—0o0

we obtain for the integration over ¢

dU
— = / / ENvEy(@)d(w + o) do do’
de HoC

r2 0o

= Ey(@)Ey(—0)do.
HoC J oo

Since the field E(7) is a real function, its Fourier transform has the symmetry property
Ey(—w) = E}(w).
This gives for the angular distribution of the radiation energy

dU P 2 2K [ )
— = |En(w)|”do = — |En(w)|” dw.
dQ2  poc J_o Hoc Jo

With the expression (15.1) for Ey(w) we obtain

dUu 22 Nb
=N Mrc / B ()%™ dg. (15.2)
0¢ =1 1=1

We assume first that there is a uniform statistical time distribution of the particles. Averaging
over the delays t; and t; gives zero except if k = /, in which case we obtain a single sum:

du r2 Nh 2 [
=N _ / ()2 do = Nb—/ IE(0)? do.
MoC 0

The total angular energy density is just Ny, times that of a single electron;

dUN N dUu dUmcoh

dw aQ T dQ

which is the incoherent case. Differentiating this with respect to w gives the spectral angular
energy distribution of the radiation:
dzUincoh - N 2},2'}7:(60”2 . N dzU

dQdw ° HoC T 4Qde
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In the next step we still assume that the time distribution of the electrons is statistical on
a small scale but that the global electron density has a Gaussian distribution:

dN Ny 72 / *© dN d N

— = —0cxp| ——5 |, —dt = M.

dr 2oy P 2Ut2 oo dT b
We replace now the sums in (15.2) by integrals. In doing so we lose the incoherent part of
the radiated energy, which is based on the fact that the field of each particle is multiplied

by itself. Therefore we have only the coherent part, to which the incoherent one has to be
added:

dU.y 2r2 N} [ .
h_ —bzf dw |E(a))|2/drk
de Hoc2 o Jo

Tkz 712
x | dyexpl ——% Je “*exp| ——= | e¥™
/ : P( 20t2> p( 2‘7t2)
22 [ -
=N / do |E(w)%e™ ™.
Hoc Jo

We obtain for the coherent angular spectral energy distribution

PUeoh U, o0 @PUincoh o2
- = e | ——— v,
dQdo  dQdw P dQdo "

or, expressed in terms of the power,
d*Peon AP N2 d? Pincon e
dQdw  dQdw P T dQde ° ’

where d” P /(dS2 dw) is the single-particle angular spectral power distribution. We integrate
this over the solid angle and obtain the spectral distribution from the expression (5.15) in
Chapter 5,

dPeon _ d_P Nge—wza‘z — &Sq 2 Ngefwzcr‘z
dw dw we we

with P, being the total power emitted by a single ultra-relativistic particle, (5.1);

2rocmoc?y?
Php=—175—
3p

3

and Sy(w/w.) the normalized power spectral function (5.16) of the total radiation,

0\ S/l Al 1 [, . 30\
Sl—)=——(-2 ——+ Ai(z')dz with z = .
we 16 w, Z 3 0 2w

The coherent radiation becomes large only at low frequencies at which woy is not too

large. These frequencies are in practical cases much smaller than the critical frequency
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. = 3cy?/(2p). We use the approximation (5.19) for the spectral function at @ < w.:

w 27 (2\*? 3161(2/3) ( 0 \'/? o \/?
S—)~=(2) —Z(—) =133323(—) .
we 4 \3 27 W (%

With this we obtain for the spectral power distribution of the coherent radiation in the
absence of shielding

dPey, P027<2>2/331/6F(2/3)<w>1/3 5 e
—eoh 2020 (=) NZee

dw w. 4 3 21 we

We are interested in the total coherent power and integrate the above equation over
frequency using the integral

> a 7bx2d _F((l+a)/2)
L Y A= e

giving

o 272V 3161 (2/3))? L rocmoc? 31/0(T(2/3))2
Peon ~ Ny Po—| 3 43 ''b 2 473
8\3 27 (weoy) P 27 (os/p)

We called here Picon and Peon the total incoherent and coherent powers emitted by all
particles. The corresponding power per particle is of course just divided by Ny. Using the
ratio of the coherent and incoherent powers avoids this ambiguity:

Peon 3~ 315 (2/3))> Ny — 0.557 Ny .

Pincon dmy* (05/p)*? y*(os/p)*>
The coherent radiation treated here appears only in the lowest part of the spectrum and
is therefore independent of the particle energy. The ratio of the coherent and incoherent
radiation decreases proportionally to y ~* because the incoherent part increases as y*.

In this low part of the spectrum the wavelength becomes comparable to the height of the
vacuum chamber and wave propagation is inhibited. This process is rather complicated for
the case of a realistic geometry. However, the simplified case of an electron orbit between
two parallel plates at distance d=a/2 was treated rather early on and much work on more
complicated geometries is now going on [36, 80, 85, 86]. It turns out that, in most practical
cases, the suppression appears already at a wavelength shorter than that which could be
radiated coherently. However, for very short bunches coherence can be achieved over a
certain range of wavelengths that are longer than the bunch length, but shorter than the cut-
off wavelength at which suppression occurs. The spectrum expected is shown qualitatively
in Fig. 15.4. Special efforts have been made in various laboratories to produce bunches
sufficiently short to provide coherent radiation that is not suppressed. This has been achieved
in linear accelerators [87, 88]. In storage rings quantum excitation makes short bunches more
difficult to obtain. Some sporadic coherent radiation in the far infrared has been observed in
several machines, probably having been produced by some high-frequency bunch structures
caused by instabilities. Steady-state coherent radiation was recently observed at the BESSY
ring [89].
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Fig. 15.4. Qualitative spectrum of the radiation from a short bunch containing a region of coherence.

15.4 Flux and brightness

We are looking for a parameter with which to evaluate the quality of a synchrotron-radiation
source. Since the importance of some photon-beam parameters depends on the particular
experiments, it is difficult to give a single quantity that has to be optimized. However, we
will try to address two classes of measurements for which we give a photon-beam parameter
that is important.

Most experiments involve the use of a monochromator that selects a narrow band of the
spectrum. Some of them are mainly concerned with the number of these selected photons
received per second on a relatively large target. Often bending-magnet or wiggler radiation
is used and the full vertical distribution is accepted. In this case, a small emittance is of
secondary significance, but the important quality is the photon flux per horizontal bending
angle and relative frequency band. This parameter was calculated (5.49) under the idealized
conditions of electrons with Lorentz factor y and beam current / passing through a dipole
magnet with bending radius p. This determines the critical frequency w. = 3cy3/(2p)
which enters into the normalized spectrum S(w/w.) given by (5.16). We obtain for this flux

d*n; _Aary ISy(w/wc)
dpdo/w 9e

’

which is usually measured in units of (s mrad 0.1%)~'. Taking @ = w, where S;(1) = 0.404,
a typical electron energy of 1GeV, and a current of 100 mA, we obtain for this flux per
angle and relative frequency band about 1.6 x 10'? (s mrad 0.1%)~".

A second class of experiments profits from a small emittance to focus the beam onto a
small spot, in order to have a very parallel beam, or sufficient intensity after selecting a
very narrow frequency band giving a long coherence length. The parameter to optimize in
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this case is the brightness [90], which is basically the number of photons per unit time, per
horizontal and vertical source size and angular spread, and per relative bandwidth given in
units of 0.1%. For a Gaussian distribution of the source dimension and angular spread with
RMS values oy and o, (usually measured in millimeters and milliradians, respectively)

n

B = 2 ’
4m2oyy, Oyy, Oy

oy, do/w '
Undulator beam lines at modern storage rings can reach a brightness of up to B~
10" mm=2 mrad*s~! (0.1%)~".

It is interesting to give this brightness for a diffraction-limited beam for which the photon

emittance is oy 04 = A/(4m):
4n

B=——.
Aldw/w

15.5 The synchrotron radiation emitted by protons and ions
15.5.1 Introduction

So far we have always considered electrons as sources of synchrotron radiation either as a
single particle or, in this chapter, as a group of charges. However, radiation is emitted by any
accelerated charge such as a proton or an ion. Its properties are completely determined by the
treatment presented here so far if the different mass and charge of the particle are taken into
account. However, the practical operating parameters of electron and proton rings are very
different, which affects the emitted radiation. A quick inspection of the relevant equations
shows that the intensity of the radiation emitted by protons or ions is much smaller and
hence such rings are hardly of any interest as sources. The main purpose of this investigation
is to illustrate the parameter dependence of synchrotron radiation and in particular the effect
of coherent radiation emitted by the protons or ions. Furthermore, synchrotron radiation as
a diagnostic tool has also been used for protons.

15.5.2 The radiation from protons

As an introduction we look at the radiation emitted by protons. This contains no new
physics and all our previous investigation can be applied by taking the different rest mass
and classical radius (3.8) of the proton into account:

2 { 0.511 MeV for electrons
0 =
938.27 MeV for protons (15.3)
i é? _ [2818x 107" m  for electrons
07 dmegmoe? ~ | 1.535x 1078m  for protons.

The difference between the two cases lies in the machine parameters of electron and pro-
ton rings. To obtain radiation of any interest for diagnostics, the proton energy should
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exceed 100GeV or y > 100, which allows us in most cases to use the ultra-relativistic
approximation.

For ordinary synchrotron radiation one assumes that the dipole magnet is long and deflects
the beam by an angle A > 2/y. This leads to a condition for the magnet length ¢ of

Y4 eBcl 2 moc?
Ap =— = - >— orl> .
Lo mocy y eBc

Taking a field of B = 0.5 T, we find £ > 3 mm for electrons, whereas a field of 1.5 T gives
£ > 2 m for protons as the condition to be treated as a long magnet. For electrons the bending
magnets can nearly always be considered as long and even fringe fields change little over
the relevant length £. For protons the situation is more restricted. Although magnets are
usually several meters long and higher fields obtained in super-conducting machines make
the limiting magnet length ¢ shorter, fringe fields can have a stronger influence. They can
actually be used to shift the spectrum towards higher frequencies [60, 91].

To overcome problems associated with the small intensity emitted by protons, one can
use undulators that are tuned to visible light [92, 93].

Since realistic magnets have to be relatively long in order to deflect protons by an angle
larger than the natural opening angle of synchrotron radiation, undulators for protons will
in most cases be weak. For the undulator parameter

eBy MueBoc

Ku = = 2
mock,  2mwmoc

to become unity for a typical period length of A, = 0.2 m one needs a field strength of about
100T.

The effects of synchrotron radiation on the proton beam are very small. Calculated
damping times range between years for older, iron-magnet synchrotrons and about a day
for the new super-conducting rings. Consequently also quantum excitation is negligible
and the calculated equilibrium energy spread and emittance are extremely small if other
effects are neglected. In proton rings these parameters are given by the source and the
adiabatic damping during acceleration. The emittance obtained is usually very small and
can in some cases reach the diffraction limit. This restricts the diagnostics applications of
proton synchrotron radiation.

15.5.3 The radiation from ions

A fully ionized atom consists of a nucleus of mass Amp and charge Ze with Z being the
atomic number, A the atomic weight (a dimensionless number), and mp the mass of the
proton. The small effect of the binding energy is neglected here. If the atom is not fully
ionized but has only Z’ electrons removed, we replace Z by Z' < Z. From a particle point
of view this ion is not a point particle, but consists of N protons and A — Z neutrons.
For the wavelength contained in the synchrotron-radiation spectrum, however, this ion is
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Fig. 15.5. Coherent radiation from the protons inside a nucleus.

sufficiently small that it can be considered a single charge Ze, as indicated in Fig. 15.5 and
described in [94].

The total radiated power P emitted by this nucleus, circulating in a storage ring with
curvature 1/p, is obtained from (3.9) by substituting the expression for the classical radius
and replacing the elementary charge e by ¢ = Ze,

P, — (eZycBy* _ (eZ)*y*
27 bmegp? 6mwegp?’

(15.4)

where we used the ultra-relativistic approximation, although this might introduce some
inaccuracy for heavy ions. The Lorentz factor applies here to the whole ion.

It is interesting to compare the energy loss U of the ion with the corresponding loss Up
of a proton circulating in the same ring with the same curvature 1/p in the same magnetic
field B. Owing to the relation between field and curvature,

1 ¢gB  ¢qB

Jo p mocBy’

the two particles must have different momenta p,

Am
Pz _ ., _ pBzyz AV
pe mpPpyp Ve
which gives for the ratio between the Lorentz factors and energies
Vz_Z Ez_Ampczyz_Z
w A Ep  mpc® yp

The whole nucleus of the ion has more energy than the proton due to its higher charge, but
its energy per nucleon is smaller:

Ez/A
Ep

This gives a ratio of the emitted powers of

Z
1

P, 7', Z°
Pyt AY




15.5 The synchrotron radiation emitted by protons and ions 299

More relevant is the ratio of the powers normalized for the same charge, i.e. for the same
beam current:

P,/Z 7

P AY
For a lead ion with Zp, = 82 and Ap, = 208 we find for this ratio 1.98. For a ring with
a given radius and magnetic field a lead beam radiates about twice the power of a proton
beam with the same total current. This is due to the coherent radiation of the protons in the
lead nucleus, which more than compensates for the lower value of yp, compared with the
value for protons. It is also interesting to consider the relative energy loss per unit time for
ions and protons, which is related to the sum of the damping rates (14.21),

1 dE. P 1
el Y,
E. dt E. 2%

1 dE.
(E_e dr ) ; 2
1 dE. A4
(Ee dr )P
being the same as that for the radiated power per unit charge and hence we find that lead
ions are damped faster than protons are.

with the ratio




Appendix A

Airy functions

A.1 Definitions and developments

The Airy functions are special cases of Bessel functions and are described in the standard
mathematics books [41, 95]. We summarize here the basic properties relevant for our
application, and give some integrals that are difficult to find elsewhere. The Airy functions
can be defined by integrals similar to the ones we encountered in calculating the field
components of synchrotron radiation:

1 [ u’
Ai(x) = —/ cos(— +xu) du
27 J_wo 3

(A.1)
. dAi(x) 1 [~ (i
Ai'(x) = = —— usin| — + xu ) du.
dx 27 J oo 3
They satisfy the differential equation
Ai"(x) — x Ai(x) = 0. (A.2)

At the origin x = 0 they take the values

Ai(0) = ! _nds 0.35503
T 323r(2/3)  3Usam
. 1 3161 (2/3)
AT (0) = — =— = —0.25882,
3131 (1/3) 27

where we used the relation I'(x)["(1 — x) = /sin(;rx) to replace the Gamma function in
the denominator.

We need the Airy functions for positive arguments only. They are plotted in Fig. A.1
together with the integral over the Airy function.

The Airy functions are closely related to the modified Bessel functions of order n/3:

Ai(x) = %@KW (2x%2/3), Ai'(x) = _%%Kw (2x/273). (A.3)
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A.2 Integrals involving Airy functions
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Fig. A.1. The Airy function Ai(x), its derivative Ai'(x), and the integral fox Ai(x)dx.

‘We will approximate these functions for small and large arguments and use the

developments. For small arguments x < 1 we have

. . I 5 . 2 4
A1(x)=A1(0)<1+§x +~->+A1(0)<x+mx —|—>

. . 1, 1.4 . 2
Ai'(x) = Ai(0) Ex Tt +ATO 14+ —x"+---

5 3!

4! 5!

o . . 1 4 -/ 1 2 2 5
Ai(x)dx = AiO){x + —x"+--- ) + AT'(0) Ex + —=x" 4
0 !

and for large arguments

Ai(x) e ¢ ; 5 n 385
¥) = B
2 /x4 72z 272272

AT () xl/4e=? 1+ 7 455
1(x) = ——— —_— ..
27 72z 272272

/Oo Aix) dx” et 41 n 9241
1(x e — - - ...
i 2 /mx3/4 72z 272272
with z = %x3/2 > 1.
A.2 Integrals involving Airy functions
For several applications we need some integrals involving Airy functions.

* We start with the definite integral over the Airy function itself:

) 1 00 o3 3 o
/ Ai(x)dx = —/ sin(u” +xu) 4 1
0 2r —00

u 0
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We obtain for the upper limit

1 % sin@®/3+u(x — o0)) 1 [ sin(xu) 1
du ~ — du = 3

27 J_o u 2 J_ o U

and for the lower limit x = 0

= /OO Sin(u3_/3) du = - /oo Si“(u3_/3) dw’/3) = l
21 J_o u 6m J_o u3/3 6
resulting in
o 1
f Ai(x)dx = . (A.6)
O 3

For the spectral power density we need integrals over the square of the Airy functions with
argument x = a + by? multiplied by an even power of y:

/ ¥ Ait(a + by*)dy. (A7)
0

First we express the square of the Airy function in terms of integrals,

Aiz(x)—L oodz Oodscos i—|—x1‘ cos £—|—xs
RN A "\ 3 \3 ’

and substituting s + ¢ = u and s — t = v gives

! /Ood /Ood cos u3+uv2+ + cos U3—|—W2+
u v — 4+ — +xu — 4+ — +xv ]|
1672 J_ oo 12 4 12 4

The expression in the square brackets is symmetric in # and v and both terms give the same value

AiZ(x) =

after integration. Furthermore, it does not change with the sign of u and v:

1 o0 00 3 2
A(x) = ﬁfo fo cos(% " % +xu> du dv. (A.8)

We substitute x = a + by” and integrate over y to obtain our first integral of the form (A.7):

/&A'z( +by?)d ! /md /wd /oo Col e n)]d
17(a = — u v COS| — uy — a .
0 Yo 272 Jo 0 0 12 4 Y Y

We use
v=2rcos¢, ~by=rsing, dvdy="2rdrde/Vb (A.9)

and integrate over ¢ from O to 77 /2:

o] 1 00 00 M3
Ai%(a + by*)d :—/ du/ cos<—+ a+r2u)rdr. A.10
/0 ( y ) dy Sy A | 2 ( ) (A.10)
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A further substitution 72 = w, u = 2%3u’ leads to

00 ) ) 22/3 00 e} u/3 23
Ai*(a + by*)d / du’/ cos(— +2°7(a + w)u/> dw
/0 v 47 /b Jo 0 3

22/3 =3}
4v/b Jo

Putting 7’ = 2%3(a 4+ w) and z = 2*3a gives the final integral

Ai(27(a + w)) dw.

o0 1 o0
Ai*(a + by?)d :—/ Ai(z))dz'. A1
/O ( yo)dy adi ). (@) ( )

For a = 0 this becomes

%0 1
Ait(byHdy = ——, (A.12)
/0 Yo 12D

where the definite integral (A.6) over the Airy function has been used.

For the next integral, containing the factor y?, we go back to the expression (A.10) with
[772 sin*(¢) dp = /4 to obtain

0
/OO v Ai*(a + by*)dy = ! /00 du /OO cos<u—3 + (a + rz)u> r3dr.
0 47b/b Jo 0 12

Using the same substitutions as before, we obtain

e} 22/3 00 e} u3
/ y? Ai*(a + by*)dy = / du// cos(ﬁ +2%3a + w):/) wdw
0 0

0 8wb/b
22/3 =3} 23
= — Ai(27°(a + w)) wdw.
s ) A )
Using again 7/ = 2*3(a + w) and z = 2**a or w = (7' — 7)/2%/3, this becomes
/°° ¥ A(a + by dy = ——— /°° Ai(Z) (2 = 2)d’
0 8-223b/b J.
and, with the relation (A.2),
[o¢] ) Ai/(z) o0 )
2 Ai%(a + by?)dy = — —2 ( + / Al(z’)dz’). (A.13)
/o Y yoe 8bv/b \ 2z g

For the next power we have foﬂ/ *sin* ¢ dmr = 3m/16, giving, with the same method as before,

3
32 243b

3a> [(Aiz) Ai(2) <,
:32b5/2< 2 + . +[ A1(z)dz>. (A.14)

/ y* Ai*(a + by?)dy / Ai(Z) (7 —z)*dZ
0 z
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For the factor y® we have [’ " 5in® ¢ dp = 57/32 and obtain

OOGA-Z( +b2)d _# OOA(/)(/_ )Sd/
A y Ara y y_64~22b7/2 . 1(z)(z —2) dz
5q° TAi(z) Ai'(z) 2N [T i a
=_64b7/2[ - + . +<1—Z—3>/: Al(Z)dZ]. (A.15)
‘We need this integral also for a = 0:
o 5
6 A2(12
Al (by)dy = ——. A.16
/Oy oy dy = =73 (A.16)
As a further integral we need
/ y'? Ai*(by*) dy, (A.17)
0

which we solve in the same way but set to begin with a = 0. We use the expression (A.8) for the
square of the Airy function, make the substitutions (A.9), and apply the integral
[T sin'% ¢ dp = 2317/2048, giving

0
* 2 a2 231229
/0 vy AIT(by?)dy = 20487 B / / ducos( +r u)r dr. (A.18)
A further substitution z = 22372, dz = 2 - 2*3r dr, u = 2?4’ leads to
e ) 231 o
/O y12 AiZ(by?) dy = Sy /O Ai(z) 2% dz.
We apply repetitive integrations by parts and applications of the relation (A.2) to obtain

o o0 40
/ Ai(z) z°dz = 40 / Ai(z)dz = 3
0

0
and

5-7-11
213p13/2
For its application to calculate the variance of the transverse photon momentum we modify this
integral with the substitution

/ y'2 A’ (by*) dy = (A.19)
0

1
— /3 —
y=p", dy = 397 dp, (A.20)
giving
o 3.5.7-11
3 A:2 3
/0 PP AR dp = = (420

Integrals of the form
o0
/ y* Ai'*(a + by*)dy.
0
We differentiate expression (A.11) twice with respect to a, use the relation (A.2),

A . Ai'(z)
Ai%(a + by?) + (a + by?) Ai*(a + by?)]dy = —— |
/0 [A%@ +by") + (@ + by Aifta + by)]dy = ———
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and combine it with (A.11) and (A.13) to obtain the integral

Sl a Ai'(z) <
Ai%(a + byHdy = — (-3 - / Al(z’)dz’>. (A22)
/o 8v/b z .
Differentiating (A.11) once with respect to a and once with respect to b gives
* . . Ai(z)
20 A2 2 2y A:2 2
[Ai”(a + by") 4+ (a + by") Ai“(a + by”)]|dy = ———,
./0 Y Y Y YT e
which is combined with (A.13) and (A.14) to give
o] 2 s s [ed]
2 A2 2 __a 5Ai(z) | Al'(z) N
/0 > Ai*(a + by“)dy = 32b3/2< 2 + p + : Ai(z')dz" ). (A.23)
We differentiate (A.12) twice with respect to b:
0 1
Ar a2 2 2 A:20502 _
/0 YA bY) + by” A (by)]dy = =5
Using (A.16), we obtain the integral
/ b y* A (byH dy = L. (A.24)
0 384b3/2

For the variance of the transverse photon momentum we need the integral
o0
/ yl() Al/z(byz) dy,
0

which we obtain by differentiating the previous expression (A.24) twice with respect to b and
using (A.2) to obtain

=} 00 572
10 pi2¢5 .2 12 732072 -
/0 y AL (by)dy—|—b/0 y Al(by)dy_210.3.b”/2.

With the second integral (A.19), which we solved before, we obtain

o 5.7-23
10 A2/ 2 _
| areyy = 2o

and, with the substitution (A.20),
5-7-23

= 8/3 A2 2/3 —

For the integration of the angular spectral power density over frequency, we use this integral
(A.24) and (A.16) in a different form, obtained by substituting y = p'/3, dy = 1/(3p**)dp:

oo 5 oo

4/3 A2(72/3 _ 23 A2 (1502/3 _
p7 A" (bp”7)dp = , / pP AL (bp™P)dp =
/0 br ) ar = g, (br™)

7

» For the integrated power spectrum we need two expressions that are obtained by partial integration:

/~ 7 Ai'(Z)d7 = z Ai(z) — % + / Ai(z)dz (A.27)
0 z
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and
/ 7 / Ai(z)dz dz
0 z

w8,

o0 z .3
/ Ai(z)dz + f ZgAi(z)dz
z 0
2 [ 1 (e
. 2 =1
= —/ Al(Z)dZ-I——/ 77 Ai"(z)dz
3 J; 3Jo

= é(Z + 327 Ai'(z) — 6zAi(z) — 32 — 23)/ Ai(2) dz). (A28)

For the integral over the photon spectrum we need

® Ai'(z) 1 [ usin(?/3 4+ uz)
dp = —— [ 4 /oTHD G,
0 T Jo

NG NG
1 /OC /°° < .3, cos(uz) 3 .. Sin(uz)
=—— du u sin(u’/3) ~+ u cos(u’/3) dz.
7 Jo 0 vz vz
The integral over z can be found in Section 3.757 of [95],
* cos(uz) /“’ sin(uz) T
dz = dz =/ —, A.29
/o‘ vz ¢ o VZ ¢ 2u (A-29)

which gives

® Ai'(2) . _L o .3 3
/o dz = «/E./o Julsin(u® /3) + cos(u’ /3)] du.

Vz
With the substitution u* = 3v we bring this expression into the form (A.29):
* Ai'(z) 1 i (cos v sin v) 1
dr= —— ML P p—— (A.30)
.A vz Vo Jo NG Vv NE]

The next integral can be reduced to the previous one with two integrations by parts:
[o¢) o0 2 o0
/ vz / Ai(z)dz'dz = =3 / 22 Ai(z) dz
0 z 0

2 [ 1 [ Ai(2) 1
= _ Ai"()dz = — = dz = —. A31
3/(; VaAl @ d: 3/0 NRENE] &1

The next integrals are needed for the variance of the photon energy. Again, integrating twice in

parts brings them into previously presented forms:

i 5
5/2 A _
77 Al(z)dz = ——— A.32
[ s =
and
/ 7% dz / Ai(z)d7 = ——. (A.33)
0 : 364/3

To calculate the average circular polarization we need an integral of the form

/ ¥ Aiby*) Al (by*)dy = —|( = / y* Ai*(by*)dy ).
A an\2 J,
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We use the expression (A.8) for the square of the Airy function and the substitutions applied for
the integral (A.11) to obtain

L[ 500 2 /m 3/2 As
= Ai*(by*)dy = 2 Ai(z) dz.
2/0y "(by”)dy a0t )y © i(z)dz
This integral is obtained by generalizing (A.30),
/°° Ai'(cz) 1
dz = — ;
0o Wz NENL

differentiating it with respect to c,

OQ i RV 1
/0 'z Ai"(cz)de =/(; cz?? Ai(cz)dz = W,
and setting ¢ = 1:
! / " ARy dy = —
2 Jo 24/37b?
Differentiating this with respect to b gives our original integral:
[ " ) Ailby) Al by dy = —— -
0 124/37b3

We adapt it to the form we need in (5.38) with the substitution y = p'/3, dy = 1/(3p*?)dp and
obtain
V3

i (123 A (123 _
/0 pAl(bp )Al(bp )dp_ T (A.34)




Appendix B

Bessel functions

B.1 General relations

Bessel functions are widely used and documented in many books such as [41, 95] and, in
particular, [96]. Like for the Airy function we summarize some relevant properties, give
an approximation for large order, and calculate two sums that are difficult to find.

We need here only Bessel functions of integer order n, which can be defined by the
integral

J.(2) = %/” cos(zsiné —n&)dé = i /ﬂ cos(zsiné — né)de. (B.1)
0 _

27 J_»

From this we can easily obtain the relation between different orders and the derivative,

2n
(1@ + Ju1(2) = 7.]”(1)
dJu(2) /
(Jn-1(2) = Jn1(2)) = 2 P 2J,(2), (B.2)
and, by taking combinations of these equations, also the two expressions for the derivative:

J(@) = Jyoa(2) — gm) = —Ju(n) + an(z)- (B.3)

The Bessel function of non-negative integer order n > 0 can be expanded into a power
series,

Zn Z2 Z4
Ju(z) = 1- + -, B.4)
2"n! 22n+2) 2-4Q2n+2)2n+4)
which can be extended to negative orders with the relation
Ju(2) = (=1)" 1, (2). (B.5)
From the above expression we also obtain the Bessel function for negative arguments:
Ju(=2) = (=1)"J,(2). (B.6)

With the relation (B.2) we obtain also the symmetry relations for the derivative of the
Bessel function:

JL@ = (D", (-2 =—(=D"].(2). B.7)
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The product of two Bessel functions of the same argument but different orders with
respect to n can be obtained by multiplying two integral representations (B.1) and is to be
found in (6.681) of [95],

/2
Jn(@)In(2) = ; / Jntm(2z cos &) cos((n — m)§) dé, (B.8)
0

which becomes, for the special case m = n,

) 2 /2
Be=2 /0 Jon(2205€) . (B.9)

B.2 The approximation for large order and arguments

To compare the synchrotron radiation emitted on a closed circle with the single-traversal
case, we need an expression for the Bessel function and its derivative valid for large
arguments and order. Such approximation are presented by equations (9.3.35) and (9.3.43)
in [41] but their application for our need is rather lengthy. We give here an approach that is
not as general and rigorous but shorter and more transparent and applies only to our
special condition.

The vertical field component at the nth harmonic is given by an expression (4.26) of the
form

T
nJ,(nBcosy) = 21 / cos(nB cosy siné — n&)dE. (B.10)
v -7
The ultra-relativistic approximation gives § =~ 1, y > 1, ¥ « 1, and
1 2.2
ﬁcosw%I—Lzl//<l. (B.11)
2y

We obtain
T 2.1.2
nJ,(nBcosy) = if cos[(l — M)n sin & —né] dé.
2 J_, 2y2

The second term inside the cosine function is always larger than the first one and will, for
n > 1, lead to a fast oscillation, producing nearly perfect cancelation. Therefore, only
relatively small values & < 1 will be important for the integral and we can develop sin &,
giving for the argument of the cosine function

3
nBcos y sin &€ — n& %nﬂCOSW(E—%) —né&

~ 1+y2w2 53
o))

%-3 1+ y2w2
2 7
6 2y2

£,
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where we neglected the term n£3(1 + y262)/(12y?). We make the change of variable

2\/3
()
n

and obtain the limit of the integral for n > 1:
n\1/3
{m = :I:(E) T~ +00.

Our original expression for the Bessel function (B.10) of very large order and argument is
now

2 /nN2/3 [ n \? - 3
an(nﬂcos¢)=E(§> f cos (2—3/%) 1+y ¢)§+? de.

On comparing this with the integral representation of the Airy function (A.1) we find

3 | VP 5
an(n,Bcosw)=2(§) Ai (2—)/3> 1+ 2 |. (B.12)

Next we seek a similar expression for the derivative of the Bessel function of large
order and argument. We take the derivative with respect to the argument z = nf cos & of
(B.10) and make the same approximation £ < 1 as before:

dJ,(nB cos )

(@ d(nf cos ¥)

J (nBcosy) =

—% ' sin & sin(npB cos ¥ sin&é — n&)sin & dé

-7

1 b4 53 ) 1+ waZ 5-3
g [ (=5l (-5 ) (- 6) e

1 T ) 53 1+y2,¢/2
—E _ﬂésm(—ng —l’lTé dr‘;:

&2

Q

We transform the variable & = /n/2¢, approximate the limits as before, and obtain for
the derivative of the Bessel function multiplied by n for large order and arguments

2 1/3 o0 2/3 3
ndnp cos¥) = —=—(3) / ;sin[(zi)ﬁ> (1+y2w2)c+%} dz.

On comparing this with the expression for the derivative of the Airy function (A.1) we find

2/3
nJ!(nf cos ) = —2(3)1/3 Ai’[(#) 1+ yztlfz)}. (B.13)

B.3 Sums over squares of Bessel functions

In calculating the total power radiated by a charge moving on a closed circle we need two
sums over squares of Bessel functions, which were first given in [3] and will be explained
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here:
Sa= Y _n*lXnz).,  Sy=) n*J7nz). (B.14)
n=1 n=1

For our application we have z = B cos ¢ < 1. It is important that this quantity is smaller
than unity in order for some operations to be valid.
We start with the first sum and express the square of the Bessel function by (B.9),

2 /2
S, = _f dg anjzn@nz cos ),

7 n=I

which contains a sum given by equation (17.22(8)) in [96],

8 72 4 2]
Zn Jn(nz % (B.15)

With 7/ = 2z cos & we obtain the sum

2 (7% 22cos? £ (1 + 72 cos? &)
S, = —/ 5 ra dg, (B.16)
7 Jo 2(1 — z*cos*§)
which is integrated over &:
00 Z2(4+Z2)
Sa= Y n*Jlinz) = o =2y (B.17)

n=1

For the second sum, Sy, we express the derivative J, (nz) once with the first and once
with the second expression of (B.3),

J2(nz) = %J,xnz)(fnfl(nz) + Jut1(n2)) — Ju_1(n2)Jpi1(nz) — Z%J,f(nzx

and collect Bessel functions of different orders, giving for the sum

>_ntiinn) = — Zn J3nz) - Zn Jue1(12) J1(n2). (B.18)

The first sum has already been calculated as (B.17) and for the second sum we express the
product of two Bessel functions by using the integral (B.8):

00 /2 00
S22 =~ [ de cos(26) Y 2z cos8).
n=1 0 n=1

This latest sum is given by (B.15) for 7/ = 2z cos &, resulting in

2 /”/2 72 cos? & (1 + z2 cos? £) cos(2€)
T Jo 2(1 — z%Zcos? &)
22437

- 16(1 — z2)7/2°

dg

o0
Z n*Jy_1(n2)Jus1(nz)
n=1
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‘We obtain for the total expression (B.18) of the second sum

/ 4 4322
Zn I (nz) = o 2)5/2 (B.19)

B.4 Series of Bessel functions

We rewrite the integral presentation (B.1) of the Bessel function as

Ju(2) = % /n[cos(z sin &) cos(n&) + sin(z sin &) sin(n&)] d&. (B.20)
0

The function cos(z sin &) is an even and periodic function with period 7, whereas
sin(z sin &) is odd and has the same periodic properties. The two integrals represent the
coefficients of the Fourier series of these functions which are given by the Bessel functions
J,.(z). The symmetry properties around the angle & = /2 for the two functions are
cos(z sin &) = cos(z sin(w — £)), sin(z sin £) = sin(z sin(zr — £)),

with, for cos(n),

cos(n(mr — &)) = cos(n&) if n is even

cos(n(wr — &)) = —cos(n) if n is odd,
whereas for sin(n&) the symmetry is opposite,

sin(n(wr — &)) = —sin(n) if n is even

sin(n(wr — &)) = sin(n&) if n is odd.

Therefore the first integral in (B.20) vanishes for odd values of n and the second integral
vanishes for even values. With this we obtain for the Fourier series of the two functions

cos(zsin&) = Jo(z) +2 Z Jon(z) cos(2n&)

n=1
sin(zsin&) = 2 Z Jon—1(z) sin((2n — 1)&),
n=1

where we used the symmetry relations of the Bessel functions with respect to order, (B.6),
and of the trigonometric function with respect to argument.

We multiply the second equation by i, add to it the first equation, and thereby obtain a
single complex Fourier series,

o0

cos(zsin€) +isin(zsing) = ¢ = 3" J,(2)e™, (B.21)

n=—0oQ

which we will use to express the radiation field of a strong undulator.



Appendix C

Developments of strong-undulator radiation

C.1 The plane-undulator radiation

In Section 8.3.6 the radiation from a plane undulator has been developed with respect to
powers of the parameter K. The results for the angular and spectral power distributions
are given here. Each harmonic is given only to the lowest power of K.

The angular power distributions for the two modes of polarization are

P, 37 (1= y*20° cos29)7)”
~ Iy
dQ T (1 + KE/Z)Z(I + )/*292)5
dPi; p 3y*? (y*26% sin(2¢))*
~ Iy
dQ2 T (1 + K2/2)2(1 + ),*292)5
dPy, 3y K2 (*0 cos $)*(5(1 + y*?6%) — 8(y*0 cos ¢)?*)>
dQ T (14 K2/2)%(1 4 y*202)7
APy, 3y*2 2 (7 Osin $)*(1 4 y*?6% — 8(y*0 cos ¢)*)?
g m " (1+ K2/2)°(1 4 y*262)7

(C.1)

dP3, 3y*? K 81 ((1 4 y**6%)% — 18(1 + y*?0%)(y*0 cos ¢)* + 24(y*0 cos ¢)*)?
dQ T Y64 (1 + K&/Z)z(l + y*262)°

APy 37" 729 (207 sin29))°(1 + y*20% — 4(y*0 cos ¢
dQ T ' 64 (1 + KZ/Z) (1 + y*262)°

The spectral power distributions for the two modes of polarization are

dP, P, 3 ’

dPio _u72<ﬂ> { _2(ﬂ) +3(ﬂ>

dw w10 2(1 + K§/2) w10 [N w10

P P 3 <ﬂ> 1_2(&) . (ﬂ)z

dw w10 2(1 + K&/Z) w10 w10 w10

APy P, 3K? ’ ’
SAPN —(”—> 10 — 25( ) + 30<ﬂ> ~ 10 <2)

dw, w10 32( + K2/2) w w10 w10 w10
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dpzﬂ Pu SK*Z 0)2 w7 w? 2 w? 3
x —”2 10 — — |+ 10{—) -2 —

dw, @10 32(1 4+ K2/2)” \ @10 1o 1o 1o

dPy, P 3K
3 @10 1152( + K2/2) 10

4
(180 486( > + 549<—> - 240( > 4 35<&> )
w10 w10 w10 w10

dP3n ~ Pu 3K*4 (a)3>
dos @10 1152(1 4+ K2/2)°

w3 w3 2 w3 3 w3 \
x (162 =270 — )+ 171| — ) —48{ — ) +5(— ) |-
w10 w10 w10 w10

C.2 The helical-undulator radiation

2

2

In Section 9.5.6 the radiation from a plane undulator has been developed with respect to
powers of the parameter K;'. The results for the angular and spectral power distributions
as well as the integrals giving the radiation in each harmonic are presented here. Each
harmonic is given only to the lowest power of the helical-undulator parameter K’ .

The development of the angular power distribution of helical-undulator radiation for the
first three harmonics, each to the lowest order of K} is given below. The two terms Fj,,
and Fy,_ correspond to the two modes of helical polarization:

dp, ,3 1+ y4o4

— = Py (Fuiy + Fuo) & P2 =

dQ T(1+ 7/>|<292)5(1 + Kz)

dpP 3 ]6K )/*292 +y*494

—2 = P2 (Fioy + Froo) ~ Py it 071+ 2) (C3)
de T a+ )/*292)7(1 + K&)

dP 3 729K #4604 (1 4 y46*

— = Ph)/h (Fp34+ + Fz—) = Ph)/h2 th h ( h 2)~

dQ2 b4 4(1+V*292)9(1+K§)

The development of the spectral power distribution of helical-undulator radiation for
the first three harmonics, each to the lowest order of K, , is given below. The two terms in
the square brackets correspond to the two modes of helical polarization:

) (-n)
- - — (1=
(1 + K22\ wio 10 10
dP 3K;2 2 : :
h Ol _h2<&> (2_ &) <&) 4 <2_ &) C4)
dw, P 4(1 + KL%) w10 w10 w10 @10
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Powers for a helical undulator in each harmonic for the two modes of circular
polarization and the total radiation are given below:
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